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The  AUTHOR’S 


PREFACE 

\ 

TO  THE 

1  , 

READER, 

■( 

Containing  a  SYNOPSIS  of  his  Method; 

%D 


I. 


THAT*  the  Reader  may  the  better  apprehend  our  dejign 
and  aim.,  we  have  thought  fit  to  premife  fome  things 
concerning  the  Methods ,  both  general  and  particular , 
we  make  ufe  of  in  the  following  Treatife.  For  as  heretofore  a 
fort  of  a  blind  deference  to ,  and  fuperfhtious  Veneration  of  An¬ 
tiquity,  and  efpecially  of  Ariftotle,  has  hindred  the  growth  a*d . 
progrejs  of  Natural  Philofophy,  which  of  late  has  made  fuch 
confiderable  advances ?  fvnce  it  has  ventured  to  fiand  upon  its 
oivn  Bottom ,  to  make  new  Additions  to  former  Inventions ,  to  efi 
fay  new  and  unknown  Objects ,  to  fubfiitule  Things  inflead  of 
Names ,  Certainties  inflead  of  Doubts ,  and  Experience  ip  the 
room  of  dull  Credulities  ;  not  derogating;  in  the  mean  wMlpIropi 

7  if'  i  -r  r  i  r  -  •  7  a 

tne  aejerved  Praijes  of  the  ingenious  among  the  Ancients 
without  doubt  Mathematicks  alfo}  unlefs  our  Predeceffbrs  had'" 
imagined  that  it  had  long  ago  been  brought  to  its  utmofl  Perfe¬ 
ct  son  by  Euclid,  Archimedes,  Apollonius,  and  other  ingenious 
Ancients,  would  have  arrived  long  fince  to  a  higher  pitch,  and 
by  this  time  have  furoafsA  thofe  Limits 5  which  now  we  admire 
its  arrival  to , 
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If. 

It  is  confepd  by  ally  Tat  no  Human  Knowledge  whatsoever 
can  lay  a  more  juft  claim  to  an  unjhaken  Evidence  and  Certain - 
ty,  or  hoaft  an  higher  necejftty  of  its  Demon ftrations ,  or  a  great¬ 
er  multitude  of  undeniable  Truths ,  than  the  Math  em  at  ids  • 
and  that  thofe  Propofttions  we  have ,  found  out  by  Archimedes, 
demon ftr at ed  by  Euclid,  Apollonius,  and  others ,  are  at  the 
fame  time  unqueftionable  and  altogether  wonderful.  But  we 
may  with  Truth  affirm ,  that  moft  of  their  Propofttions  may  either 
be  d  if  pc  fed  in  a  better  order ,  or  propounded  e  after,  or  demon - 
ftrated  more  evidently  and  directly ,  or  taught  after  a  more  Jhort 
and  compendious  way  y  now  at  leaft  after  they  are  already  found 
out ,  and  with  a  great  deal  of  Pains  demmftrated  by  their -fir ft 
Inventors  *  and  t>f  this  Opinion  are  fever al  of  the  heft  and  moft 
celebrated  Mathematicians  of  the  prefent  Hge. 


V 


TIL 


It  is  certain  Euclid  has  demon  ftrated  fevertil  Prop  oft  ions, 
(as  Prop,  2,  3,  io,  30,  lib.  1.  2,  5%  6,  10,  15,  iS,  19, 

lib.  3.  &c.')  whofe  Truth  to  any  attentive  Per  fin  appears  from 
the  very  terms ,  more  clearly  and  certainly  than  the  truth  of  Ax¬ 
iom  1 3 ,  lib.  I .  which  his  Interpreters  dare  not  admit  without 
a  Demon  ftr  at  ion.  And  tho  thofe  fuperfluous  Demonftrations 
derogate  nothing  from  the  certitude  of  the  thing ,  yet  by  an  un- 
necejfary  increaje  of  the  number  of  Propofttions ,  and  ('which  fre¬ 
quently  follows  thence )  an  inverting  the  order  of  things y  they 
breed  Tedioufnefs  and  Confufion. 


IV. 


There  are  none miffs  thofe  who  are  bigotted  to  ' Antiquity , 
but  mu  ft  own  that  the  Elements  of  Euclid  are  definite  of  a  juft 
and  orderly  Dijpofttion  of  things.  For  to  omit,  that  in  the  fir  ft 
Book  there  are  handled  fever  til  forts  of  Subjects,  and  a  great 
variety  of  Properties  demonstrated  of  them  promifeuoufly  without 
any  rejpeil  to  jhmlitude  or  convenjency  •  there  is  this  never  to  be 
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cxcufed ,  that ,  he  has  in  the  fir ft  Bo‘k  deduced  and 

demon  fir  at  ed  fame  'particular  Affebfmns  of  Magnitude ,  he 
proceeds ,  the  fecond,  to  thoje  things  which  are  umverfal 

and  common  to  any  quantity  ’,  then  in  the  third  and  fourth ,  he 
con  t emulates  the  Circle  and  the  Properties  of  Figures  mfcriF  d  in 
it ,  or  circumfcribed  about  it ;  in  the  fif  th  again  he  treats  or  the 
umverfal  Dotirine  cf  Reafons  and  Proportions  ;  yet  not  fo 
univerfally ,  to  the  feventh  again  he  is  obliged  to  demonfir  ate 
the  fame  oj  Numbers  particularly,  which  might  have  been 
done  for  all  Quantities  whatfover ,  by  one  general  Demcnfira- 
tion. 

V. 

♦  V  /  'v-k  .  , 

Ttoz  /35f yir  the^  method  of  Demonfir ating  ufied  by  the  And - 
ents  ,  />  A  true  that  it  nicely  regarded  the  certainty  of  its  Con- 
clufions ,  wr  wculd  it  admit  any  thing  into  its  Demon  fir  at  ions, 
which  was  not  either  a  fir ft  Principle  and  fo  j elf  evident ,  ( cal¬ 
led  by  them  an  Axiom)  or  might  not  be  f upp  of  ed, beyond  all  Con  - 
tradition,  poffible  to  be  effected  (and  on  that  account  named  a 
Populate)  or,  thirdly ,  an  arbitrary  Denomination  of  the  thing 
propo/ed  which  needed  no  Lemon  fir  at  ion,  {and  was  called  a  De¬ 
finition  or  Explication  of  a  Term -ft)  or ,  daftly,  which  had  not 
been  evidently  demonfir  ate  d  before  :  Yeti  believe  none  will  deny, 
but  that  this  Method  would  have  been  more  defervedly  efieem  d, 
if  with  the  certainty  of  its  Conditions  it  had  joined  a  greater 
Eafinefs Brevity ,  and  Evidence,  which  is  wanting  in  mofi  of 
the  Dtmcnfi  rat  ions  of  the  Ancients  *  who  thought  it  enough , 
firmly  and  infallibly  to  efiabhjh  the  truth  of  their  Theorems t 
and  extort  the  Ajjent  of  their  Readers  ',  little  regarding  by 
what  Ambages,  by  how  many  cir  cum  ambulatory  Prop  oft  ions , 
and  airnofi  whole  Volumes,  it  was  done  ’,  that  thereby  they 
might  be  forced  to  acknowledge  the  thing  to  be  fo,  while  how 
it  cams  to  be  fo,  or  from  what  intrinfick  Caufe  0  Condition  of 
the  Subjett  requiring  it,  fuch  and  fuch  an  Attribute  agreed  to  it, 

remained  in  the  mean  while  obfeure ,  or  altogether  unknown . 

/ 
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VI. 


Hence  they  made  fuch  frequent  ufe  of  Apagogical  Demonfir  a- 
tims ,  or  M  duel  rue  ad  abiurdum  £c  impoffibile,  which  ought 
not  10  ve  done ,  hut  where  no  often  five  Demonfir  ation  can  he  had , 
or  for  i'lhtfi  rating  negative  Proportions  rather  than  demo  fir  at - 
ing  theme  for  the  method  of  Deduction  ad  impoffibile,  does 
not  jo  much  demonfir  ate  the  Truth  it  felf  direBly,  as  the  confe- 
qmnt  Abfurdity  of  the  oppofite  Suppofition  ;  whence  it  follows 
Aery  indirtBly ,  ( tho'  mofi  certainly )  that  the  Propofition  is 
true ,  while  in  the  mean  time  the  original  Reafon  of  its  Truth 
remains  altogether  hid  and  in  the  dark . 

VII. '  v;.'  , 

But  that  we  may  not  feem  unjufily  to  rejeB  the  particular 
Method  of  the  Ancients ,  made  ufe  of  by  Euclid,  ras  in  lib.  ix. 
Prop.  x>  io.  &c.  and  by  others ,  but  ejf  ecially  by  Archimedes, 
who  peculiarly  addibied  him  felf  to  it ,  whence  it  has  been  by 
fome  called  the  Archimedean  Method, ,  and  by  Renaldinus  the 
Method  per  Explofum  exceflum  atque  defedlum  *  befides  its 
Deduction  doubly  ad  abfurdum,  whereon  it  always  relies ,  as 
g.  it  infers  the  equality  of  two  Magnitudes  A  and  B  by  a 


an  ahfurdity  j  and  thence  as  it  were  begging  the  Equality  by 
a  new  Inference ,  which  tho ’  it  may  pajs  free  from  Sufpicion , 
yet  it  neither  ought 3  nor  can.  be  admitted,  without  this  Limita¬ 
tion  :  In  comparing  tbofc  things  whofe  Natures  are  capable  of 
Equality ,  if  it  cam  be  demonfir ated  that  the  one  is  neither  great¬ 
er  nor  lefs  than  the  other ,  we  may  thence  jufily  infer  their  E- 
Ity.  '  ■  . 


quad, 


vii  r. 


The  Learned  are  now  generally  agreed,  that ,  befides  that  Syn¬ 
thetic!  Method ,  whereby  the  Ancients  either  often fively  deduced 
their  Problems  and  Theorems  from  evident  and  common  Princi - 
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pies]  or  apagogically  demonftrated  thefn  by  Deductions  ad  abfur- 
dum,  they  aljo  made  ufe  of  a  certain  fort  of  Analyfis ,  whereby 
they  found  out  thofe  Theorems  and  Problems  ■  and  which ,  to 
raife  the  greater  Admiration  in  their  Readers 3  they  afterwards 
fiudioufly  conceal'd  and  kept  to  themfelves :  Which  Method  is 
undoubtedly  preferable  to  the  other ,  as  not  only  demonfir  at  in g- 
the  certainty  of  the  Propositions  fo  founds  but  at  the  fame  time 
fhewmg  the  invention  of  them  too  ,  and  this .  is  that  Method 
that  Vieta^  Harriot,  and  Des  Cartes,  and  their  Followers  have 
not  only  br0ught  to  light  in  this  lafi  Age ,  but  to  a  great  degree 
of  Perfetti0n  too ,  and  whereof  Carolus  Renaldinus,  in  that 
vafi  Work  he  has  intituled  Ars  Analytica  Mathematum,  has 
given  us  a  large  Treatife.  ,  ..  .  •«. 

IX,  \  . 

1  :  *  - 

There  has  appear  d  moreover  of  late  another  particular  Me¬ 
thod  *  invented  by  Bonaventura  Cavallerius, 
which  is  called  the  Method  ofindivifibles,a^re-  *  P '’[fl-'1 1  ‘l6 

by  the  mo [l  difficult  and  abflrufe  Problems  of  Ge~  ,  is  nothing 
ometry  are  found  cut  and  Demonfir  ated  with  an  bat  an  Im- 
wcredible  eafe ,  which  is  the  above-mentioned  proVement  of 
Renaldinus’j  Opinion  of  it ,  lib.  I .  Refolds  Comp.  Ancients 

p.  239.  which ,  to  demonfir  ate  the  Equality  or  ^ 

Proportions  of  Figures  and  Bodies  that  may  be . 
compared  with  one  another ,  goes  to  work  after  a  way  which 
feems  to  be  more  natural  than  any  other ,  by  fuppofing  plane  Fi¬ 
gures  to  confifi  of  innumerable  lines ,  ana  jo  lids  of  innumerable 
Plans  ( called  their  indivifible  pans  or  Element's becaufe,  the 
Lines  are  conceived  without  latitude ,  1  and  the  Plqns  without 
any  thicknefsf  and  relying  on  this  (elf  evident  Axiom ,  That  if 
all  the  Indivifible s  of  one  Magnitude  colUChvely  taken ,  be  equal 
or  proportional  to  all  the  correjpondent  Indivifbl.es  of  another , 
or  taken  Jeparately  each  to  each ,  then  aljo  thofe  Magnitudes 
will  be  equal  or  proportional  among  themfelves.  Which  Infe¬ 
rence,  can  be  guilty  of  no  Fallacy ,  nor  liable  to  any  Error ,  as 
long  as  thofe  Elements  are  taken  and  conceived  in  that  Jenfe 
their  Authors  d-efgn  them  ■  which  is  fufficiently  demon  fir  ated  by 
Reruldinus,  lib.  1.  Compof  <Sc  Reioi.  p.  24.5c  towards  the  hot - 
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tow,  and  at  the  beginning  of  p.  506  and  alfb  by  Honoratus  Fa"1 

24.  and  Dr.  Barrow  in  Led:  Geom. 
,  againfi  Tacquet  and  '.the  other  Ad- 

X.  > 

T here  is  another  Method  a~hin  to  this9  which  may  be  proper* 
ly  named  Generative ,  very  much  followed  by  Faber  in  his  Sy - 
nopfis,  and  Barrow  in  his  Led.  Geom.  whoje  Author  Renal - 
dinus  tells  us  was  Guidinus,  lib.  Cit.  p.  2  5  3.  fhewing  at  large 
its  Rules  and  Foundations  in  the  following  pages ,  viz.  The  rife 
of  Lines  from  certain  motions  of  points  ;  oj  Plane  and  Curvili  ¬ 
near  Surf  aces  9  from  the  determinate  progrejs  or  rotation  of  a  given 
Line ,  and  of  Solids  by  the  various  motions  of  various  Surfaces  * 
the  Productions  whereof  are  fo  reprefented  to  the  Imagination, 
that  the  intrinfek  nature  of  the  magnitudes  thence  arifing  may 
become  known ,  and  their  Properties  and  Affe  Cions  may  9  from 
their  Natures  thus  known ?  be  eafily  and  briefly  deduced.' 

ic  ■  xl  '  .  \  a  ■;  ;  ; 


ber,  in  his  Synopfis f  p. 
p.  24.  and  the  following 
verfaries  of  this  method. 


Near  a-kin  to  this  Method  of  Cavellerius  is  that  other  of  l n- 
'nnite  rrogreilions,  wherein  having  found  a  certain  ProgrejJlon 
of  like  Parts  circumfcrib  d  about,  or  infer iF  d  in  any  given  mag - 
rntude,  which  may  be  continued  by  Rife  cl  ion  ad  inhnitum  ;  and 
then  atfength  (by  venue  of  the  Doctrine  of  Exbaufiions.  foun¬ 
ded  oh  Prop*  I  Gib.  10.  End  J  will  terminate  in  the  magni¬ 
tude it  felfi  I  Jay  ^  wherein  the  j um.  of  thofe'  infinite  Ter ms ,  col¬ 
lected  by  Rules  on  pur p  of e  far  the  addition  of  thofe  Prognfjions 
and  confcquently.  the  quantity  cr  proportion  of  the  propofed  Mag - 
nit ude ,  to  any  \  other  given .  one,  may  be  exprefed  or  defined. 
But  this  termination  of  Figures  infinitely  circtimjcnbed  or  infer i- 
bed  in.  a  Circle ,  not  pkafmg  Renal din'us  ( [ah ho  his  DiJJintion 
feems  only  to  con  ft  ft  in  Words  J)  he  exhibits  another  Method  like 
it ,  -(which  he  peculiar  ly  calls  his  own )  built  on  twelve  fun  da  - 
yrmntal.  Theorems,  and  illufirated  by  fever  al  Examples ,  lib.  j, 
de  Reiol.  &c  Comp,,  f  277  6c  feqq. 
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XII. 

Of  late  alfo,  the  tnof  ingenious  Mr.  ilaac  Newton,  to  de¬ 
mon  fir  ate  his  Philplophiae  Naturalis  Principia  Mathematica, 
lib,  i.  /ct5l.  I.  premifes  (owe  Lemma  s  of  his  method  o/'Rati- 
ones  priraae  &  ultimo,  or  evanejeent  quantities,  thereby  to  a - 
void  the  tedioufnefs  of  deducing  long  and  perplext  apagogica l  De¬ 
mon  f  rations  after  the  way  of  the  Ancients.  For  finding  that 
his  Demonfir  at  ions  might  be  very  much  contracted  by  the  method 
of  Indivifiblts ,  and  knowing  at  the  fame  time,  that  that  me¬ 
thod  was  fcrupled  by  (ome,  and  thought  not  very  Geometrical , 
he  rather  choje  to  found  his  Method  on  the  fums  and  proportions 
of  quantities  which  he  calls  Evanefceni ,  which  performs  the 
fame  as  the  Method  of  Indivifibles ,  and  may  be  more 
fafely  ufed ,  which  he  inculcates  in  thefe  very  words, and  others 
fuch  like,  in  SchoL  of  Lemma,  11.  And  alfo  anfwcrs  fe¬ 
ver  at  objections  which  might  feem  to  make  againfi  it. 

xni. 

But  it  would  be  in  vain  for  us  to  attempt,  in  this  place,  to 
explain  all  and  each  of  thofe  various  methods  at  length  ,  having , 
only  propofed  to  our  f elves,  to  demonfirate  the  chief  and  principal 
Theorems  and  Inventions  of  the  Mathematicks,  and  to  ufe  feme- 
times  one  of  them  and  fometimes  another,  (having  fa fi  Demon  - 
firated  their  Foundations)  according  as  we  fall  judge  this  or  that 
■of  them,  fittefi  to  Demonfirate  the  thing  in  hand,  and  fo  few  the 
rcafons ,  and  ufe  of  each  of  them  in  the  procefs  of  this  difcourfie. 
And  alt  ho  H  Faber  in  his  Synopfis,  p.  8.  Infinuates,.  that 
Si nalytick  terms  ought  not  to  be  made  ufe  of  in  G-.ometrical 
Demonfir  at  ions,  becauje  that  Ajgebraick  method  fums  to  be  too 
difficult  for  young  beginners j  yet  we  are  of  the  quite  contrary  opi¬ 
nion  (nay  we  can  farce  doubt  but  that  that  Ingenuusm/ian  would 
alfo  agree  with  us  herein,  if  he  jaw  the  way  we  make  ufe  of  thofe 
foundations  of  Algebra,  'which  is  only  of  the  mofi  fimple  and  ge¬ 
neral  principles  of  it)  efpecia !!y  in  this  cafe ,  whtre  the  faid  me¬ 
thod  is  by  little  and  little  inf  ill'd  with  the  Demonfi rations 
fiemjdves  •  and  the  literal  Computations  taught  from  their  fiffi 
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Principles ,  than  which  nothing  is  more  eafie:  And  this  is  that 
which  we  defign  to  do ,  and  fo  ufe  the  learner  by  degrees 
to  this  Jort  of  Demonfiration ,  thereby  to  prepare  him  the  bet¬ 
ter  for  the  Analytick  Geometry  of -the  Moderns ,  which  is  the 
highefi  apex  of  the  Mathematicks,  But  we  had  rather  our 
Reader  jhould  himfelf  find ,  than  we  trouble  our  fives  any 
further  to  tell  him  herey  how  compendioufly  we  Demonflrate 
the  Propofitions  of  Geometry ,  by  the  help  of  thefe  Analytick 
notes ,  without  the  tedious  Concatenation  of  a  long  Chain  of 
CGnfequences ,  which  would  be  otherwife  unavoidable. 


XIV. 


After  this  way  we  defign  to  go  through  the  following  Scheme. 
I.  We  Jhall  deduce  fever  a  l  propofitions  of  Euclid,  Archi¬ 
medes,  and  Apollonius  from  our  definitions ,  and  the  genera¬ 
tions  of  Magnitudes  therein  prop ofed  ;  as  Corollaries  necefianly 
flo7ving  from  them ,  and  confirmed  only  by  an  immediate  and 
fimple  confluence,  x  VPe  jhall  demonfir  ate  their  chiefi  Theo¬ 
rems  ( for  the  fake  of  which  the ,  were  forced  to  Demon¬ 
fir  ate  Jeveral  others  before  hand ,  the  knowledge  whereof  fioi * 
their  own  fake  was  not  fo  necefiary  or  valuable )  without  a- 
ny  long  fieries  of  antecedent  Fropofitions ,  or  Foreign  princi¬ 
ples ,  from  a  few  dire  A  and  intnnfick  Principles  of  their 


own .  Whence  3 .  It  will  follow ,  that  after  this  Method  we 


fall  propofe  things ,  and  treat  of  them ,  in  a  more  natural  Or¬ 
der,  and  firfi  oj  aU  deliver  thofe  which  are  mofi  univerfal 
and  common  to  all  quantities and  then  defend  to  thofe  which 
in  a  more  fpecial  manner  regard  Magnitude  :  and  dfiribute  and 
dijpofi  all  according  to  certain  general  diftincl  ClaJJes  of  the 
things  to  be  treated  of  and  their  dffet lions.  Hence  alio  4. 
We  deduce  from  thofe:  univerfal  'Theorems ,  by  way  of  Corollary x 
the  Precepts  of  vulgar  Arithmetic k9  and  fpecious  Computation 7 
which  afterwards  we  make  ufe  of  in  particular  Demon  Ora¬ 


tions  after  a  very  fhbrt  and  e  vvcndious  way  •  and,  for  this 


very  reafon ,  Jome  Learned  men  of  Ac  refent  Age  are  of  opi- 


a  j  j  i  j  J  1 

mon ,  that  the  Ancients  often  fell  into  that  tedious  and  intri¬ 
cate  prolixity  in  tzeir  Demon  fir  ations^  bi  caufe  they  ivould  not. 
acknowledge  the  great  affinity  there  was  between  Arithme¬ 
tic k 
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tick  and  Geometry ,  taking  particular  care  not  to  introduce  the 
Terms  and  Operations  of  Arithmetick  into  Geometry ;  tho"1  at 
the  fame  time  they  never  [erupted  to  transfer  the  names  of 
Plan,  Square ,  Cube ,  and  fuch  like  to  numbers.  y.  Laflly , 
Having  firfl  Demonfir ated  the  firfi  and  Fundamental  Theo¬ 
rems  of  Elementary  Geometry ,  may  fafely  bud  I  on  them 
the  Praxes  of  all  kinds  of  Mathematical  Arts ,  that  are  mofi 
ufeful  and  requifite  to  feveral  Exigencies  of  human  Life , 

Trigonometry  both  PL/'w  Spherical ,  Conflr noti¬ 

on  and  ufe  of  the  Tables  ,of  Sines  and  Tangents,  z,  The 
Conftruction  of  Logarithms,  and  a  compendious  application 
of  them  to  Trigonometry :  And  in  the  3.  and  Lift  place , 
the  fundamental  Precepts  of  Algebra,  or  the  Analytic  Art •  by 
'the  help  whereof  the  learner  may  at  length  arrive  .to  the 
higher  and  more  reclufe  parts  of  Geometry ,  and  l.,e,  me 
mafier  thereof :  Not  to  menticn  (everal  Geometrical  and  A- 
rithmetical  Problems,  which  we  have  all  along  derived  from 
feveral  of  our  Theorems ,  by  way  of  Corollary ,  which  it 
may  be  foms  other  time ,  may  make  an  Appendix  of  this 
work. 


And  thus  when  we  fhall  have  Demon  fir  ated  not  only 
the  chief  Theorems  of  the  Ancient  Mathematicians ,  omitting 
the  unnecefjary  crowd  of  thofe  that  are  only  Sub [i diary,  but 
alfo  have  demonfir atively  deduc  d  the  fundamental  Precepts  of 
the  mofi  necejjary  and  ufeful  Arts  that  flow  from  them ,  and 
that  are  ab fir  acted  from  matter ,  as  of  Arithmetick ,  Trigono¬ 
metry  and  Algebra  ;  I  hope  none  will  doubt  but  that  in 
this  little  Velum  we  have  exhibited ,  as  it  were  the  Nucleus 
er  Kernel  of  the  pure  and  genuine  Mathematicks  (for  thofe 
other  Sciences  and  Alrts  which  go  by  the  name  of  mixt  Ma- 
thematick }  are  mofi  of  them  parts  of  natural  Philofophy ,  from 
toe  application  of  Mathematicks  to  the  Phenomena  of  nature) 
and  jo  mag  jufitly  bear  the  name  of  Math e (is  Enucleata. 

•  1  1  * Ng .  ^  /  *  .  ;  j 
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XVI. 

Nor  are  we  ignorant ,  nor  Jhall  we  conceal  what  feveral 
Learned  men  have  both  propofed  and  already  dune .  for  remov¬ 
ing  thofe  difficulties  and  blemifhes  of  the  Ancient  Mathematical 
Methods  we  have  jufi  now  mentioned.  'The  late  Adrnon fo¬ 
ments  of  the  anonymous  Authour  of  L’Art  de  Penfer,  no  lefs 
ingenioufly  than  modejlly  delivered,  Part.  q.  Chap  9,  1  o. 
of  the  faid  Treatify  are  fufficiently  known ;  as  aljo  the •  lau¬ 
dable  endeavours  of  A.  Tacquet  and  Honoratus  Faber  and 
{everal  others  above  mentioned  for  contracting-,  new  order¬ 
ing,  and  more .  eafily  and  directly  Demonstrating  the  chief  Ge¬ 
ometrical  Inventions  of  the  Ancients .  There  are  moreover  ex-  ' 
tant  of  a  certain  anonymous  Author ,  Elementa  Geometrica 
novo  ordfne  ac  raethodo  fere  Demon ftrata,  Trintedat  London 
about  26.  Tears  ago  There  are  alfo  F.  Ignatius  Gallon  Par- 
dies  Elemens  de  La  Geometrie,  &c.  Tranflated  into  Latin 
after  the  third  Edition ,  by  the  Famous  Scbmidtius  FrofeJJor  at 
Geneva:  As  aljo  of  F.' Mich.  Mourgues  j,  of  the  Society  of 
].  Nouveaux  Elemens  d&  Geometric,  abreges  par  des  Metho- 
des  particulieres  en  morns  de  Cinquante  proportions,  &c. 
There  are  alfo  feveral  01  her  EfJ ays  of  reducing  the  Mathema- 
ticks  into  a  better  Order  and  Method the  titles  whereof  we 
have  only  as  yet  feen ;  and  even  while jthefe  papers  were  in  the 
Trefy  there  happen  d  into  our  hands  a  Tr'eatife  of  F.  Lamys 
Entituled  Les  Elemens  de  Geometric,  ou  de  la  mefure  des 
Corps,.  &c.  Trintedat  Paris  in  16  y  ;  fo  that  we  may  only 
feem  to  fome  to  do  what  has  been  done  already ,  in  endeavour¬ 
ing  to  [hew  cur  Reader  a  new  a?id  [horter  way  to  the  Ada- 
thematicks. 

XVII. 

But  as  none  can  blame  Jacobus  le  Maire,  hccaufe ,  after  the 
happy  d.ifcovtry  of  the  Magelianick  Tafage  from  the  Atlantick 
into  the  Pacifick  Sea  .,  he  would  needs  yet  endeavour  to  fnd  ano¬ 
ther  jhorter*,  which  he  accordingly  did  *  nor  can  they  be  blamed , 
who  now  a  days  ccnfult  about  finding  one  from  thefe  parts  of 
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the  World ,  by  the  North  to  the  EaPc  India’s,  ‘thus  alfo ,  in  an 
affair  of  that  moment ,  that  owe  or  ^  feiJb  are  not  fuff  cunt  to 
bring  it  to  Perfection ,  /jf  any  one  who  comes  after ,  wo£  only  in- 
vitedy  but  alfo  ajfifed  by  the  ingenious  Endeavours  of  thofe  who 
have  gone  before  him ,  yW/  undertake  to  add  to  their  Inventi¬ 
ons,  to  help  on  the  bufinefs  by  his  advices , 
things  are  capable  or  a  further  Polifh ,  method'  how  to 

perform  it ,  doubtlefs  fuch  an  one  ought  not  to  be  blamedy  nor 
accufed  of  arrogance ,  #«Ayj  the  fame  time  he  endeavours  to 
depretiate  the  ejjays  of  others ,  cry  up  his  own  as  the  only  va¬ 

luable  \  Wh.ch  how  far  it  is  from  our  def  sn%  the  work  it  [elf 
will  abundantly  fhew.  Moreover  as  the  fenfes  of  men  are 
differently  affechd  by  different  Objects,  and  their  P  dates  have 
different  Rehjhes  of  the  fame  thing,  according  to  different'P re¬ 
parations  of  them :  So  the  fame  truth  takes  and  mfinuatm  it  f elf 
more  eafly  with  one  propofed  and  demonfi rated  after  this  way , 
more  with  another  after  that  way  *  and  we  are  fo  much  the 
more  likely  to  fuit  the  different  genii  of  different  Perfons ,  by 
how  many  more  and  different  methods  and  ways  we  ff iew  themy 
leading  to  the  fame  end,  of  which  every  one  may  take  that 
which  he  likes  beff. 

XVIII. 

We  therefore  Publifh,  by  the  Divine  affiance?  thefe  our  En  * 
deavours  alfo ,  after  jo  many  other  ingenious  and  elaborate  ones 
in  the  fame  kind ;  nor  can  we  doubt  the  approbation  of  fome  of 
our  Readers.  This  at  leaf  we  can  experimentally  affirm :  That 
not  a  few  of  thofe  to  whom  thefe  our  thoughts  were  partly  pub  - 
lickly  read  in  Le&ures ,  and  partly  privately  taught  (fur  they 
were  only  de/ign  d  for  Learners')  were  not  a  little  taken  with 
the  Concife  brevity  and  facility  of  the  Demon  fir  aliens  \  fo  that 
we  may  reafonably  hope  to  be  acceptable  to  thofe,  to  whom  ei¬ 
ther  time,  or  fuffeient  force  of  genius  is  wanting ,  to  run  over 
the  v aft  Volumes  of  the  Ancient  Mathematicians ,  and  compre¬ 
hend  their  prolix  Demonfirattonsy  and  long  feries  s  of  far  fetch  a 
Conferences  •  and  as  for  thofe  who  have  both  letfure  and  geni¬ 
us  to  do  fo ,  this  may  ferve  for  an  Encouragement  towards  it  j 
that  after  they  have  gone  through  the  chief  truths  and  propo¬ 
sitions 
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fitions  they  contain ,  Demonprated  in  a  more  eafie  and  porter 
way,  they  may  fo  much  the  more  confidently  adventure  upon  thofe 
celebrated  and  ingenious  Treatifies,from  the  reading  whereof  they 
were  before  deterr  d  by  the  length  and  almofi  in(uperable  diffi¬ 
culty  of  their  tedious  and  per  pie  xt  Demonstrations* 

XIX. 

t  J 

Being  nojv  about  to  enter  upon  the  matter  it  felfi,  we  will  on¬ 
ly  further  hint  thefe  few  things .  i.  Since  our  whole  defign  is 
for  the  advantage  of  young  Students  (which  ought  to  be  a 
Profejfors  chief  Care  and  Study )  we  mufi  not  omit  the  Expli¬ 
cation  of  the  mofi  fimple  terms ;  efpecially  fmce  we  defign  4o 
deduce  fome  Corollaries  immediately  from  them,  which  hereto¬ 
fore  have  unnecejjarily  increas'd  the  number  of  Propo fitions  and 
Dcmonfirations.  2.  To  encumber  our  work  as  little  as  we  can 
with  words  we  have  made  ufe ,  efpecially  in  our  Ewalytick  Cal¬ 
culus,  of  fome  Symbols ,  as  for  Equality ,  as  alfo  of  □ 
and  □  for  Square  and  Reclangle ,  and  of  T  the  common 
Radio  all  fign  for  the  fquare  Root,  with  the  Line  V 

on  the  top  for  connecting  of  quantities  together ,  the  Root  where - 

3  ^  t  - 

of  is  jointly  ta^en,  T  for  the  Cube  Root ,  V  V  for 
the  Biquadratick  Root . 

XX. 

That  the  Reader  may  at  one  view  fee  the  Contents  of  the 
fcllowmg  Treatife ,  we  have  thought  fit  to  prefient  him  here  with 
it,  by  way  of  Synopfis .  It  is  divided  in  two  Books. 

l 

The  fir  fit  whereof  contains  the  chief  and  mofi  fi  let}  Propofi- 
tions  of  Euc-id’j  Elements ,  of  Archimedes^  Treatifes  of  the 
Sphere  and  Cylinder ,  as  alfo  of  the  dimenfion  of  the  Circle ,  &c. 
Wherein  that  which  thefe  authors  have  demon  fir  at  ed  by  a  lonv 
and  tedious  Series  of  Cgu  Sequences,  and  for  the  mofi  part  in¬ 
directly,  we  have  here  endeavoured  to  Demon  fir  ate  directly, 
and  Jo  that  the  Demonfiration  of  each  Propofiticn  depends ,  ei¬ 
ther  \ 
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either  on  no  other ,  and  fo  is  evident  by  its  own  light ,  or  on  a 
very  few  of  the  antecedent  ones. 

II. 


After  the  fame  way  in  the  fecond  Book  we  treat  of  theQo - 
nick  Sections,  and  Demonflrate  the  chief  properties  of  the  Co¬ 
noid,  Spheroid,  Cycloid,  Conchoid  and  Spiral  Lines,  which 
are  extant  either  in  Apollonius  or  Archimedes  and  others ,  and 
wL at  they  have  Demon f  rated  by  long  and  tedious  process  we 
have  here  exhibited  in  a  Jhort  and  eafie  Compendium .  And 
that , 

•..  Ill 


In  fuch  a  method ,  as  does  not  fo  much  require  intent  and, 
fever e  thinkings  as  a  bare  and  eafie  infpeSHon ,  and  application 
of  the  Principles  of  fpecious  Ahebra ,  and  method  of  Indivisi¬ 
bles.  which  yet , 


IV. 

j  *  i 

>  •'  ^ 

We  dont  barely  ftppofe ,  and  remit  our  Readers  to  other  Books 
to  learn  ( which  would  be  too  troublefome)  but  in  the  Procefs  of 
the  Work  it  filf  they  are  gradually ,  and  as  occafton  prefents ,  de¬ 
rived  frrm  their  Original  Fountain ,  and  firft  Principles. 


By  the  fame  way  alfo  the  mofl  ufeful  and  neceffary  Mathema¬ 
tical  Praxes  are  laid  down  under  the  names  of  Corallaries  and 
Scholia,  the  ConfiruSticn  of  the  Fables  of  Sines  and  Tangents 
taught ,  the  Original  and  ufe  of  the  Logarithms  Demonftrated, 
and  the  Precepts  both  of  Plain  and  Spherical  Trigonometry 
deduced  from  their  firfi  Principles,  &c. 

# 

VI. 

1  he  Praxis  alfo  of  pure  Arithmetick ,  and  of  common  Deci¬ 
mal,  and  (which  is  feldom  ufd)  of  Tetraclical ,  as  alfo  the 

Do  Sir  me. 


< 
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\ 
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DoBrine  of  Surds , 
W  hereunto , 


are  derived  from  their  fir  ft  Original 


VII. 


As  a  Complement  of  the  whole  Work ,  we  have  added  an  Intro  - 
duBion  to  the  Specious  Analyfis^or  new  Geometry  of  the  Moderns , 
particularly  according  to  the  Method  of  jDes  Cartes,  hut  much 
facilitated  by  later  Inventions ,  and  Comprizing  the  Precepts  of 
the  Art  in  fix  or  [even  Pages ,  hut  iUuftrated  7vith  above  forty 
Examples  in  the  different  degrees  of  Equations. 

What  the  Reader  s  opinion  will  he  of  thefe  our  Endeavours , 
defignd  only  for  the  ufe  of  young  Students ,  time  mufi  teach  us. 
The  Author  himfelf  at  leaf ,  amongfi  his  other  performances,  al¬ 
lows  thefe  the  firfi  place .  . 


ADVERTISEMENT. 

At  the  Hand  and  Pen  in  Barbican  are  Taught,  Viz. 

•  T.  “V 

Writing,  Arithmetick,  Book-keeping,  Algebra,  Geometry, 
Meafuring,  Surveying,  Gauging,  Aftronomy,  Geography, 
Navigation  and  Dialing. 

By  Roht.  Arnold. 

Perfdns  Taught  abroad. 


E’.ementa  t  Arithmetics  Numercfs  &  Specie fs.  In  ufium 
Juventutis  Qxonis  e  Toeatro  Sbeldoniano.  .  Prof  ant  Venales 
Londini  apud  Dan  Midwinter  &  Tho-  Leigh  ad  Infignc* 
Refs  Coronals  in  Csmeteno  Divy  Pauli . 

'  ,  .  mathesis 
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( I  ) 


Mathejis  Enucleata : 

o  R, 
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The  Elements  of  the  Mathematicks. 


Book  I. 


Explaining  the  Firft  Principles  of  the  Mathematicks; 
among  which  are  (in  the  firft  place)  Definitions 9 
and  feme  Confellaries  that  flow  from  them. 


CHAP.  L 

Containing  the  Definitions  or  Explications  of  the  Terms 
which  relate  to  the  Oljebl  of  Mathematicks. 

definition  l 


fit  IIT  Athematicks  is  the  Science  or  Knowledge  of  Quars« 
f  B  /fl  tity,  and  of  Beings,  as  far  as  they  are  fubjeCf  to 
a  it,  or  meafurable  $  and  may  juftly  claim  the  Name 
JL  *  JBk,  of  Vniverfaly  while  it  is  employ’d  in  Demonftra* 
ting  thofe  Properties  which  are  common  to  all  or  moft  Jghtan*, 
tities :  But  when  it  ddeends  to  the  different  Species  of  Quantity, 
and  is  buhed  in  contemplating  the  Affections  belonging  par* 
ticularly  to  this  or  that  Quantity,  it  is  diftinguiflied  by  va¬ 
rious  Names,  and  diftributed  into  various  Pans.,  according 
to  the  various  diverfities  of  the  Objects. 

B 


DEFINITION 


Mathejis  Enucleata  :  Or* 
D  E  FI  Mil  10  N  II. 


% 


QUanthy  may  be  defined  in  General*  whatever  is  capable 
of  any  fort  of  Eftimate  or  Menfuration,  as  immediately 
iot  Habitudes  and  Qualities  of  Things,  as  e.  g.  the  multitude  of 
Stars  in  the  Heaven*  or  of  Souldiers  in  an  Army,  the  length 
of  a  Rope,  or  Way ,  the  weight  of  a  Stone,  the  fwiftnefs  or 
flownefi  of  Motion,  the  Price  of  Commodities,  &c.  but  medi- 
atel/,  the  very  things  themfelves  wherein  thofe  Eftimable  Qua* 
lities  are  inherent.  Whence  with  the  ingenious  PFeigelius  we 
may  not  incongruoufly  reduce  them  all  to  thefe  four  K  nds  or 
Genders,  vi%*  I  to  Quanta  Naturalia,  Natural  Quantities,  or 
fuch  as  Nature  has  1  urn  idl’d  us  with,  as  Matter  with  itsExten- 
lion  and  Parts,  the  Powers  and  Forces  of  Natural  Bodies,  as 
Gravity,  Motion,  Place,,  Light,  Opacity,  Perfpicuity,  Hear* 
Cold,  &c.  2.  to  Moral  Quanta  or  Quantities,  depending  for 

'  the  moil  part  on  the  Manners  of  Men,  and  arbirrarious  De» 
terminations  of  the  Will;  as  for  Example,  the  Values  and 
Price  of  Things,  the  Dignity  and  Power  of  Per  fins,  the  Good 
or  Evil  of  Actions,  Merits  and  Demerits,  Rewards  and  Panifh- 
ments,  &c.  3,  to  Quanta.  Notionalia ,  ariiing  from  the  Notions 

and  Operations  of  the  Underilanding,  as  e.g.  the  amplitude  or 
narrownefi  of  our  Conceptions,  university  or  particularity,^. 
HLogick  ;  the  length  or  brevity  of  Syllables,  Accent,  Tone, 
&c,  in  Grammar:  And  laftly,  to  Quanta  Tranfcendentia ,  Tran- 
icendent  Quantities,  fuch  as  are  obvious  in  Moral,  Notional, 
and  Natural  Beings  ^  as  Duration,  i,  0.  the  Continuation  of  the 
Exiftence  of  any  Being ;  which  in  Phyficks  efpecially  is  named 
Time,  and  may  be  conceived  as  a  Lin e,£rc.  To  thefe  you  may 
moreover  add  Unity ,  Multitude  or  'Number ,  Necejfity  and  Contingency* 


DEFINITION  III. 


(whereon  we  fhall  make  forne  fpecial  Remarks)  if 
it  be  taken  in  the  Concrete ,  is  nothing  elfe  than  an 
Aggregate  or  Multitude  of  any  fort  of  Beings  *  taken  abftradl- 
edly,  it  is,  as  Euclid  calls  it,  {MvdJtovmGQWSy  &  multitude,  or  (as 
they  call  it)  J^otity  of  Unities,  on  the  one  hand  Number,  i.  9* 
many-  are  oppofcd  to  one  and  in  that  fenie  Unity  is  not  a  Nuni- 
:  her: 
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ber:  On  the  other  hand  Unity  may  be  efteem’d  a  Number, 
fince  it  is  no  lefs  ( if  I  may  be  allow’d  that  term)  fome  J§W- 
tity  than  two  or  three.  But  as  we  denote  or  fignifie  particular 
Things,  when  we  fpeak  of  them  Uaiverfally,  by  the  Letters 
of  the  Alphabet,  A,  B,  C,  (a,  b,  c,)  &c.  as  unjverfal  Signs  or 
Symbols  of  them  ;  fo  for  diftin&ly  and  compendioufly  Expref- 
fmg  the  innumerable  Variety  of  Numbers,  Men  have  found  out 

various  Notes,  the  moft  natural  whereof,  are  Points  difpofed  in 

•  •  » 

particular  extended  Orders,  as  ...  to  denote  Three,  ...  to 

•  •  © 

denote  Nine,  &c.  But  that  way  which  is  moft  commodious 
for  Pra£life,  is  by  the  common  Notation,  or  Cyphers,  1,  z9 
3,  4,  5,  6,  7,  8,  9.  the  invention  whereof,  as  we  have  it 
by  Vulgar  'Tradition,  is  owing  to  the  Arabians.  By  a  very  few 
ot  thefe  we  exprefs  any  number  tho  never  lb  great,  by  a  won¬ 
derful,  tho  now  adays  familiar,  Artifice ;  the  firft  Inventor  of 
them  having  Eftablifh’d  this  as  an  arbitrary  Law,  that  the  firft 
of  them  (hall  fignifie  unity  or  one\  the  ad  ttvo9  See.  as  often  as 
they  ftand  alone  *  but  placed  in  a  row'  with  others,  or  on  the 
left  hand  of  one  or  more  o,  or  nought?,  (which  of  themleives 
ftand  for  nothing,  but  fill  up  empty  places)  if  in  the  fecond,  be¬ 
fore  a  nought,  they  denote  Tens ;  if  in  the  3d.  Hundreds;  in 
the  4th  Thoufands;  in  the  5th  Myriads  or  Tens  of  Thoufands; 
in  the  7th  (o  many  Thoufands  of  Thoufands,  or  Millions ;  in 
the  8  th  Tens  of  Millions,  &c.  and  fo  onwards,  increafing  al¬ 
ways  in  decuple  Proportion,  by  Tens,  Hundreds,  Thoufands^ 
&c. 

I 

COROLLARY  I. 


HEnce  you  have  a^Way  of  exprefling  or  writing  any  Sum 
by  thefe  Notes,  which  you  may  hear  expreffed  in  Words ; 
as  it  we  were  to  exprefs  in  Notes  the  year  of  our  Lord,  One 
Thoufand  Six  Hundred  Ninety  and  Nine,  it  is  manifeft,  that 
according  to  the  method  above  defcribed,  by  placing  9  on  the 
right  hand  in  the  firft  place,  and  nine  again  in  the  fecond  to¬ 
wards  the  left,  fix  in  the  third,  and  one  or  unity  in  the  fourth, 
the  bufinefs  will  be  done.  Thus  it  will  be  eafie  to  any  one 
with  a  little  attention, to  exprefs  any  Number  whatfbever  by  thefe 
Notes;  (as  fuppofe  that  which  Swsnterus  propofes,  in  Delie* 

B  2,  '  Phyfico. 


4  Mathefis  Enucleata  :  Os% 

Phyjko-Matk  Farr.  i.  Probl.  yy* )  Eleven  Thoufand  ,  Eleven 
Hundred,  and  Eleven, 


COROLLARY  IL 


HEnce  you  have  alfo  the  Foundation  and  Reafbn  of  the 
Rule  of  Numeration  in  Arithmetic!?,  or  exprefling  any 
Numbers  or  Sum  in  Words,  which  you  fee  written  in  Cyphers  5 
which  for  greater  eale  may  be  done  thus,  beginning 

from  the  firft  Figure  towards  the  right  hand,  over  every  fourth 
Figure  note  a  Point,  (including  always  that  which  was  lad 
pointed)  and  at  every  fccond  Pundfation  or  Point,  draw  (hore 
Arokes  thus  one  over  the  id,  two  over  the  fourth, &c.  thefird 
denoting  Millions,  the  fecond  Millions  of  Millions,  or  Bimillions3 
the  third  Trimillions,  &c.  and  the  Intercepted  Points  the* 
Thoufands,  in  their  kinds,  &c. 


SC  HO  LION. 

HEre  1  cannot  omit,  on  this  occaAon,  what  the  foremen- 
ti  ned  VEeigelius  has  hinted  about  another  way  of  Nume¬ 
ration,  and  which  Dr,  Wallis  mentions*  Oper .  Mathemat .  Part  ia 
p.  &  66*  fhewing  there  a  way  ( and  illuftrating  it  by  Ex- 
arnp’es)  of  Numeration ,  and  of  Exprefiing  the  Figures  3  which 
proceeds  thus  3  whereas  now  adays  in  numbring  we  adend  from 
uni  y  or  1  to  ten  (the  reafon  whereof;  after  which  Ariftotk 
makes  a  prolix  Inquiry,  Probl.  g.  Seft.  iy.  was  taken  without 
doubt  from  the  denary  Number  of  our  Fingers)  if  from  unity 
we  proceed  only  to  four,  f  which  Arid  ode  in  the  fame  place  tells 
us  tome  of  the  Thracians  ufed  to  do  of  oid,)  and  thence  retur¬ 
ning  back  again  to  Unity,  we  fhould  proceed  again  after  the  fame 
way ;  we  might  after  that  way  obtain  a  vaftly  more  Ample  and 
eahe  Arithmetic!?,  than  we  have  now  adays.  Which  ,  even 
hence  we  may  conclude  ;  becaufe  for  Multiplication  and  Divi- 
Aon  there  would  need  no  other  Table  (  or  Pythagorick,  Abacus} 
than  this  eaAe  and  ffaort  one  : 

i.f.i  once  one  is  one  9 
x  .  %  .  10  i.  e,  twice  two  are  four  9 
x  •  g  .  1  z  twice  three  are  four  and  two, 

.  g  «  g  •  2. 1  thrice  three  are  twice  tour  and  one 


And 
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And  althoit  is  pity  that  we  can’t  hope  now  a-days  to  fubfti- 
ftute  this  vaftly  eafier  way  of  Computing,  in  room  of  the  other/ 
now  in  uft,  becauft  the  other  is  univerfally  receiv’d,  and  mo  ft 
forts  of  Meafures  and  other  Quantities  are  fitted  and  accommo¬ 
dated  to  the  decuple  Proportion  ;  yet  it  ought  not  to  be  alto¬ 
gether  negledfted  in  Mathematicks,  which  might  receive  very 
great  advantage  hereby,  efpecially  in  Trigonometry,  if  the  in¬ 
genious  Invention  of  the  Logarithms  had  not  already  fupply’d 
its  uft  therein.  The  whole  Foundation  of  this  Tetradys  or 
Quaternary  Arithmetic is  placed  only  in  theft  three  Notes,  i 
3}  fo  that  any  one  of  them  alone,  or  in  the  firft  place, 
fhould  denote  Units  ,  in  the  fecond  place,  Tetrads,  or  fo  many 
Fours  (  or  Quaternions, )  in  the  third  place  fo  many  Sixteens, 
in  the  fourth  place  fo  many  times  Four  Sixteens, or  64  s.  (3c ,  al¬ 
ways  proceeding  in  a  Quadruple  Proportion.  For  which  way 
of  Numeration  there  might  be  found  out  terms  as  commodious 
as  thoft  we  now  ufe,  and  which  are  thereby  grown  Familiar 
to  us,  as  one,  ten,  twenty,  a  hundred,  a  thoufand^  (3c.  which 
will  be  evident  by  what  follows  : 

One,  XJnum  1  . . One.  (TourJ 

Ten,  Decern  I  o  . .  •  .  •  Quatuor ,  Tetras ,  a  Quaternion  or 

Twenty,  Viginti  20  .... .  a  Biquaternicn 

Thirty,  Triginta  30  *  .  .  a  Triquaternion 

Hundred,  Centum  iOO  ...  a  Tetraquaternion 

Thoufand,  Mills  1000  d  Quartan 

Ten  Thoufand,  I COCO  (3c,  a  Tetraquartani  Sc c. 

DEFINITION  IV, 


r  A  is  whatever  is  conceived  to  be  Extended  or 

Continuous,  or  has  parts  one  without  another,  and  con¬ 
tained  within  fome  common  Term  or  Terms  r  wherein  that  is 
called  a  Point  which  is  conceived  fas  indivifible,  or)  to  have 
no  Parts,  and  fo  no  Magnitude,  but  is  notwithstanding  the  be¬ 
ginning  or  firft  Principle  of  all  Magnitude. 


definition  V . 


IF  we  conceive  a  Point  (A)  (Fig.  1 .)  to  be  moved  towards  B, 
by  this  motion  it  will  leave  a  tract1,  or  defcribe  the  Magni- 

B  3  nitude 


6  Math  efts  Enucleata  :  Or, 

tilde  AB  of  one  only  Dimenilon,  that  is  Length  without  Lati¬ 
tude,  or  which  at  lea.fl  we  are  to  conceive  fo,  and  is  called  a 
Line  :  If  that  Line  AB  be  conceiv'd  again  fb  to  be  moved, as  that 
its  extreme  Points  AB  (hall  defcribe  other  Lines  BC  and  AD, 
it  will  defcribe  by  that  Morton  the  Magnitude  AB  CD,  or  (to 
denote  it  more  compendioufly  by  the  Diagonal  Letters  )  AC 
or  BD  ,  having  both  length  and  breadth ,  but  without  any 
depth  or  thicknefs,  or  at  ieafi  fo  to  be  conceived,  and  this  is 
called  Superficies  or  Surface  :  Laftly,  if  this  Surface  AC  be  con¬ 
ceived  fo  to  move,  e.g,  upwards  or  downwards,  that  its  oppofite 
Points  A  and  C  again  defcribe  other  Lines  AF  and  CH,  and 
confequently  each  of  its  Lines  other  Surfaces,  (3c,  by.  this  Mo¬ 
tion  there  will  be  formed  a  Magnitude  of  three  Dimenfions, 
which  we  call  a  Solid  or  Body ,  which  we  will  aifb  denote  by 
the  two  diametrically  oppofite  Letters  AH  and  DG.  But  as 
this  Motion  of  the  Point,  Line,  or  Surface,  may  be  various,  fo 
there  will  be  produced  by  them  various  forts  of  Lines,  Sur¬ 
faces,  and  Solids :  But  thefe  Productions  flop  here,  and  proceed 
no  further ,  for  the  Motion  of  a  Body  can  only  produce  ano¬ 
ther  Body  greater  than  the  firft,  but  no  more  new  Dimenfions* 


CONSECTARYS. 


I.  "JQOints  therefore  being  moved  thro5  equal  Intervals  in  the 
fame  or  a  like  way  or  trace  ( e.  g .  in  a  freight  or  the 
fliortefl  trace)  defcribe  equal  Lines ;  and 

If.  The  fame  or  equal  Lines  moved  thro’  the  fame  Right- 
lined  or  Curvilinear  Paths,  defcribe  equal  Surfaces  *,  and 

HI.  Equal  Surfaces  moved  according  to  the  fame  Methods 
and  Conditions  defcribe  equal  Solids :  which,  if  rightly  under- 
Hood,  are  the  firfl  certain  and  infallible  Foundations  of  the 
Method  of  Indivifibles.  But  here  you  rnuft  take  care  to  diftin^ 
giiiBi  between  the  way  which  the  Line  it  (elf  defcribes,  and 
that  which  its  Ends  or  extreme  Points  defcribe  :  For  altho  e.g* 
the  Point  a  {Fig.  24.J  moves  along  in  a  more  oblique,  way  than 
A,  and  fo  defcribes  a  longer  Line  5  yet  the  Line  a  b  defcribes 
by  a  parallel  Motion^  an  equal  fpace  with  the  Line  AB,  (vif) 
the  fame  which  the  whole  Line  A  b,  whereof  they  are  parts9 
^rould  defcribe.  See  Faber  s  §ynopfisy  p.  m.ig. 
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DEFINITION  VI. 


BUT  that  we  may  a  little  further  profecute  'this  Genefis  of 
Magnitudes  (as  very  much  conducing  to  underhand  their 
Nature  and  Properties)  if  the  Point  A  moves  to  B  the  fhorted 
way,  it  defcribes  the  Right  Line  AB  ;  but  if  in  any  (one)  other 
it  will  defcribe  rhe  Curve  or  Compounded  Line  ACB :  From 
whence,  with  F.  Morgues ,  we  may  infer  thefe 

CON  SECTARY  $, 


I.  HPHat  two  Right  Lines  (a)  beginning  from  * 

the  fame  Point  A,  and  ending  in  the  fame  ^  ^uc*' 
Point  B,  will  neceffarily  coincide,  nor  can  they 
comprehend  or  inclofe  Space  2,  for  if  they  did,  one  niud  deviate, 
and  fo  would  ceafe  to  be  a  Right  Line. 

II.  In  a  Space  comprehended  by  three  Right  Lines  AB,  BCS 
CA,  (a)  any  two  raken  together,  mud  needs  be  greater  than 
any  one  alone.  Moreover  we  may  add  this  before  hand  5 

III.  In  a  Circle  a  Right  Line  drawn  from  A  to  B  (Fig.  3  ) 
will  fall  within  the  Circle,  bccaufe  the  Curve  Line  ADB  de~ 
fcribed,  as  we  (hall  hereafter  fhew,  being  longer  than  a  Right 
Line,  mud  neceffarily  fall  beyond  it,  or  on  the  outfide  of  it. 
And  ladly, 

IV.  A  Tangent,  or  Line  (b)  which  does  not  cut  or  enter 
into  the  Circle,  touches  it  only  in  one  Point. 

Moreover  if  a  Right  Line  AB  ( Fig.  4.)  move  on  another 
Right  Line  BC,  remaining  in  the  fame  Pofition  to  it,  ir  will 
generate  a  Flan  Surface ,  to  which  a  Right  Line  being  any  way 
applied,  will  touch  it  with  all  its  point,  as  Faber  rightly  defcribes 
it;  if  a  Right  Line  be  moved  on  a  Curve,  or  a  Curve  on  a 
Right  Line,  &c.  they  will  generate  a  Curve  Surface 9  call’d  Gib* 
bous,  or  Convex  without,  and  Concave  within. 


definition  vil 

IF  a  Right  Line  be  fixed  at  one  of  its  ends  A,  and  the  other 
be  moved  round  (Fig.  ?.)  it  will  defcribe  in  this  Motion  a 
"  ~  B  4  ”  ‘  Circular 


l<&')  End*  It 
prop .  20. 

(b)  Eucl.Prop. 
2t  lib .  g. 


§  ■  Mathefis  Enucleata :  Or, 

Circular  Plane,  or  a  Circle  5  and  by  the  motion 
of  its  end  or  extreme  Point  R,  the  Periphery  or 
Circumference  of  that  Circle  B  E  F.  I’he  fixed 
Point  A  is  called  the  Center  of  that  Circle  ^  the 
Lines  AB,  AC,  C 6c,  its  padii  or  Semi-Diame~ 
ters  ^  all  of  which  are  equal  one  to  another.  Any  Right  Line 
BC  drawn  from  one  part  of  the  Circumference  thro5  the  Center 
to  another,  is  called  the  Diameter ,  and  divides  the  Circle  into 
two  Semicircles  BECB  and  BFCB.  The  Circumference  of  a 
Circle,  whether  great  or  fmall,  is  divided  into  360  equal  parts 
called  Degrees,  and  each  Degree  into  60  Minutes,  &e.  From 
this  Gcniture  of  the  Circle  prefuppofed,  there  evidently  fol¬ 
low  thefe 

C  ONSECTAR  Y  S. 


J.  jpHat  2  Circles  which  cut  one  another  cannot  have  the 
fame  common  Center  ^  for  if  they  had,  the  \adii  ED. 
2nd  EA  drawn  from  the  common  Center  E  (Fig.  6.)  would  be 
equal  to  the  common  Radius  EB  that  is  the  part  to  the  whole. 

1 1.  Nor  can  two  Circles  •  touching  one  another  within  fides 
have  one  and  the  fame  Center,  for  the  fame  reafon. 

Ill#  Of  Lines  falling  from  any  given  Point  without 
6* of  the  ^  Circle,  and  (c)  palling  thro5  the  Pe- 

fame  Booh  "  riphery  to  the  oppofite  Concave  part  of  it,  that 
(c)Euch$L%.  which  pafles  through  the  Center  of  it,  is  the 
longeft,  *vi%.  AB  5  and  of  the  other  that  which  is 
S’leareft  to  it  is  longer  than  that  which  is  more  remote  .*  But  on 
the  contrary  of  thole  which  fall  on  the  Convex  Periphery  a 
that  which  tends  towards  the  Center,  as  Ab,  is  the  lead:,  and 
the  reft  gradually  greater,  and  there  can  be  but  two,  as  AE 
2nd  AF,  or  Ae  and  Af,  equal  :  All  which  will  appear  very  evi¬ 
dent  by  drawing  other  Circles  from  the  Center  A  thro' B,D,E, 
wd  hi  4,  e.  Or  thus  *,  having  drawn  two  other  Circles,  from 
die  Radii  AB  and  A  b,  if  we  conceive  the  Radii  Ab  andCb 
to  move  towards  the  right  hand,  their  ends  will  always  recede 
further  from  one  another^  the  fame  is  alfo  evident  of  theRa-* 
dii  AB  and  CB,  moved  a! fa  to  the  right  together. 

Iv.  Moreover  {Fig.  8.)  of  all  the  Lines  drawn  within  the 
Circle  (a)  the  Diameter  is  the  greateft,  and  the  reft  gradually 
Ids,  by  how  much  the  more  remote  they  are  from  the  Center, C?iw 
;  v  Which 
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Which  will  be  very  evident  to  any  one  who  contemplates  a  Circle 
infcribed  in  a.  Square,  as  alfo  the  Genefis  of  Curvity  it  felf-  as 
alfo  many  other  ways  which  I  (hall  now  omit  •  or  to  mention 
one  more  thus  becaufe  the  two  Radii  CA  and  CB  being  mo¬ 
ved,  in  order  to  meet  together,  neceffarily  approach  nearer  to 
one  another  in  their  extreme  Points. 

DEFTN ItlON  VIIL 


THE  Aperture  or  opening  of  two  Lines  (Fig.  9.)  AB,  AD, 
&c.  that  are  both  fixed  at  one  end  at  A,  and  the  other 
ends  opened  or  removed  farther  and  farther  from 
one  another,  is  called  an  Angle,  and  ufually  de-  ^  1  r 

noted  by  3  Letters,  D,  A,  B,  (whereof  that 
which  denotes  the  Angular  Point,  always  ftands  in  the  middle,) 
and  meafured  by  the  Arch  of  a  Circle  BD,  or  a  certain  num¬ 
ber  of  Degrees  which  it  intercepts.  The  greateft  Aperture  of 
all  BAG  is  when  the  x  Legs  of  the  Angle  AB  and  AC  make 
one  Right  Line,  and  is  meafured  by  a  Semicircle,  or  180  De¬ 
grees.  The  mean  or  middle  Aperture  BAE  or  CAE,  when 
one  Leg  EA  is  ere&ed  on  the  other  AB  or  AC  at  Right  An¬ 
gles,  fo  that  it  inclines  neither  one  way  nor  the  other,  (thence 
called  a  Perpendicular)  is  named  a  High  Angle7  whofe  meafure  is 
confequently  a  Quadrant  (or  quarter  part)  of  a  Circle  or  90 
Gr.  Wherefore  a  Semicircle  is  the  meafure  of  two  Right  An¬ 
gles  :  An  Aperture  or  Angle  BAD  lefs  than  a  Right  Angle  (and 
fo  meafured  by  lefs  than  90  degrees)  is  called  an  Acute  Angles 
and  that  which  is  greater  than  a  Right  Angle,  as  DAC  (  and 
fo  confiding  of  more  than  90  degrees)  is  called  an  Ohtufe  An¬ 
gle*  Whence  me  may  now  draw  thefe 


COROLLARY  S. 

I.  """f  f  WO  or  more  Contiguous  Angles  (a)  con - 
L  flituted  on  the  fame  Right  Line  BC , 
and  at  the  fame  Point  A  (as  DAB,  and  DAG 
or  DAB,  DAE  and  EAC)  make  two  Right  An¬ 
gles,  as  filling  the  Semicircle  *,  and  confequently, 

II.  All  the  Angles  that  can  be  conflituted  about  the  Point 

A  filling  the  whole  Circle)  are  equal  to  4  Right  ones:  As 

*  -  alfo 


(a)  Fuel.  15. 
lib .  1.  with  the 
Corolh 


/ .  )  I 
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alfo  on  the  other  fide  ( a)  if  two  Right  Lioeb  AB  and  AD 
meet  on  the  lame  point  A  of  another  Right  Line  A  C,  and 
make  the  Contiguous  Angles  equal  to  z  Right  ones,  that  is,  if 
they  fill  a  Semicircle,  BC  will  neceflarily  be  the  Diameter  of  a 
Circle,  and  confequently  a  Right  line. 

III.  If  one  of  the  Contiguous  Angles  BAE  be  a  Right  one, 
the  other  CAE  will  be  fo  alfo. 

IV.  If  two  Right  Lines  AB,  CD,  cut  one  another  in  E,  the 
4  Angles  they  make  will  be  equal  to  4  Right  ones. 

V.  And  as  it  is  evident  at  firft  fight  (Fig,  10.  )  that  any 
Circle  having  one  half  (or  Semicircle)  folded  on  the  other, at  the 
Diameter  ECD,  the  two  Semicircles  EHD,  and  EID,  muft 
needs  agree,  or  every  where  coincide  ope  with  the  other ;  jfb 
if  the  Angle  ACD  be  fuppofed  equal  to  the  Angle  BCD,  that 
is,  the  Arch  AD  to  the  Arch  BD,  having  ore  Leg  CK  or  CL 
common  ;  the  others  AC  and  BC  being  /uppofed  before  equal, 

1.  The  Bafes  BL  and  AL,  KB  and  KA,  will  be  alfb  equal; 
for  thefe  will  coincide  too,  and  therefore  the  Angles  alfo. 

The  Line  AB  being  bifefted  in  K ,  the  two  Angles 
(c)  at  K  will  alfo  coincide  and  be  equal,  and  con- 
(a)  Euclid .  L  fequently  Right  Angles :  and  contrary  wife, 

1 » Prop,  14.  g.  The  Angles  at  the  Bafe  of  equal  (d)  Legs, 

(byEud  1.  io  c^B,  CBA,  and  alfo  thofe  below  the  Legs,  the 

(c)  lib \  III.  3.  Legs  being  produced  to  F  and  G,  are  equal 

(d)  lib .  1.  5.  4.  Con  fequently  the  Spaces  ACL  and  BCL, 

ACK  and  BCK  are  equal  to  one  another. 

y.  The  Contiguous  Angles  AED  and  BED  infilling  on  equal 
Arches  AD  and  BD  are  equal,  and  e  contra ;  as  alfo  thofe  that 
are  not  Contiguous ,  if  their  Vertex’s  are  equidiftant  from 
E,  &c, 

6 .  It  is  hence  alfo  manifefl,  that  a  Perpendicular  ere&edon  the 
middle  of  any  Line  AB,  tnfcribed  in  any  Circle,  pafles  through 
its  Center,  by  what  we  have  juft  now  fk id  $  and  if  you  likewife 
eredl  Perpendiculars  on  the  middle  of  any  z  Lines,  ab  and  hm 
(Fig.  ii.)  conne6Hng  any  z  Arches,, or  any  g  Points,  a ,  b, 
that  are  not  placed  all  in  the  lame  Right  Line,  thole  z  Per¬ 
pendiculars  ke9  no*  will  determine  ( by  their  Interfe£lion )  the 
Center  of  a  Circle  that  ftiall  pals  through  thefe  3  Points. 

DEFF 
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DEFINITION  IX- 

IF  one  Right  Line  DE  cut  or  pafs  thro’ another  AB  (Fig. n) 
the  oppofite  Angles  at  the  top  or  interfedhon  ACD  and  ECB 
are  called  Vertical  5  as  alfo  the  other  two  ACE  and  DCB  s 
Whence  follow  thefe 

COROLLARY  S. 

I.  T^Hat  the  Vertical  Angles  are  always  (  a  )  Equal  ;  for 
-l-  both  ACD  and  ECB  with  the  third,  ACE,  which  is 
common  to  both,  fill  or  are  equal  to  a  Semicircle  ^ 
as  likewife  both  ACE  and  DCB  with  the  third  W  Euch  li\ 
ECB,  which  is  common. 

II.  Contrarywife,  if  at  (a)  the  Point  C  of  the  Right  Line 
DE,  the  z  oppofite  Lines  AC  and  CB  make  the  Vertical  An¬ 
gles  a:  and  3  equal,  then  will  AC  and  CB  make  one  Right  Line  - 
for,  fince  a:  and  0  make  a  Semicircle,  and  %  and  x  are  equal,by 
Hypoth.  0  and  3  will  alfb  make  or  fill  a  Semicircle,  whofe 
Diameter  will  be  ACB. 

III.  By  the  fame  Argument  it  will  appear,  that  of  4  Lines 
lb)  proceeding  from  the  fame  Point  fo  as  to  make 
the  oppofite  Vertical  Angles  equal,  the  z  oppo-  ^  Tk  fame 
fire  ones  AC  and  CB,  as  alfo  DC  and  CE,  will  (b)  ScW.  2* 
make  each  but  one  Right  Line ,  for  fince  all  the 
4  Angles  together  make  a  whole  Circle,  dr  4  Right  Angles, 
and  the  fum  of  x  and  0  is  equal  (by  Hypoth.)  to  the  fum  of  0 
and  it  follow’s,  that  both  the  one  and  the  other  will  make  Se¬ 
micircles^  whofe  Diameter  will  be  AB  and.DE,  and  fo  Right 
Lines. 

DEFINITION  X. 

i 

IN  any  Circle,  a  Right  Line,  as  D.G,  that  fubtends  any  Arch 
of  it  DGB,  is  called  the  Chord  of  that  Arch  ( Fig .  13.)  BF  (  a 
part  cut  off  from  the  Semidiameter  BC  palling  thro5  the  middle 
of  the  Chord)  is  called  the  Sagitta  or  Intercepted  Ax ,  but  mo  ft 
commonly  the  Verfed  Sine  ;  and  DF  let  fall  from  the  other  ex¬ 
tremity  of  the  given  Arch  BD,  on  the  Semidiameter  at  Right 
Angles,  is  called  the  Right  Sine  of  that  Arch  BD,or  of  the  Angle 

BCD  y 
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BCD^  alfo  DI  is  called  the  Right  Sine  of  the  Complement  for 
iot  brevity  fake.  Sine  Compl.  )  of  that  Arch  D  H,  or  Angle 
DCH,  (3c,  but  the  greateft  of  all  the  Right  Sines  HC  let  fall 
from  the  other  extremity  (or  end)  of  the  Quadrant  (which  is 
Indeed  the  fame  as  the  Semidiameter  of  the  Circle)  is  called 
the  whole  Sine  or  Radius  \  laftly,  BE  is  called  the  Tangent  of  the 
Arch  BD  or  Angle  BCD,  and  CE  its  Secant:  Whence  Mathe¬ 
maticians,  for  the  (ake  of  Trigonometrical  Calculations,  have 
divided  the  whole  Sine  or  Radius  of  the  Circle  into  igoo9 
ioooo,  100000,1000  oo'o,  10000  0000&  parts,  thence 
to  make  a  proportionable  Eftimate  of  the  number  of  Pans  in 
the  Sine,  Tangent,  or  Secant  of  any  Arch,  (3c.  as  may  befeen 
in  the  Tables  of  Sines,  Tangents,  and  Secants.  From  thefo 
Suppositions  and  Explications  of  the  Terms,  we  (hall  now  in¬ 
fer  from  this  Definition  the  following 

COROLLARY  5. 


(a)  Amongthe 

reft  Vid.  EucL 
28  29  lib* 

%,and  alfo  part¬ 
ly  the  26  and 

27* 


L  JN  equal  Circles  (and  fo  much  more  (a)  in 


one  and  the  fame)  as  the  Radii  or  Semidia« 
meters  BC  and  b  c  are  equal,  fo  alfo  it  is  evident, 
that  the  Right  Sines  DF  Sc  Dft of  equal  Arches  BD 
and  b  d,  or  equal  Angles  BCD  and  bed ,  alfo  the 
Tangents  BE  and  be,  and  Secants  CE  and  c  e ,  and 
Subtenfes  or  Chords  DG  and  dg,  alfo  the  Sagitrse  or  intercepted 
Axes  BF  and  bf,  of  double  the  Arches  DBG  and  dbg.  See.  will 
be  equal,  and  fo  con  lift  of  an  equal  number  of  Parts  of  the  whole 
Sine  or  Radius,  € '3c,  which  both  is  evident  from  what  we  have 
faid  before,  and  may  be  further  evinced,  if  one  Circle  be  con¬ 
ceived  to  be  put  on  the  other,  and  the  Radius  BG  on  the  Ra¬ 
dius  h  c,  that  fo  they  may  coincide,  by  reafon  of  the  equality 
of  the  Arches  BD  and  hd\  and  fo  of  all  the  reft.  And  k 
contra , 

II.  In  unequal  Circles,  the  Sines,  Tangents,  (3  c.  of  equal 
Angles  BCD  or  bed  (  Fig.  14.)  or  fimilar  Arches,  or  Arches 
of  an  equal  number  of  Degrees,  BD  and  b  d,  will  be  alfo  fimi¬ 
lar  or  like,  (3c.  i,  e.  the  Sine  d/confifts  of  as  many  parts  of 
its  Radius  bC,  as  the  Sine  DF  does  of  its  Radius  BC,  (3c.  e.  g, 
if  the  Radius  BG  be  double  of  the  Radius  b  c ,  each 
thoufandtb  part  of  the  one,  will  be  double  of  each  thou* 

fandch 
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fandth  part  of  the  other,  but  they  are  alike  1000  in  each;  be- 
caufe  the  degrees  in  the  Circumference  of  the  little  one,  parti¬ 
cularly  in  the  Arch  b  d  are  but  half  as  big  as  thofe  in  the  Arch 
BD,  and  yet  equal  in  number  in  both.  Thus  alfo  if  the  Sine 
DF  contains  700  of  the  1000  parts  of  its  Radius  BC,  df 
will  alfo  contain  700  of  the  1000  parts  of  irs  fmaller  Radius 
be,  and  in  like  manner  the  Chords  DG  and  dg,  and  the  Tan¬ 
gents  BE  and  be  ',  ($c.  contain  a  like  number  of  parts3  each 
of  its  own  Radius. 

i 

SC  HO  L  JO  K 

IT  may  not  be  amifs  here  to  note  by  the  by  (  altho  it  may 
feem  more  proper  ro  be  taught  after  the  Do&rin  of  Pro¬ 
portions)  that  if,  v.  go  the  degrees  of  a  greater  Circle  be  each 
of  them  refpe&ively  double,  or  triple,  or  quadruple,  &c.  of  the 
degrees  of  a  lefs  Circle,  according  as  the  Radius  of  the  one  is 
double  or  triple  to  the  Radius  of  the  other,  then,  at  lead  as  far 
as  Mechanical  Pra&ice  can  require,  you  may  find  the  Arch  of 
a  greater  Circle  equal  to  the  whole  Periphery  of  a  lefs,  vi% J 
if  you  take  reciprocally  that  part  of  the  greater  Periphery^ 
which  fhall  be  as  the  Radius  of  the  lefs  to  the  Radius  of  the 
greater,  or  as  one  degree  of  the  lefs  Periphery  to  one  degree 
of  the  greater.  >e.g.  if  the  lefs  Radius  be  be  half  the  greater 
BC,  and  fo  alfo  the  Periphery  ,  and  each  of  the  degrees  of  the 
one,  be  one  half  of  the  Periphery,  and  of  each  of  the  degrees  of 
the  other,  one  half  of  the  greater  Periphery  will  reciprocally  be 
equal  to  the  whole  lefs  Periphery,  or  1  80  degrees  of  the  one  to 
360  of  the  other,  &c. 

2.  The  fame  (at  lead  in  this  cafe  where  the  Radius  c  b  is 
double  of  the  Radius  CB)  may  be  done  alfo  Geometrically  by 
the  fame  reafon.  Having  deferibed  Circles  on  each  Radius , 
iuppofe  the  Radius  CB  (Fig.  1  y.)  fo  to  move  with  an  equable 
motion  about  its  Center  c,  as  to  take  or  move  the  Radius  of 
the  greater  Circle  cb  along  with  it, and  coming,*  v.g.  to  I.  dops 
that  alfo  at  1,  and  going  forward,  to  II.  dops  that  again  at  2, 
&c.  Hence  it  will  be  manited  to  any  attentive  Reader,  thac 
when  the  lefs  Radius  CB  fhall  have  deferibed  the  Semicircum« 
ference  B.  II.  III.  the  greater  Radius  cb  having  moved  to  3, 
will  have  deferibed  prccifely  a  quarter  of  its  circumference ; 
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and  i  ftill  the  lefs  Radius  C.  IV.  moves  on  to  the  right  hand, 
and  continues  to  carry  the  greater  c  ^  along  with  it  onwards 
the  fame  way,  it  will  necefiarily  follow,  that  in  the  fame  mo¬ 
ment  as  the  Radius  C.  IV.  (together  with  c  4.)  fhall  come  to 
its  firft  firuation  in  B,  having  deferibed  a  whoie  Circle,  the  op- 
pofite  Radius  c  4  will  be  come  to  5,  and  have  deferibed  half 
Its  Circle,  having  moved  ail  along  with  an  equal  Motion. 
Hence  it  is  evident.,  that  the  whole  leaft  Circle  anfwers  exa£i> 
ly  to  half  the  greater,  and  half  of  the  firfh  to  a  quarter  of  the 
lafl:  *  as  alio  the  Quadrant  B.  II.  to  the  Ocfant  (  or  8th.  parr  ) 
b  x5  &c.  whence  any  Arch  being  given,  as  B.  I.  in  the  lead: 
Circle,  if  you  draw  thro  I  the  Radius  of  the  greater  Circle 
c  1.  youi  cpr  off  an  Arch  b  1.  equal  to  the  given  Arch  in  mag¬ 
nitude,  but  only  half  in  the  number  of  degrees. 

5.  Hence  follows  naturally  that  celebrated  Proportion  of 
Euclid 0  that  the  Angle  at  the  Center  BC.I.  or  BC.  II.  is  double 
of  the  correfpooding  Angle  at  the  Periphery  be,  1.  or  be.  2,  &c. 
which  in  this  cafe  is  mani  fed,  and  in  the  other  2  (Fig.i6»)  of  the 
wholes  or  remainders  DCD  and  DPD  it  is  alio  (a)  certain  which 

is  true  alio  of  the  parts  BCD  and  BPD  to  be 
added  or  fubtradled  by  the  fird  Cafe. 

4.  Hence  we  have  a  new  way  of  bife£Hng  any 
given  Angle  CDE,  or  Arch  CE'  (Fig.  17.) 
if  you  make  C  B  equal  to  the  Leg  DC ,  and 
from  this,  as  Radius,  deferibe  an  Arch  B  F  equal  to  the  Arch 
CE,.  and  draw  DF.  * 

And  with  the  fame  facility  we  might  obtain  the  Tri- 
feclion,  if  the  greater  Radius  being  triple  to  the  lefs,  was  thus 
carried  along  by  an  equable  Motion,  as  we  have  (hewn  how  to 
do  already  in  a  double  Radius  £  and  this  at  fit  ft  light  may  feem 
very  probable, 

But  whether  the  triple  Radius  be  immediately  carried  round 
by  die  Pimple  Radius  CB,  or  by  means  of  the  double  Radius 
cb9  neither  the  one  nor  the  other  will  caufe  an  equable 
Motion.  For  in  the  latter  Cafe,  while  the  Radius  cb  deferibes 
the  quadrant  Bb ,  the  Radius  d  e  will  not  deferibe  fb  much  as 
a  Quadrant  ;  but  while  c  b  with  the  fame  velocity  deferibes 
the  other  Quadrant  b  /,  the  Radius  de  will  come  to  g,  de¬ 
scribing  m  Arch  as  much,  greater  than  a  Quadrant  as  the  for¬ 
mer 


(a)  Fuel,  p° 
20. 1.  3. 

(b)  End.  p.  9* 
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mer  was  left.  In  the  former  cafe  on  the  contrary,  the  Radius 
C  B  moved  on  to  D  beyond  a  Quadrant,  while  de  was  carried 
from  B  to  e ,  Lut  if  the  Radius  CD  moving  on,  (Lould  again 
carry  de  along  with  it,  the  one  would  defcribe  the  fame  Arch 
eBj  while  the  other  would  defcribe  one  lefs  than  before. 

5*.  Hence  the  Angle  at  the  Center  ACE  (F(g.  iq.)  upon 
the  Arch  AE,  is  equal  to  the  Angle  ADB*  at  the  Periphery 
upon  double  that  Arch  AB. 

6.  Hence  the  Angle  ADB  in  the  Semicircle  (Num.  f,  ) 

(a)  is  a  Right  Angle,  in  a  Segment  lefs  than  a  * 

Semicircle  (Num.  z.)  is  an  obtufe  Angle,  and  Euch 

in  a  greater  (Num.  3)  an  Acute  one,  becaufe 
the  Angle  at  the  Center  ACE  upon  the  half  Arch,  is  equal  to 
the  Angle  ADB  pr, priced,  y.  and  is  a  Right  Angle  in  the  firft 
Cafe,  Obtufe  in  the  fecond,  and  Acute  in  the  third. 

7.  Hence  Angles  in  the  fame  Segmcnr,  or  (b) 
on  equal  Segments  of  equal  Circles,  or  on  the 
lame  or  equal  Arches,  are  all  equal  and  e  contra » 

t 
1 

DEFINITION  XI. 


(b)  Fuel.  26 
and  2 7.  lib*  3, 


WHen  2  or  more  Lines  AB  and  CD  are  fo  continued  as  to 
keep  always  the  fame  diftance  from  one  another  (whole 
Geneiis  may  be  conceived  to  proceed  from  the  uniform  Motion 
of  z  Points  A  and  C,  always  keeping  the  fame  diftance  from- 
each  other)  they  are  called  Parallels :  But  as  it  evidently  fol¬ 
lows  from  this  Definition,  that  ( a )  thofe  Lines  which  are  Pa¬ 
rallel  to  one  third,  are  parallel  to  one  another 
(fince  adding  or  fubtradfsng  equal  Intervals  to  or  ^  ^ 

from  other  equal  ones,  the  turns  or  remainders 
muft  needs  be  equal  -J  fo  if  the  Parallels  are  Right  Lines  and 
cut  tranfverfly  (or  flopingly  a-crofs)  by  another  Right  Line  E  F, 
you’l  have  thefe 

COROLLARY  S, 

I.  TP  HE 

1  ones,  GHK  and  HGI  (Fig.  ax.)  are 
equal  by  Corollary  I.  Definition  X.  fince  the  diftances 
GK  and  HI,  which  are  the  Right  Sines  of  the  faid  Angles, 
ate  fuppofed  equal.  .  II.  The 
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II.  The  External  Angle  EGA  is  alfo  equal  to  the  Interna^ 
oppofke  Angle  GHK,  by  Confer,  i.  Defining,  becaufe  that 
External  Angle  EGA  is  equal  io  the  alternate  Vertical  one 

HGL  ?  T:  y* ;  |  -  |  V(  V 

HI.  The  fame  Internal  Angle  GHK,  with  the  other  internal 
©ppofite  one  on  th§  fame  fide  AGH  (as  well  as  the  External  one 
EGA,  by  CorolL  I.  Definit.  8J  are  equal  to  two  Right  ones. 

IV.  On  the  contrary,  If  any  Right  Line  EF  fa)  cutting 

•  i  others  AB  and  CD  iranfverfly  ,  makes  the 

9  ahernate  Angles  GBK  and  HGI  equal,  theis? 
Right  SinCs,  by  ConfeEf.  i.  Definit.  io.  will  be 
equal,  and  confequently  the  Lines  AB  and  CD  parallel  .*  and 
the  fame  will  follow,  if  the  External  Angle  be  fuppoled  equal 
to  the  Internal,  or  the  2  Internal  ones  on  the  fame  fide  equal 
to  z  Right  ones  *,  fmee  from  either  Hypothecs  the  former  will 
Immediately  follow. 

V.  From  whence  It  appears  more  than  one  way  (b )  Thai 

.  the  3  Internal  Angles  of  any  Triangle  (  e.  g.  H,G,K, 

fit)  lib ^  i.  which  will  ferve  for  all)  taken  together ,  are  equal  to 

two  Right’  ones,  and  the  External  orie  GHD  is  equal 
io  the  two  Internal  ogpofite  ones .  For  we  might  either  conclude 
with  Euclid ,  that  i,  2,  3?  together  make  2  Right  ones,  by 
Confeil .  i.  Definit.  8.  but  2—11  and  g~~lll  pr.  I  and  2  of 
this,  therefore  I,  11,  III  =2  Right  ones  $  or  with  others,  i, 
11,4  are  —z  R*  but  i  =  I  and  4— Hi  pr.  1  ft  of  this.  There¬ 
fore,  &c.  or  more  briefly  with  F.  Parities,  I— I  pr.  1  IE  ofthis@ 
but  1,  II,  III,  together  =to  2  Right  ones,  by  the  3d  ofthisj 

therefore  Is  II,  III  =  2R.CFE  D. 

•  ■■  .  q  - . 

DEFINITION  XII. 


IF  a  Right  Line  AB  (jFig.  22.)  be  conceived  to  move  from 
the  top  of  a  plain  Angle  CAD  with  a  motion  always  paral* 
lei  to  its  felf,  fo  that  at  one  end  A  it  (hall  always  touch  the  Leg 
AC,  and  all  along  cut  the  Leg  AD3  while  at  length  being  come 
to  F,  it  fhall  only  touch  that  Leg  with  its  other  end  B,  and  fb 
fall  at  length  wholly  within  the  Angie  CAD :  It  will  deferibe 
by  this  motion  within  the  Legs  CAD  the  Triangular  Figure 
EAF,t  and  without  them  the  Triangular  Figure  BAF  5  its  parts 
within  them  ^/continually  increa fmg,  and  the  other  without 

.  •  ~  fb 
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fb  continually  decreafing ;  but  v/ith  all  irs  Parts,  or  the  whole 
Line,  it  will  defcribe  the  Quadrangular  Figure  AEFB  :  Confe- 
quently  if  the  other  Leg  AD  of  the  given  Angle  CAD  (JFV^x^.) 
or  any  part  of  it  AB,  be  moved  along  the  other  Leg  remain¬ 
ing  parallel  to  it  (elf,  it  will  alfo  defcribe  a  Quadrilateral  Fi¬ 
gure,  which  will  be  alfo  equilateral,  if  the  Line  deferring  it 
AB,  be  equal  to  the  Line  AE  according  to  whichNit  is  diredkd  5 
but  if  either  of  the  Lines,  as  AD  be  greater  than  the  other,  the 
oppofite  Sides  will  be  only  equal ;  for  the  deferibent  or  deferib- 
ing  Line  is  always  neceffarily  equal  to  its  (elf,  and  the  Points 
A,  B,  D,  moved  with  an  equal  Motion  ,  defcribe  alfo  in  the 
fame  time  equal  Lines  AE,  BF,  DG.  From  thefe  Genefis  of 
Quadrangles  and  Triangles  we  have  the  following 


CON  SECTARIES* 


I.  'T'Hefe  Quadrilateral  Figures  are  alfo  Parallelograms,  i.  L 
they  have  their  oppofite  Sides  Parallel  3  (a)  becaufe 
the  Line  that  deferibes  them  is  fuppofed  to  re- 
main  always  parallel  to  its  (elf,  and  the  Points  ^4  ^ 

A  and  D,  or  A  and  B,  to  be  always  equidiifanr. 

11.  Becaufe  the  n  internal  oppofite  Angles  (  b  )  A  and  E* 
and  aUb  E  and  F,  &c.  are  equal  to  a  Right  ones,  ,  . 

by  ConfeB.  ? .  Definit,  1 1 .  if  one  Angle  v.  p.  that  Ttr^* 

at  A  be  a  Ktgat  one,  all  the  others  mult  necef-  propofit. 
farily  be  fo  too  [  in  which  cafe  the  quadrilateral 
and  equilateral  Figure  AF  is  called  a  Square ,  and  the  other 
AG  an  Oblong ,  or  Re  Bangle  Q  if  there  be  no  Right  Angle,  the 
oppofite  Angles  tranfverfly  or  crofs-ways^  a  and/,  or  a  and  g 
are  equal,  becaufe  both  the  one  and  the  other,  with  the  third 
(V)  make  'i  Right  ones  fin  which  cafe  the  quadrilateral  Equi¬ 
lateral  af  is  Called  a  Rhombus ,  but  the  other  ag  a  Rhomboid. 

IIP  The  Tranfverfal  (or  Diagonal)  lane  (c) 
in  any  Parallelogram,  divides  it  into  two  equal 
Triangles  AEF  and  FAB  3  for  all  the  Lines  and 
Angles  on  each  fide  are  equal,  and  as  the  deferi¬ 
bent  (Line)  AB  movtd  thro5  the  Angle  EAF  upon  the  Line  AT 
defcribtd  the  Triangle  AEF  3  fo  the  Line  EF,  equal  to  the 
former,  moved  after  the  fame  ^ray,  thro5'  the  Angle  AFB  alfo 
equal  to  the  former  Angle,  upon  the  equal  Line  FB,  ixjuft 

G  niece  film!/ 
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neceffarily  delcribe  an  equal  Triangle;  or,  in  fliort,  all  the  Id' 
divifibles  af,  or  their  whole  inrreafing  Series,  are  neceffarily 
equal  to  the  like  number  of  Indivisibles  /  b7  increafing  recipro¬ 
cally  after  the  fame  way. 

IV* '  All  Parallelograms  that  are  between  the  fame  Parallels 
AB  and  CF  (Fig*  24.)  i.  e*  having  the  fame  Altitude  (a)  and 
^  the  fame  or  equal  Bales,  as  CD  or  CD  and  c  df 
prop!  o\  are  c^2ua^  among  themfelves*,  for  they  may  be 
conceived  to  be  defcribed  by  the  equal  Lines  AB 
and  ah  equally  moved  thro5  the  Came  or  equal  Intervals  of  the 
Parallel  Lines ;  fb  that  all  or  each  of  the  Indivifibles  or  Elements 
AB  will  neceffariiy  be  equal  to  all  and  each  of  the  Iodiviflbles 
for  they  all  along  aniwer  one  to  the  other  both  in  num¬ 
ber  and  magnitude, 

SCHOLIUM, , 

HEre  you  have  a  Specimen  of  the  Method  of  Indivifibles, 
introduced  firft  by  Bonaventura  Cavallerius ,  and  fince  much 
facilitated ;  and  altho  thefe  Indivisibles  placed  one  by  another, 
or  as  it  were  laid  upon  an  heap,  cannot  com  pole  any  Mag¬ 
nitude,  yet  by  an  imaginary  Motion  they  may  meafure  it,  and 
as  it  were,  after  a  negative  way,  demonftrate  the  Equality  of 
two  Magnitudes  compared  together,  vi%  if  we  conceive  a  cer¬ 
tain*  number  of  fuch  Elements  in  any  given  Magnitude,  and 
thence  conclude  that  in  another  confifting  of  the  like  Elements^ 
ordered  or  ranked  after  the  lame  way,  there  can  be  neither 
more  nor  _ lefs  in  number  than  in  the  firft  ;  thence  follows  their 
Equality,  &c. 

V.  Hence  therefore  it  is  alfo  Evident,  that  Triangles  upon 
thp feme ‘and  equal  Bales  as  CD  and  cd ,  and  placed  between  the 
Line  Parallels,  are  neceffarily  equal,  became  they  are  the  half 
'of  equal  Parallelograms  AD  and  a  df  by  the  3d  ConfeHary  of  this 

*, Definition . 

V  L  F.  Mourguss  ingeniously  concludes  from  hence,  vip*  be¬ 
caufe  the  z  Internal  oppofite  Angles  (b )  on  the  fame  tide  in 

(a)  iib.i.  Pron.  an7  Parallelogram,  are  equal  to  two  Riff  t  ones, 
37  ££38,641.  and  fb  all  together  equal  to  four  ;  that  mere  fore 
(b)  lib.  1. Prop,  the  three  Angles  of  any  Triangle  ABC  ( Fg, 
32.  ethzrwije..  2y.  which  may  always  be  conipleated  into  a, 

Parallelogram^  - 


1 
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Parallelogram  )are  equal  to  half  of  thofe  four, or  to  two  Right  ones. 
This  may  be  yet  more  briefly  conceived  thus  ^  the  Angles  b-\~ 
c-\-d  (  the  fum  of  the  two  inferiour  ones)  —  to  two  Right 
ones,  but  a  =  alternate  d  :  therefore  b  f  -  c  a  ~  to  two 


Right  ones,  Q.  E.  D. 

VII.  Becaufe  it  is  mahifeft  in  Rectangular  Parallelograms, 
if  the  Altitude  AB,  and  Bale  BC  (  Figo  )  meafured  and 
divided  by  the  fame  common  Meafure,  be  conceived  to  be 
(multiplied  or )  drawn  one  crofs  the  other,  that 
the  *  Area  AC  ,  thereby  deferibed ,  will  _  be 
divided  into  as  many  little  fquare  Meafures  or 
Area5?,  as  the  number  of  their  Sides  multiplied 
together  would  produce  Units ;  therefore  the  A- 
rea  of  any  other  Parallelogram  will  be  after  the 
like  manner  produced,  if  the  Bale  be  multiplied 
by  the  Perpendicular  heigth  ,  equally  as  if  it 
were  a  Rectangle  of  the  fame  Bafe  and  Alti¬ 
tude. 

VIII.  Confequently  alio  you  may  have  the 
Area  of  any  T  riangle,  by  ConfeFtary  3  and  y.  if 
the  Bafe  be  multiplied  by  half  the  Perpendicular 
heigth  •  or,  the  whole  Bafe  being  multiplied  by  the  heighthf 
if  you  take  the  half  of  the  produdb 


*  7 his  u  n/UL- 
nif eft  from  its 
G  enefis  ;  for 
the  f.ve  parts  of 
the  Line  AB  by 
its  motion  along 
the  pan  of  the 
Bafe  BE  ,  de¬ 
fer  ibes  5  little 
Squares ,  and 
moving  along 
the  following 
party  deferibes 
five  more , 


DEFINITION  XIII. 


TOUT  as  there  are  various  Species  of  Triangles,  while  firft 
JJ  with  relation  to  their  Sides,  one  is  called  Equilateral ,  as 
ABC  (  Fig .  27.)  becaufe  all  vs  Sides  are  equal-,  another  Eqw* 
crural  or  Jfofceles ,  as  DEF,  becaufe  it  has  two  equal  Sides  DE  and 
EF,  while  its  Bafe  DF  may  be  either  longer  or  fhorter  $  and  a 
third  is  called  Scalenuml  as  GHI,  becaufe  it  has  all  its  Sides  un¬ 
equal  ^  then  again  in  refpedt  to  their  Angles,  one  is  called 
Eebiangledy  as  a,  by  c ,  becaufe  it  has  one  Right  Angle  at  a  3 
Another  Obtufangled,  '"as  d,  e ,  /,  becaufe  it  has  oneobtufe  An¬ 
gle  at  d\  a  third  is  called  Acitteavglcd ,  asg,  by  i,  becaufe  all  its 
three  Angles  are  Acute :  So  each  of  thefe  kinds  has  its  pecu¬ 
liar  properties,  which  we  {hall  partly  hereafter  demonftrate  in 
their  proper  places,  and  partly  deduce  here  as 


CON- 


2.0 
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CONSECTARYS. 


L  A  LL  Equilateral  T riarigles  are  alfo  Equiangular,  and  con- 
fequently  Acutaogled;  for  ,  having  found  a  Center 
for  three  Poin's,  and  the  Periphery  A,  B,  C,  (  fee  Fig.  a.  8.  ) 
by  Confett*  6 .  Definite  8.  the  three  Arches  AB,  BC,  and  AC, 
anfwering  to  equal  Chords  *,  and  confequently  the  three  Angles 
at  the  Center  O  are  equal,  by  ConfeEt.  i.  of  Definite  jo.  and 
therefore  the  three  Angles  at  the  Periphery  alfo,  as  being  half 
of  the  other,  by  the  gd  ConfeElary  of  the  fame  Definition .  Each 
Angle  therefore  is  one  third  part  of  two  Right  ones,  by  Confect. 
6 .  Definit.  Iz.  two  thirds  of  one  Right  Angle,  i.  e.  6o  degrees, 
and  confequently  Acute, 

II.  It  follows  alfo  by  the  fame  Reafon  in  an  Ifofceles  Triangle, 
the  Angles  at  the  Bafe  oppofed  to  equal  Sides  are  equal, 
artd(a)  confequently  Acute;  for  having  circum* 
fcribed  a  Circle  about  ir,  equal  Arches  will  cor- 
refpond  to  the  equal  Chords  DE  and  EF,  and 
equal  Angles  at  the  Center  DOE  aad  FOE  will 
correfpond  to  them,  and  equal  ones  at  the  Peri¬ 
phery  DFE,  and  FDE  to  thefe  again.  And  it  is  evident  that 
each  of  thefe  are  lefi  than  a  Right  Angle  h.  e .  an  Acute  one, 
becajufe  all  three  are  equal  to  two  Right  ones.  Wherefore  if 
the  third  is  a  Right  Angie,  the  other  two  at  the  Bafe  will  ne- 
ctiTarily  be  half  Right  ones. 


00  lib.  i . 
Prop.  5.  the 
fame  othervoife 
demon fir  ate  d. 


SC  HO  L  I  TIM. 


WE  will  here  (  a  )  fhew  by  way  of  Anticipation,  the 
truth  of  the  Pythagoricl^  Theorem,  efteemed  worth  an  He¬ 
catomb  :  Which  hereafter  we  will  demon  (Irate  after  other  dif¬ 
ferent  ways}  vi%  In  a  Right  Angled  Triangle  BAC  (Fig.  19.)  the 
Square  of  the  greatefl  Side  oppofite  to  the  Bight  Angle,  is  equal  to 
the  Squares  of  the  other  two  Sides  taken  together.  For  having  de¬ 
fended  the  Squares  of  the  other  two  Sides,  AC  d  E,  DHL  ah 
(  taking  ED~  AB)  and  the  Square  of  the  greateft  BC  ch , 
it  will  be  evident,  that  the  parts  X  and  Z  are  common  to  each, 
and  that  the  two  other  Triangles  in  the  greatefl  Square  BAC 
and  BDh  3  are  equal  to  the  two  Triangles  h  ac  and  Cdc  which 

remain 
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remain  in  the  two  Squares  of  the  lefler  Sides*,  and  fo  the  whole 
truth  of  the  Proportion  will  be  evident,  while  thefe  two  things 
are  undoubtedly  true  :  1.  That  the  Side  of  the  greareft  Square 

Bl  will  neceflarily  concur  with  the  Extremity  of  the  lefs  Db>  and 
the  other  Side  of  the  greatefl  Square  C  c  with  its  Extremity  e, 
will  precifely  touch  the  Continuation  of  the  Sides  of  the  two 
lead  Squares  dEa  ^  as  you’l  fee.  them  both  exprefled  in  the  Fi¬ 
gure.  2.  The  laid  two  Triangles  are  every  way  equal ;  for  the 
Angles  at  C  with  the  intermediate  one  at  Z,  make  two  Right 
ones,  therefore  they  are  equal  ^  but  the  Side  CA  is  equal  to 
the  Side  c  d ,  and  CB  to  Cc ,  and  the  Angles  at  A  and  d 
Right  ones.  Wherefore  if  we  conceive  the  Triangle  ABC  to 
to  be  turned  about  C,  as  a  Center  to  the  right  hand,  it  will 
exadtly  agree  with  the  Triangle  Cdc9  and  the  Point  B  will  ne¬ 
ceflarily  fall  on  the  continued  Line  d  F,  as  agreeing  with  the 
Line  A  B.  Hence  it  is  now  evident,  that  Ca  ^  BD ,  and  be- 
eaufe  b  a  is  alfo  —  bD ,  and  the  Angles  at  a  and  D  Right  ones. 
Where,  if  we  conceive  the  Triangle  bac  to  be  moved  about 
b  as  a  Center,  untill  b  a  coincides  with  bD ,  and  a  c  with  DBfc 
will  alio  neceflarily  coincide  with  b  B  E.  D. 

To  this  DemonArarion  of  Van  Schootens ,  which  we  have  thus 
illuftrated  and  abbreviated,  we  will  add  another  of  our  own, 
more  like  Euclids ,  btit  fbmewhat  eafler,  which  is  this :  Having 
■drawn  the  Lines  fas  the  other  Figure  29  diredh)  the  A  ACD 
being  on  the  fame  Bafe  AC  with  the  Square  A  l,  and  between 
the  fame  Parallels,  is  neceflarily  one  half  of  it,  but  it  is  alfb  half 
of  the  Parallelogram  CF  being  on  the  fame  Bafe  with  it,  vi%. 
DC-,  therefore  this  Parallelogram  ^  CD  Ah  in  like  manner 
A  ABE  is  half  the  CD  A  L,  and  alfb  half  the  Parallelogram  2>F, 
therefore  BF—CDAL:  therefore  CF  BF  that  is  the  C3  of 
BD  ~  to  the  two  □  CD  AI  -f-  AL-  E.  O.  For  becaufe  the  Side 
B  E  occurs  to,  or  meets  the  Side  and  the  Side  CD  the  Side 
IH  continued,  it  yet  more  apparently  follows  ^  becaufe  the  An¬ 
gies  a  and  b ,  and  alfb  'e  and  d,  are  manifeftly  equal,  as  making 
both  ways,  with  the  Intermediate  x  or  Right  Angles.  There¬ 
fore  the  ABAC  being.turned  on  the  Center  B  and  laid  on  BLE 
will  exadfly  agree  with  it,  and  turned  on  the  Center  C  and  laid 
on  CID,  will  agree  with  that  alfo3 

C  3  DEFt- 


\ 
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\  definition  XIV. 


FALL  RedHIinear  or  Right  Lined  Figures  that  havq 
more  than  three  or  four  Sides  fto  the  latter  fort  of 
which,  there  remains  to  he  added  another  Species  befides  Pa¬ 
rallelograms,  call’d  Trapeziums,  whofe  Angles  and  Sides  are  un¬ 
equal,  as  R,  L,  M,  N,  Fig,  go,,)  are  called  by  one  common 
Name  Poligons ,  or  Many- fide  d  and  Many- Angled  Figure and  par¬ 
ticularly  according  to  the  Number  of  their  Sides  and  Angles,  Pen- 
tagons ,  Hexagons ,  Heptagons ,  &c.  Ail  whereof,  as  alfo  Trapeyia^ 
being  \relblvible  into  Triangles  by  Diagonal  Lines,  (as  may  bs 
feeo  in  the  g  1  and  foregoing  Fig.)  you  have  thefe 

:  ,  C  ON  SECTARYS. 


1.  \7rO!|  have  the  Area  of  any  Polygon  by  refolving  it  into 
j|  Triangles,  and  then  adding  the  Area’s  of  each  Tri- 
angle  found  by  Gonfefy.  of  Definition  1%  into  one  Sum. 

1 L  The  Area,  of  the  Trapezium  KLMN  (in  the  firft  of  the 
Fig>  30)  whofe  two  oppolite  Sides,  a e  leaft  KL  and  MN,  are 
Parallel,  may  be  had  more  compendioufly,  if  the  Sum  of  the 
Sides  be  multiplied  by  half  the  common  heigth  KCX 

S  C  H  0  LI  U  M 

'  r  •  1  ■  | 

HEnce  we  have  the  foundation  of  Epipedometry  or  Mafuring 

of  Figures  that  Hand  an  the  lime  Bale,  and  Ichnography  $ 
in  the  Pra6flle  whereof  this  deferves  to  be  taken  fpecial  Notice  of, 
that  to  work  fb  much  the  more  Compendioufly,  you  ought  to 
divide  your  Figure  into  Triangles,  fo  that  (Fig.  31.)  2  of  their- 
Perpendiculars  may  fas  conveniently  can  be)  fallen  one  and  the 
lame  Bale.  For  thus  you’l  have  but  one  Bale  to  meafure,  -and 
%  Perpendiculars  to  And  the  Area  of  both :  But  for  Ichnography^ 
the  diftan.ee  of  the  Perpendiculars  from  the  neareft  end  of  die 
Bale  niuft  be  taken  5  which  we  ffiali  lupjerlede  in  this  Place  and  I 
Difcourle  more  largely  on  hereafter* 

2,  This  refolurion  of  a  Polygon  into  Triangles  may  be 
perform’d  by  affirming  a  point  any  where  about  the  middle, 
and  -making  the  hdes  of  the  Polygon  the  Bafes  of  fo  many 

Triangles  5 
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Triangles  3  (fee  the  zd  Figure  mark’d  31)  wherein  it  is  evi~ 
dent  3  1  That  all  the  Angles  of  any  Polygon  are  equal  to 
twice  fo  many  right  ones,  excepting  4,  as  the  Polygon  has  (ides ; 
for  it  will  be  refolv'd  into  as  many  Triangles  as  it  has  Tides,  and 
each  of  thefe  has  its  Angles  equal  to  z  right  ones.  Subtract¬ 
ing  therefore  all  the  Angles  about  the  Point  M  (which  always 
make  4  right  ones  by  Conf.  z.  Def  8.)  there  remain  the  reft 
which  make  the  Angles  of  the  Polygon,  z  All  the  external 
Angles  of  any  right  lined  Figure  (e,  e,  e,  &cl)  are  always 
equal  to  4  right  ones  3  for  any  one  of  them  with  its  Contiguous 
internal  Angle  is  equal  to  z  right  ones  pr.  Confett.  1  of  the  fa  id 
Def, \  and  fo  altogether  equal  to  twice  fb  many  right  ones  as  there 
are  Sides  or  internal  Angles  of  the  Figure.  But  all  the  inter¬ 
nal  Ones  make  alfo  twice  fo  many  right  Ones,  excepting  4 
therefore  this  external  Ones  make  thofe  4. 

D  E  F 1 1ST  IT  10  F  XV. 


AMong  all  thefe  plain  Figures  thofe  are  call’d  Regular  whole 
Angles  and  Sides  are  all  equal,  as  among  trilateral  Figures 
the  Equilateral  Triangle,  among  Quadrilateral  one/,  the  Square  , 
and  in  other  kinds,  feveral  Speci  s  which  are  not  particulariz’d 
by  Naurs  3  but  all  others  in  whofe  Angles  or  Sides  there  is 
any  inequality,  are  call’d  Irregular  :  Tho5  fbme  of  thefe  alfo,  and 
all  the  other  may  be  infcribM  in  a  Circle.  Whence  you  have 
thefe 


CONSECTARYS. 

f  TPHE  Areas  of  the  Regular  Figures  may  be  obtained  yet 
JL  eafier,  if  having  found  their  Center  (by  ConfeFt.  6 .  De - 
finit,  8.)  you  draw  from  thence  the  Right  Lines  CB,  CA,  &c. 
(Fig.  31.)  till  there  be  form’d  as  many  Triangles  ACB,  ACF, 
(Sfc.  as  the  Figure  has  Sides  *  for  fince  all  thefe  Triangles  have 
their  Bales  AB,  BF,  as  fo  many  Chords,  and  their  Altitudes 
CD,  CG,  as  fo  many  parts  of  intercepted  Axes  DE  and  GH, 
and  alfo  equal  pr.  Confect,  1,  Definit .  I  o.  and  fb  by  Conf  cl,  5-. 
Definit.  10.  are  equal  among  themfelves;  one  of  their  Area  s 
being  found  and  multiplied  by  the  number  of  Sides,  or  half  the 
Akiiude  by  the  Sum  of  all  the  Sides,  you’i  have  the  Area  of  the 

C  4  /-  whole 
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whole  Polygon  :  For  k  is  manifeft  from  what  we  have  already 
laid,  and  very  elegantly  Demonftrated  by  K  Parches,  That  any 
Jugular  Polygon  injcnbed  in  or  circumfcnbcd  to  a  Circlets  equal  to  the 
Triangle  A  7,  a,  one  Legg  whereof  is  equal  to  the  Perpendicular  heighth 
let  fall  from  thc^Center  upon  any  Side ,  and  the  other  to  the  whole  Pe¬ 
riphery  of  the  Polygon .  Now  if  the  Triangles  into  which  the  Poly¬ 
gon  is  refolved,do  all  ftand  on  the  lame  Right  Line  Aa,(F/£.  3  2. ) 
and  are  all  equal  and  of  the  fame  heighth,  to  which  the  Per¬ 
pendicular  AZ  is  equal,  it  will  neceffarily  follow,  that  each  pair 
of  Triangles  ABZ  and  ABC,  BZF  and  BCF,  &c.  are  equal 
among  themfelves,  pr.  ConfePt.  5.  Definite  1 and  confequently 
the  Sum  of  all  the  former  will  be  equal  to  the  Sum  of  all  the 
latter,  that  is,  the  Triangle  Aza  to  the  Polygon  given. 

If.  Since  Regular  Figures  inferib’d  in  a  Circle,  by  bi~ 
f effing  their  Arches  AB,  BF,  &c,  may  be  eafily  conceived 
to  be  changed  into  others  of  double  the  number  of  Sides,  (as  a 
Pentagon  into  a  Decagon,  &c.)  and  that  ad  Infinitum ;  a  Circle 
may  be  juft ly  e deemed  a  Polygon  of  infinite  Sides,  or  confiding 
of  an  infinite  Number  of  equal  Triangles,  whole  common  Al¬ 
titude  is  the  Semidiametcr  of  the  Circle:  So  that  the  Area  of 
any  Circle  is  equal  to  a  Right  Angled  Triangle  (fas  AZa )  one 

of  whofe  Sides  AZ  is  equal  to  its  (c O'  Semidia- 
0* )  Archimedes  meter,  and  the  other  Aa  to  its  whole  Circtun- 
of  the  Dimen-  fereoce. 
fion  of  the  Circle ,  Prop,  I, 


SC  HO  L  l  U  Ml 


IT  may  not  be  amifs  to  note  thefe  few  things  here,  concer¬ 
ning  the  Infcription  of  Regular  Figures  in  a  Circle, 

L  Having  deferibed  a  Circle  on  any  Semidiameter  AC,  (a) 
(Fig,  3  go  N*  r.)  that  Semidiameter  being  placed 
(a )  'Euclid,  in  the  Circumference,  will  preeifely  cut  off  one 

Prop.  1  ijxth  part  of  ir,  and  fo  become  the  Side  of  a  Re- 

Hb«  4.  gular  Hexagon  :  and  fo  the  Triangle  ABC  will 

be  an  Equilateral  one,  and  confequently  the  An¬ 
gle  ACB  and  the  Arch  AB  60  Degrees,  by  Conf  1.  Definite!  go 
II,  Hence  a  Right  Line  AD,  omitting  one  point  of  the  dt- 
-Vlfion  B,  and  drawn  (b')  to  the  next  D,  gives  you  the  Side  of  a 

Regular  Triangle  inferibd  in  the  Circle,  and 
(ft)  Euch  z d  fubtends  twice  60,  izo  Degrees* 

Carol,1,  of  the  Janie z  •  '1  x  IIIs! 
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III.  If  the  Diameters  of  the  Circle  AD  and  DE  ,(N.  a .)  cut 
one  another  at  Right  Angles  in  the  Center  C,  the  Right  Lines 
AB,  BD,  &c.  will  be  the  Sides  of  an  infcribed  Square  ABDE  s 
For  (c)  the  Sides  AB,  BD,  &c.  are  the  equal 

Chords  of  Quadrants,  or  Quadrantal  Arches,  and  (c)  Unci.  6. 
the  Angles  ABD,  BDE,  &c.  will  be  all  Right  lib.  4. 
ones,  as  being  Angles  in  a  Semicircle  ( per  Schol. 

6 .  Definite  io  )  compofed  each  of  two  half  Right  ones,  by 
Conjee}.  2.  Definit.  1  3. 

IV.  Euclid  very  ingenioufly  fhews  us  how  to  Infcribe  a  Re¬ 
gular  Pentagon  alfo,  Lib.  4.  10  &  11.  and  alio  a  Quin- 

decagon  (or  Polygon  of  1  5  Sides)  Prop.  1  6.  But  though  the 
firft  is  too  far  fetch’d  to  be  fhewn  here,  yet  (  luppoflng  that  ) 
the  fecond  will  eafily  and  briefly  follow : 

In  a  given  Circle  from  the  fame  point  A  (  N.  3.)  infcribe  a 
Regular  Pentagon  AEFGHA,  ard  alfo  a  Regular  Triangle 
ABC  ;  then  will  BF  be  the  Side  of  the  JJhiindecagcn,  or  1^ 
Sided  Figure.  For  the  two  Arches  AE  and  EF  make  together 
144  Degrees,  and  AB  no:  (a)  Therefore  the  difference  BF 
will  be  24,  which  is  the  1  yth.  part  of  the  Circumference. 

V.  The  Invention  of  Rpnaldinus  would  be  very  happy,  if  it 
could  be  rightly  Demonflrated  5  (as  he  fuppofes  it  to  be  in  his 
Book  of  the  Circle)  which  gives  an  Univerfal  Rule  of  dividing 
the  Periphery  of  the  Circle  into  any  number  of  equal  Parts  re» 
quired,  in  his  2d  Book  De  Befol.  &  Co?np.  Mathem.  p.  367.  1 
which  in  Abort  is  this:  Upon  the  Diameter  of  a  given  Circle  AB 
F/g.34,)  make  an  Equilateral  Triangle  ABD, and  having  divided 
the  Diameter  AB  into  as  many  equal  Parts,  as  you  deflgn  there 
(hall  be  Sides  of  the  Polygon  to  be  Infcribed,  and  omitting  two, 
e.  g.  from  B  to  A,  draw  thro5  the  beginning  of  the  third  from 
D,  a  Right  Line,  to  the  oppoflte  Concave  Circumference,  and 
thence  another  Right  Line  to  the  end  of  the  Diameter  B,  which 
the  two  parts  you  omitted  fhall  touch  thus  ,  e.  g .  for  the 
Triangle,  having  divided  ABinto  three  equal  parts,  if  omitting 
the  two  B2,  thro5  this  beginning  of  the  3d  you  draw  the  Right 
Line  Dill,  and  thence  the  Right  Line  I1I.B,  which  will  be  the 
Side  of  the  Triangle  ;  and  io  IV. B  will  be  the  Side  of  the 
Square,  VB  the  Side  of  the  Pentagon,  &c. 

N.  B, 


\ 
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N.B.  The  Demonftration  of  rhe/e  (  Benaldinus  adds,  p.  $68.  ) 
we  have  feveral  ways  profecutcd  in  our  Treatife  of  the  Circle  ; 
Some  of  the  moil  noted  Antiem  Geometricians,  have  {pent  a 
great  deal  of  pains  in  the  Inveftigation  and  Effedfion  of  this 
Problem,  and  feveral  of  the  Moderns  have  loft  both  time  and 
pains  therein:  Whence,  we  hope,  without  the  imputation  of 
Vain  Glory,  we  may  have  fomewhat  obliged  Pofterity  in  this 
point. 

DEFINITION  V£ 

IF  the  Plane  of  any  Parallelogram  AC  (Fig,  ay.)  be  concei¬ 
ved  to  move  along  a  Right  Line  AE,  or  another  Plane  AP. 
downwards,  remaining  always  Parallel  to  its  felf 3  there  will  be 
generated  after  this  way  a  Solid  having  fix  oppofite  Planes  Pa¬ 
rallel,  two  whereof,  at  lead,  will  be  equal  to  one  another, 
whence  it  is  called  a  Parallelepiped  $  and  particularly  a  Cube  or 
He$4edrutn9  if  the  Parallelogram  ABCD  that  defcribes  it  be  a 
Square,  and  the  Line  along  which  it  is  moved,  AE,  equal  to 
the  Side  of  that  Square,  and  Perpendicular  to  the  describing 
Plane,  and  confequemly  all  the  fix  Parallel  Planes  comprehend¬ 
ing  this  Solid,  equal  to  one  another.  But  if  the  defcribingcr 
Plane  Defcribent  (Fig.  36.)  be  a  Triangle  or  Polygon,  the  So¬ 
lid  is  call'd  a  Prifm ,  if  a  Circle,  it  is  called  a  Cylinder .  Now  from 
the  Gene fis  of  thefe  Solids  you  have  the  following 

C  ON  SECTARY  &  r.  I 

L  TF  the  Planes  or  Parallelograms  Defcribent  (a)  ABCD  and 
abed  (Fig.  37,)  are  equal,  and  their  Lines  of  Motion 
AE  and  a  e  alfo  equal  3  the  Solids  thereby  de- 
(d)EucLl.i  1.  {crihed^y.  Parallelepipeds,  Cylinders,  and  Prifms,' 
p.29,go,gj  (which  will  therefore  have  their  Bafes  and  heigths 

equal)  will  be  equal  among  themfelves 3  be- 
eaufe  the  defcribent  Indivifibles  of  the  one,  will  exadfly  anfwer, 
both  in  number  and  pofition,  to  thofe  of  the  other,  as  we  have, 
already  {hewn  in  Parallelograms 3  Confequently  therefore, 

II.  Any  Parallelepiped  (b)  may  be  divided  by 
(b)  Fuel  /.  a  Diagonal  Plane  BDHF  (  or  a  Plane  paffing 
11.  p.  a  8.  thro"'  its  Diagonals)  into  two  equal  Prifms  3  for  by 

Confix 
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CanfeR.  3. Definit .  12.  the  Triangles  ABD  and  BCD,  are  equal, 
and  are  fuppoled  to  be  moved  by  an  equal  Motion  thro’  equal 
[paces. 

III.  And  fince  It  is  evident,  even  by  this  Genefis  of  them, 
that  in  Right  Angled  Cubes  and  Parallelepipeds ,  if  the  Bale 
ABCD  (  Fig.  38.)  being  divided  into  little  square  Area’s,  be 
multiplied  by  the  heigth  AE,  divided  by  a  uke  mealure  for 
length,  after  this  way  you  may  conceive  a-  many  equal  little 
Cubes  to  be  generated  in  the  whole  Solid,  as  is  ihe  number  of 
the  little  Area’s  of  the  Bale  multiplied  by  the  number  ot  Divi- 
fions  of  the  fide  AE  ;  you  may  moreover  obtain  the  Solidity  of 
any  other  Parallelepipeds,  that  are  not  Right  Angled  ones,  by 
multiplying  their  Bales  and  Perpendicular  Heigths  together. 

IVCMoreover  fince  every  Triangular  Prilm  is  the  half  of  a  Paral¬ 
lelepiped,  and  any  Multangular  Prilm  may  be  reiolved  iptoas  ma¬ 
ny  Triangular  ones,  as  its  Bafe  contains  Tii angles  •,  you  may 
obtain  the  Solidity  (or  Solid  Contents)  eirher  of  the  one  or  the 
other,  if  you  multiply  the  Triangular,  or  Multangular  Bale  of 
them  into  their  Perpendicular  Heigth. 

V.  After  the  fame  manner  you  may  likewife  have  the  Soli¬ 
dity  of  a  Cylinder,  which  may  be  confidered  as  an  Infinite 
Angled  Prifm,  juft  as  the  Circle  is  as  an  Infinit*  Angled  Po* 
tygom 


definit  10  N  XVII. 

IF  any  Triangle  ABC  ( Fig .  39,  N.  1.)  be  conceived  to  move 
with  one  of  its  Plane  Angles  C,  from  the  Vertex  or  top  of 
a  Solid  Angle  ( determined  by  two  Planes  aAb  and  cAa 
joined  together  in  the  common  Line  Aa)  with  a  motion  always 
parallel  to  it  (elf  3  fo  that  its  extreme  Angular  Point  A  (hall  al¬ 
ways  remain  in  the  Line  Aa,  but  with  its  Sides  AB  and  AG 
fLall  all  along  raze  on  the  two  Angular  Planes,  till  at  length 
it  hills  wholly  within  the  Solid  Angle  :  by  this  its  motion  it  will 
d^feribe  within  the  Solid  Angie,  the  Figure  we  call  Pyramidal^ 
whole  Bale  will  be  the  Triangle  a  be,  and  its  Vertex  A  will 
aifo  defer ibe  without  It  another  Quadrangular  Pyramid,  whofe 
common  Vertex  will  be  the  fame  A, but  the  Bale  theQuadrangleGb, 
deferibed  by  the  Side  of  the  moveable  Triangle  BC ;  The  firft  Py¬ 
ramid  it  will  delcribe  with  i$sT riangularParts,  continually  in- 

creafwg 
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creafing  from  the  point  A,  and  ending  in  the  Triangle  a  be  h 
but  the  latter  Pyramid  will  be  defcribed  by  the  remaining  parts, 
continually  decreafing  downwards  from  the  whole  ABC,  and 
the  Quadrangular  Trapeiza  Br^e  at  length  ending  in  the  Right 
Line  b  c:  So  that  in  the  mean  while  the  laid  Triangle  with  its 
whole  fpace  defcribes,  according  to  what  we  have  fa  id  before* 
the  Triangular  Prilm  compofed  of  thole  two  Pyramids*  From 
this  Geeefis  of  Pyramids  you5!  have  the  following 


CONSECTARYS* 


I.  what  fort  foever  the  Defcriblng  Triangles  are  ABCS 

am  (N.  2.)  fo  they  are  equal ;  and  whatever  the 
Solid  Angles  are,  comprehended  under  the  Planes  abA,  and 
acA,  3Jj3[  and  fo  they  are  accommodated  to  the  Plane 
Angles  A  and  and  fuch  that.,  0c. 


t  : definition  xviil 

THere  may  be  exhibited  another  ealier  Genefis  of  Cones  and 
Pyramids, but  it  refpe&s  only  the  Dimenfion  of  the  Surface* 
and  not  of  the  Solidity  of  them,  vi%.  If  you  have  a  fix'd  point  A 
that  is  not  in  the  Angular  Plane  BCDEF  (Fig. 41)  and  a  Rght 
Line  AF  let  fall  from  that  point  to  any  Angle  of  the  Plane, be  con» 
eeived  to  move  round  the  Tides  BC,  CD,  0c.  This  Plane  by 
its  motion  will  defcribe  as  many  Triangles  ABC,  CAD5  0c. 
as  the  Angular  Plane  has  Sides.  And  thefe  Triangles  all  meet¬ 
ing  at  the  point  A,  make  that  Solid  which  we  call  a  Pyramid . 
Now  if  inftead  of  the  Angular  Plane  there  be  fuppofed  a  Cir¬ 
cular  one,  (or  an  Angular  one  of  Infinite  Sidesj  the  Solid  thence 
produc’d  is  called  a  Cone ,  whole  Surface  is  equal  to  Infinite  Tri¬ 
angles,  confiituted  on  the  Bafe  BCDE  ,  and  whofe  Solidity 
would  confequently  equal  an  Infinite  Angled  Pyramid  of  the 
fame  heigth.  And  after  the  fame  manner  by  the  motion  of  the 
Line  AF,  remaining  always  Parallel  to  it  felf  about  Parallelo¬ 
grams  or  Triangular  Planes,  will  be  generated  Farailelipipeds* 
Prifms,  and  Cylinders.  But  as  one  Pyramid  will  be  produced 
more  upright  than  another,  according  as  the  point  A  Hands 
more  over  the  middle  of  the  Plane  BCD,  0c,  {Fig.  42 .)  or 

refpefts 


(a)  Archimedes 
Jib.  i  de  Con , 
and  Cylin.prop* 
7.  and  80 
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refpe£ls  it  more  obliquely  :  So  in  particular  a  Cowe  is  called  a 
right  Cone ,  when  the  line  AO  being  let  fall  to  the  Center  of  the 
circular  Plane  (otherwife  call’d  the  Axis  of  the  Cone)  conftitutes 
on  all  Tides  right  Angles  with  it  *,  but  it  is  call’d  an  Oblique  or  Sca¬ 
lene  Cone,  when  the  Ax  ftands  obliquely  on  the  Bafe.  Which 
diftindlion  may  alfo  be  eafily  underftood  when  apply’d  to  Cylin¬ 
ders,  tho’  a  right  Cone  and  Cylinder  may  alfo  be  conceiv’d  to  be 
generated  after  another  way,  as  if  for  the  one  a  Triangle  and  for 
the  other  a  right  angled  Parallelogram  AOB  and  LAOB  be 
be  conceiv’d  to  be  moved  round  a  line  AO  confidered 
as  immoveable  (  whence  it  is  call’d  an  Ax  })  and 
alio  a  truncated  Cone  may  be  formed  if  a  right 
angled  Trapezium,  2  of  whole  Sides  are  parallel 
be  moved,  Sc,  And  as  we  have  deduc’d  the  So¬ 
lidity  cf  thefe  Bodies  from  the  foregoing  Genefis, 
fo  their  external  Surfaces,  as  alfo  of  Prifms  and  Parallelepipeds 
may  eafily  be  found  from  the  prelent  Genefis,  by  any  one  who 
attentively  con fiders  the  following 

COROLL  A  RYS. 

••  !v;  '  j  I 

I.  ^Ince  the  whole  external  Surface,  except  the  Bale,  of  any 
Lj  Pyramid  is  nothing  but  a  Syftem  of  as  many  Triangles 
ABC,  CAD  Sc,  as  the  Pyramid  has  Sides  ;  if  the  Area’s  of 
thole  Triangles  feparately  found  by  ConfeEl.  8.  Def  12.  be  added 
into  one  Sum,  you’l  have  the  Superficial  Area  of  the  whole 
Pyramid. 

II.  If  a  Pyramid  be  cut  with  a  Plane  by  c,  d,  e,  parallel  to 
its  Bafe  BCDE  {Fig,  41.)  The  Surface  of  that  truncated  Py¬ 
ramid  comprehended  between  the  prallel  Planes  may  be  obtain’d 
if  having  found  the  Surface  of  the  Pyramid  A  beds  cutoff  from 
the  reft  by  Confett.  I.  you  fubtradf  it  from  the  Surface  of  the 
whole  Pyramid. 

II.  The  external  Surface  of  a  right  Pyramid  that  ftands  on 
a  regular  Polygon  Bafe  is  equal  to  a  Triangle,  whofe  Altitude 
is  equal  to  the  Altitude  of  one  of  the  Triangles  which  compofe 
ir,  and  its  Bafe  to  the  whole  Circumference  of  the  Bafe  of  the 
Pyramid.  .  V  ' 

IV.  Therefore  the  Surface  of  a  right  Cone,  by  what  we 
have  already  laid,  1*3  equal  to  a  Triangle  whofe  heighth  is  the 

fide 
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fide  of  the  Cone,  and  the  Ba fe  equal  to  the  Circumference  of 
the  Bafe  of  the  Cone,  , 

V,  The  Surface  of  a  truncated  right  Cone,  or  Pyramid  is 
equal  to  a  Trapezium  which  has  2  parallel  Sides  the  Ioweft  of 
which  is  equal  to  the  Perifery  of  the  Bale,  and  the  other  to  the 
Perifery  of  the  Top  or  upper  Part,  and  the  heigth,  to  the  inter¬ 
im  gtepted  Part, 

VI.  The  Surface  of  a  right  Cylinder  or  Prifm  is  equal  to  a 
Parallelogram  which  has  the  fame  height  with  them,  and  for 
Its  Bafe  a  right  line  equal  to  the .  Perifery  of  that  Cylinder  or 
Prifm. 

/ 

DEFINITION  XIX. 


IF  a  femicircular  Plane  ADR  (F/^-43. 2v.  1.)  be  conceived  to 
move  round  its  Diameter  AB  which  is  fixr,  as  an  Axis,  by 
this  Motion  it  will  defcribe  a  Sphere,  and  with  its  Semicircum¬ 
ference  the  Surface  of  that  Sphere  ;  every  part  whereof  is  equally 
diftant  from  the  middle  Point  of  that  Axis  C  (which  is  there* 
fore  call’d  the  Center  of  that  Sphere ,)  Now  if  (N.  2,)  this 

femicircular  Ambitus  {a)  be  conceived  to  be  divi- 
(a)  Archimedes  ded  before  that  revolution,  (irft  into  2  Quadrants l 
M.^deCmm  ancj  BO,  and  £(ien  each  of  thofe  again  into 

22.  Coroll.  %#  as  Many  parrs  equal  in  Number  and  Magnitude 
Prop .  23,  as  you  pleafe,  and  having  drawn  the  Chords  AFS 

FE,  ED,  &c.  let  the  Polygon  AFEDGHB  In- 1 
{bribed  in  the  Semicircle  be  conceived  together  with  it  to  be 
turn'd  about  the  Axis  AB  •  then  will  A  1  F,  and  B  4  F  de¬ 
fcribe  %  Cones  about  the  Diameters  F  f,  and  H  h  ;  and  the  Tra® 
pezia  a  bone  the  Axes  iy  2,  2  C,  C  3,  and  34,  will  defcribe 
fb  many  truncated  Cones,  and  the  lines  AF,  FE,  ire.  fo  many 
Conical  Superficies,  by  the  Antecedent  Def.  and  fb  the  whole  Po¬ 
lygonal  Plane  AFEDGHB  a  Conical  Bady  inferibed  in  the ; 
Sphere,  and  contain’d  under  only  Conical  Surfaces.  And  as  any 
attentive  Perfon  may  eafily  perceive  fuch  a  Body  to  be  lefs  than 
the  ambient:  Sphere,  and  its  whole  Surface  lefs  than  the  Surface  of: 
the  ambient  Sphere  y  fo  he  may  as  eafily  trace  thefe  following 
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•  .  ,  /  1 

CONSECTAYS. 

I.  YF  the  Arches  AF,  FE,  &c.  be  further  bife&ed,  arid  a 
JL  Polygonal  Figure  of  double  the  number  of  Sides  infcri- 
bed  in  the  Semicircle,  and  conceived  to  be  moved  round  after 
the  way  wejjhave  already  (hewn,  the  Pfeudoconical  Body  hence 
arifing,  will  approach  nearer  and  nearerto  the  Solidity  of  the 
Sphere,  and  the  Surface  of  the  one  to  the  Surface  of  the  other, 
and  hence  (if  we  continue  this  Bife&ion,  or  conceive  it  to  be 
continued  ad  Infinitum)  you  may  infer. 

II.  That  a  Sphere  may  be  look’d  upon  as  much  a  Pfeudoco¬ 
nical  Body,  confiding  of  infinite  Sides,  and  it’s  Surface  will  be 
equal  to  the  infinite  Conical  Surfaces  of  that  Body  5  which  we 
wiil  cake  further  notice  of  below. 

DEFIN  IT  ION  XX,  * 

IF  the  Diameter  AB  of  the  Semicircular  Plane  ADB  (Fig.  43  ’ 
N.  g.)  be  conceived  to  be  divided  into  equal  Parts  (as  here 
the  Semidiameter  AC  into  3  )  and  if  the  circumfcribing  Pa¬ 
rallelograms  CE,  2  E,  1  G  on  the  tranfverfe  Parallels  CD*  2  e9 
1  /  be  conceived  together  with  the  Semicircle  it  felf  to  revolve 
about  the  fixed  Ax  AB  it  is  evident  that  there  will  be  formed 
from  the  Semicircle  a  Sphere  as  before,  and  from  the  Circum¬ 
fcribed  Parallelograms ,  fo  many  circumfcribed  Cylinders  of  e~ 
qual  heighth:  but  if  all  the  Altitudes  or  Heighths  of  thefe  are 
bisected  or  divided  into  two,  and  id  make  the  number  of  d rcu in¬ 
fer  i’b  in  g  Parallelograms  double  ,  there  will  be  formed  (by  mo¬ 
ving  them  round  as  before)  double  the  Number  of  Cylinders  of 
halt  the  heighth  ,  but  which  yet  being  taken  together,  approach 
much  nearer  the  faiidity  and  roundnefs  of  the  Sphere,  than  the  for¬ 
mer  ,  which  were  fewer  in  Number  (yi%.  the  fix  latter  Parallelo* 
grams  approach  nearer  to  the  Plane  of  rhe  Circle  than  the  three 
former)  and  thus  if  that  bifedtion  of  the  Altitudes  be  conceived 
to  be  continued  adinfinitum,  the  innumerable  Number  of  thofe  in¬ 
finitely  little  Cylinders  will  coincide  with  the  Sphere  it  felf.  More¬ 
over  it  you  conceive  any  Polyedrous  or  Multilateral  Figure  to  be 
circumfcribed  about  the  Sphere  (which  we  here  endeavour  to  de¬ 
lineate  bv  the  Polygon  ABCD  N.4,  circumfcribed  about  theCir- 
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cle)  and  the  [olid  Angles  thereof  to  be  cut  by  other  Planes^, 
which  fhall  touch  the  Sphere  ;  it  is  roanifeft  there  will  thence  a- 
rife  another  Polyedrous  Figure, the  Solidity  whereof  will  approach 
nearer  to  the  Solidity  of-  the  Sphere,  and  its  Surface  to  the  Sphe¬ 
rical  Surface  than  the  former  ,  and  if  the  Angles  of  this  be  a- 
gain  in  like  manner  cut  off,  there  will  ftili  arife  another  new  £o* 
lid  9  and  new  Surface  approaching  yet  nearer  to  the  Solidity  and 
Surface  of  the  Sphere  than  the  former,  &c.  and  fo  after  an  infi¬ 
nite  Procefs  they  will  coincide  with  the  Sphere  and  its  Surface 
themlelvcs.  Whence  there  flow  thele 

COROLLARYS. 

L  Sphere  may  be  confidered  as  a  Polyedrous  Figure* 

A  or  as  confiding  of  innumerable  Bafes,  i.  e.  compofed 
of  an  innumerable  Number  of  Pyramids3all  whofe  Vertex’s  meet 
in  the  Center,  and  fo  whofe  common  heigth  is  the  Semidia- 
meter  of  the  Sphere,  and  the  fum  of  all  the  Bales  equal  to  the 
Superficies  of  the  Sphere.  ,  l"'.- . 

IL  If  you  can  find  a  Proportion  between  a  Cylinder  of  the 
lame  heigth  with  any  Sphere,  and  whole  Bale  is  equal  to  the 
greateft  Circle  of  that  Sphere,  and  innumerable  Cylinders  cir- 
cumlcribed  about  it,  as  we  have  juft  now  (hewn  •  then  you 
may  aifo  obtain  the  Proportion  between  the  laid  circumferib’d 
Cylinder  and  the  infcribVl  Sphere :  Which  to  have  here  hinted 
may  be  of  fervice  hereafter  in  ics  proper  place. 

DEFINITION  XXL 


Here  remain  thole  Bodies  to  be  confider’d  which  are  call’d 
I$egular9  which  correfpond  to  the  Regular  Plane  Figures  $ 
and  as  thole  con  fill:  of  equal  Lines  and  Angles,  fo  thele  likewife 
are  comprehended  under  Regular  and  Equal  Planes  meeting  in 
equal  folid  Angles  $  and  as  thole  may  be  Infcribed  and  Circum- 
feribed  about  a  Circle,  fo  may  the  latter  likewife  in  and  about 
a  Sphere.  But  whereas  there  are  infinite  Species  of  Regular 
Plane  Figures,  there  are  only  five  of  Regular  Solids  *,  the  firft 
whereof  is  contained  under  four  Equal  and  Equilateral  Trian¬ 
gles,  whence  it  is  nam’d  a  X etraedrum  the.lecond  is  terminated 

by  fix  equal  Squares,  and  thence  is  call’d  Hexaedrum,  and  other- 

wili 
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wife  a  Cube ;  the  third  being  comprehended  under  eight  Equal 
and  Equilateral  Triangles,  is  call’d  an  Otlab'drum  ;  the  fourth  is 
contained  under  twelve  Regular  and  Equal  Pentagon?,  and  fo  is 
nam’d  a  Dodecabdrum  *,  the  fifth,  laftly,  is  contained  under  twenty 
Regular  and  Equal  Triangles*  and  is  thence  nominated  an  Icofa- 
edrum.  Befides  thefe  five  forts  of  Regular  Bodies  there  can  be  no 
other;  for  from  the  concourfe  of  three  Equilateral  Triangles 
ariies  the  Solid  Angle  of  a  Tetraedrum,  from  four  the  S'olid  An¬ 
gle  of  an  O  El  a  edrum ,  from  five  the  Solid  Angle  of  an  lcofaedrum  ; 
from  the  concourfe  of  four  Squares  you  have  the  S'olid  Angle 
of  an  Hexaedrum  ;  from  that  ot  three  Pentagons  you  have  the 
Solid  Angle  of  a  Dodecab'drum  ;  and  in  all  this  Golledlion  of  Plane 
Angles,  the  Sum  does  not  arife  fo  high  as  to  four  Right  ones. 
But  four  Squares,  or  three  Hexagons  meeting  in  one  Point, 
make  precifely  four  Right  Angles,  and  fo  by  Confect,  2.  Definit 
8.  would  conftitute  a  Plane  Surface,  and  not  a  Solid  Angle, 
Much  lets  therefore  could  three  Heptagons  or  Octagons,  or  four 
Pentagons  meet  in  a  Solid  Angle,  to  form  a  new  Regular  Body; 
tor  thofe  added  together  v$op[d  be  greater  than  four  Right  Am 
gles.  But  now,  for  the  Meafurts  of  thefe  five  Regular  Bodies, 

take  the  three  following 

■  •  — » 

»**<•  *  •  1- 

I  CONSECTARYS. 

xf 

1  |TUr:ce  a  Tetraedrum  is  nothing  tlfe  but  a  Triangular  Fy* 

O  ramid,  and  an  O&aedrum  a  double  Quadrangular  one, 
their  Dimenfion  is  the  fame  as  of  the  Pyramids  in  SchoL  of  De¬ 
fink-  17-' 

II.  Tne  Solidity  of  an  Hexaedrum  may  be  had  from  Confect j 
5.  Definie.  i  3. 

Ill*  A  Dodecaedrum  con  fills  of  twelve  Quinquangular  Py¬ 
ramids,  and  an  lcofaedrum  of  twenty  Triangular  ones,  all  the 
Vertex's  or  tops  whereof  meet  in  the  Center  of  a  Sphere  that  is 
conceived  to  circumferibe  the  refpedfive  Solids,  and  confequent- 
ly  they  have  their  Altitudes  and  Bales  equal:  Wherefore  ha¬ 
ving  found  the  Solidity  of  one  of  thofe  Pyramids,  and  multi¬ 
plied  it  by  the  number  of  Bafes  (in  the  one  Solid  11,  in  the  o- 
cher2o)  you  have  the  Solidity  of  the  whole  refpedfive  Solids. 
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BEfides  thefe  Definitions  of  the  Regular  Bodies,  we  may  aS- 
fo  form  like  Idea  s  of  them  from  their  Genefis,  which 
particularly  Honoratus  Fabri  has  given  us  a  fhort  and  ingenious  i 
Syftem  of,  in  his  Synopfis  Geometries ,  p.  149*  and  the  follow 
ing.  #  '  1 

L  Suppofe  an  Equilateral  Triangle  ABD  to  be  inferib  d  in  a 
Circle  (Fig.  44. 'N.  i.j  whole  Center  is  C,  whence  having  con¬ 
ceived  the  Radii  CA,  CB,  CD,  to  be  drawn,  imagine  them  ro 
be  lif  ed  up  together  with  the  common  Center  C,  fo  that  the 
point  C  afeending  Perpendicularly,  at  leogthyoud  have  the  Lines 
EA,  EB,  ED,  equal  to  the  Lines  AB,  BD,  DA,  Alter  this 
way  there  will  be  generated,  or  made  a  Space  confiding  of  four 
Equal  and  Equilateral  Triangles,  which  is  call’d  a  X etraedmm. 
Hence  we  (hall  by  and  by  eafily  demonftrate,  the  quantity  of 
the  Elevation  CE,  and  the  Proportion  of  the  Diameter  of  the 
Sphere  EF  to  be  Circuthfcribed  to  the  remaining  part  CF  , 
and  fo  the  reafoo  of  the  Euclidean  Genefis  propofed  Uk  1?^ 
Prop,  13.  \  ,  K 

II  Much  like  this,  but  fomewat  eafier  to  be  conceived,  is  the 
Genefis  of  the  OBaedrum ,  where  by  a  mental  railing  of  the  Cen¬ 
ter  C  (  Fig*  44.  N.  2)  of  the  Square  ABDE  inscribed  in  the 
Circle,  together  with  the  Semidiameters  CA,  CB,  CD,  CE, 
until  being  more  and  more  extended  they  at  length  become  the 
Lines  AF,'"  63F,  DF,  EF,  all  equal  among  themfelves,  and  to 
the  fide  of  the  Square  AB  or  BD*,  and  its  manifed,  that  by  the 
like  extenfion  conceived  to  be  made  downwards  to  G ,  there 
will  be  formed  eight  equal  and  regular  Triangles,  which  will 
all  concur,  in  the  tw6  oppohie  Points  F  and  G.  We  might 
alfb  deduce  another  Genefis  of  the  O&aedrum  from  a  certain 
Sedfion  of  a  Sphere,  and  alfb  give  the  like  of  a  Hexaedrum  or 
Cube  .*  but  we  have  already  given  the  eafiefl,  of  the  one,  vi%. 
that  which  is  alfo  common  to  Parallelepipeds  3  and  that  of  the 
other  jud  now  given  is  fufficient  to  our  purpofe. 


CHAP. 
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CHAP.  IL 

Containing  the  Explication  of  thofe  terms,  which  relate 
to  the  affeliions  of  the  Objects  of  the  Mathematicks. 

DEFINITION  XXIII. 

) v"’  ,  ’  ■  \  .  I  ,  '  '  '  '  , 

EVery  Magnitude  is  (aid  tote  either  Finite  if  it  has  any  bounds 
or  terms  of  its  Quantity  *,  or  Infinite  if  it  has  none,  or  se 
lealt  Indefinite  if  thofe  bounds  are  not  determined,  or  at  leaf!  not 
confidered  as  fo  y  as  Euclid  often  fuppofes  an  Infinite  Line,  or  ra«* 
ther  perhaps,  an  Indefinite  one,  i.  e.  confidered  without  any  rem 
lation  to  its  bounds  or  Ends:  By  a  like  diftin&ion,  and  in  reality 
the  fame  with  the  former,  ajl  quantity,  is  either  Meafiurable ,  or 
fuch  that  fame  Meafare  or  ocher  repeated  fame  number  of 
Times,  either  exa£Hy  meafures.  and  fo  equals  ir,  (which  Euclid 
and  other  Geometricians  emphatically  or  particularly  call  Mea far¬ 
ing)  or  elfe  is  greater  t,  or  on  the  other  fide  Jmmenfi ,  whole 
Amplitude  or  Extenfon  no  Finite  Mealure  whatloever,  or  how 
many  times  fbever  repeated,  can  ever  equal :  In  the  firfl  Cafe, 
on  the  one  Hand,  the  Mealure  (vi%.  which  exadfly  meafures 
any  quantity)  is  called  by  Euclid  an  aliquot  Part  [a)  or  limply  a 
Fart  of  the  thing  meafured  :  as  e.  the  Length 
of  one  Foot  is  an  aliquot  Part  ot  a  Length  or  (a)  lib « 

Line  oi  io  Foot.  In  the  latter  Cafe  the  Mea-  d)ef,  i. 
lure  (which  does  not  exactly  mealure  any  Quan- 
tiryj  is  called  an  Aliquant  Parr,  as  a  line  of  3  or  4  Foot  is  an 
Aliquant  part  of  a  Line  of  10  Foot.  Now  therefore;  omitting 
that  perplext  Queftion,  whether  or  not  there  may  be  an  infinite 
Magnitude,  We  {hall  here,  refpecting  what  is  to  our  purpole, 
deduce  the  following 

CONSECTA RX 

EVery  Meafare,  or  part  ftri£fly  fo  taken,  is  to  the  thing  1 
Meafured,  or  its  whole,  as  Unity  to  a  whole  number,  for 
that  (which  is  one)  repeated  a  certain  number  of  times,  is  fup- 
pofed  exactly  to  meafare  the  other, 

D  %  ,  '  DBF  I- 
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DEFINITION  XXIV.  '  ■  j 

IF  the  fame  Meafure  raeafures  ^  different  quantities  (whethe 
^the  one  can  exadlly  Meafure  the  other  or  not  )  thoj 
Quantities  are  (aid  to  be  abfolutely  Commenfurable  ^  but  if  the! 
can  have  no  common  Meafure  5  they  are  called  Incommenfurable 
Notwithstanding  which  they  both  retain  one  to  the  otheracei 
tain  relation  of  Quantify,  which  is  call’d  Reafon  or  Proportion,  s 
we  fhall  further  fhew  hereafter.  In  the  mean  while  we  hav 
hence,  as  an  infallible  Rule  to  try  whether  Quantities  can  admits; 
a  Common  Meafure  or  not,  this 

GONSECTARY, 


TUofe  Quantities  are  Commenfiirable,  whereof  fa)  one  i: 
to  the  other,  either  as  Unity  to  an  whole  Number,  or  a 
one  whole  Number  to  another,  for  either  one  o 
(a)  Euclid  lib*  them  \5  the  Meafure  of  the  other,  as  alfo  of  i 

7^8e  ^  *  felf,  and  then  it  is  to  that  other  as  Unity  to  j: 

Number  by  jhe  Confett.  of  the  preced.  or  elfri 
they  admit  of  fome  third  Quantity  for  a  common  Meafure; 
which  will  he  to  either  of  them  leparately  as  Unity  to  fome  Numi 
ber  :  therefore  they  are  one  to  another  as  Number  to  Num 
ben 


,  DEFINITION  XXV. 

S'  ;  .  '  ‘  (  ‘  ' 

IF  a  Quantities  of  the  fame  Kind,  confidered  as  Meafures  one 
of  the  other,  being  applyed  one  to  the  other,  exa£!!y  agree, 
or  are  exadfly  equal  every  way,  fas  e.  g.  z  Squares  on  the  feme 
common  Side,  or  two  Triangles  whole  Lines  Angles  and  Spaces 
exactly  agree  and  conidde)  or  at  leaf!  may  be  equally  mea*i 
lured  by  a  common  Meafure  applyed  to  both)  as  <?.  g.  a  Square 
and  an  Oblong,  or  a  Rhombus,  or  Triangle,  each  of  whole 
Area’s  were  20  qua  re  Inches,  altho’  they  do  not  agree  in  Lines 
and  Angles ;  the  ffrff  may  be  called  Simply  Equal,  and  the  other 
totally  equal,  or  equal  as  to  their  wholes-.  But  if  one  be  greater  and 
the  other  lefs,  they  are  Unequal ,  and  that  which  exceeds  is 
called  the  greater ,  and  that  which  is  deficient  the  lejf,  and  that 

parti 


The  Elements  of  the  Mathematicks .  3  7 

part  by  which  the  lefs  is  exceeded  by  the  greater,  in  rcfpe&  to 
the  greater  is  call’d  Excefi ,  in  refpeft  to  the  lefs  DefeEl,  and  by  a 
common  Name  they  are  call’d  the  Difference.  All  which  as  they 
are  plain  and  eafy,  fo  they  aflord  us  a  great  many  fell-evident 
Truths  which  are  ufed  to  be  call’d  Axioms,  as  tbeie  and  the 

like  '  \ 


CONSECTAR Y  S, 


i  MpHe  whole  is  greater  than  irsParr,  whether  it  be  an  Alia 
quot  or  aliquant  Parr. 

II.  Thofe  Quantities  which  are  equal  to  a  third  are  equal  be¬ 
twixt  theti^]ves. 

III.  That  >*hich  is  greater  or  lefs  than  one  of  the  equal 
Quantities  is  alio  grater  or  lefs  than  the  other. 

IV.  Thofe  Quantity  which,  being  applyed  one  to  the  o* 
ther3  or  placed  one  upon  iVve  other,  either  really  or  mentally,  a* 
gree$  may  be  efteemed  as  totally  equal :  And  on  the  Contrary, 

V.  Thole  Quantities  which  are  totally  equal  will  agree,  e£c. 
To  which  might  be  added  feveral  others  which  we  have  already 
made  ufe  of  and  fuppofed  as  fuch  in  the  preoeding  Definitions. 

D  E  FIN  IT  ION  XXYI. 

it  *  ^ 

fnj^Here  are  moreover  Addition ,  SubtraHion ,  Multiplication  and 

I  Divifion ,  which  are  common  affe&doris  of  ail  Quantities 
as  well  as  of  Numbers,'  Addition  is  the  Colle&iai)  of  feveral 
Quantities  (for  the  mod  part  of  one  kind)  into  one  total  or 
Sum;  which  is  either  done  fo,  that  the  whole  (^whichis  com¬ 
monly  called  the  Sum  or  Aggregate )  obtains  a  new  Name,  or  elfe 
by  a  bare  connexion  of  the  Quantities  to  be  added  by  the  Copu¬ 
lative  and ,  or  the  ufual  Sign  -}-  (i.  e,  plus  or  more)  as  for  Ex¬ 
ample  x  Numbers  .  .  .  and  *.  .  .  .  (fuppole  3  and  4)  added 

together  make  the  Sum . *  (*.  e.  7,  or  which  is  the  farad 

thing  *,)  and  this  Line - added  to  this  other- - - 

— — gives  the  Sum - - - —  which  is  nothing  but  the  x 

Lines  ]oyn?d,  or  taken  together.  But  now  if  we  would  treat 
of  thefe  Lines,  or  any  other  x  Quantities  ro  be  added,  more  ge» 
nerally ;  by  calling  the  firft  a  ( a )  and  the  latter  (b)  we  may 
fitly  write  their  Sum  a-\-b . 

D  3  SC  HO- 
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HAving  thus  explained  the  Term  of  Addition ,  theft!  and  the 
like  Axioms  emerge  of  themfelves :  If  to  equal  Quantities 
you  add  Equal  the  Sum  will  be  Equal  ^  but  if  to  Equal  you  add  unequal 
the  A? prelate  will  he  unequal ,  &c.  Moreover  it  may  not  be  amifs  to 
admonifh  the  lyro  of  thefe  z  things,  s.  In  Addition  may  be  feea 
the  vaft  ufefulnefs  of  that  very  Ingenious  rho5  familiar  Invention 
mentioned  in  Definit.  3.  for  hereby  we  may  colled  into  one  S 
not  only  lens,  and  Hundreds,  but  Thou  lands.  Millions,  W- 
riads,  as  the/  they  were  only  Units  3  which  we  will  llluft^te  by 
an  Example, 

definition  xx vii. 

I  'lUbtvaSion  is  the  taking  one  Quantity  from  another  (of  the 
fame  kind  0  which  is  fo  performed  that  either  the  remainder 
obtains  a  new  Name,  or  by  a  bare  reparation  of  the  Subtrahend 
by  the  privative  Particle  lefs,  or  the  uiual  Sign  —  which  Stands 
for  it,  as  e.  g.  ...  or  three  being  fubtrafted  from  .  .  .  .  ■  •  • 
or  7,  the  remainder,  or  difference  is  .  •  •  •  or  4  an^  “11S  ^ine 
Subtracted  from  that  —  leaves 

Now  if  we  would  fignify  this  more  generally  either  of  thei.e 
Lines,  or  the  Number 'above,  or  any  z  Quantities  whatfoever 
that  are  to  be  Subtracted  one  from  the  other,  Dy^  naming  the 
firlt  (a)  and  the  latter  (b)  we  (hall  have  the  remainder  a  —  L 
Herein  are  evident  thefe  and  the  like  Axioms  :  If  from  equal 
Quantities  you  Subtract  Equal  one /,  the  Remainders  or  Differences  will 
Ts  equal.  Here  it  will  be  worth  while  to  take  notice  of,  from 
this  and  the  freced.  Definit.  the  following 

,  *  \  .  j  „  , 

CONSECTARYS. 

v  '  ■  '  hM- 

l  IF  a  negative  Quantity  be  added  to  ft  felf  conhdered  as 
*  pofitive  (as  —  5  to  -f-  3  or  —  4  to  -j-  a)  the  Sum  will 
0.  for  to  add  a  Privation  or  Negative  is  the  fame  thing  as 
.  Subtract  a  Pofitive,  wherefore  to  join  a  Negative  and  Pofi- 
jve  together^  is  to  make  the  one  to  deilroy  the  other. 
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IL  If  a  negative  be  fubtra&ed  from  its  pofitive  (  —  a  from 
+  -)  the  remainder  will  be  double  of  that  pofitive  (-f  ^  a  ) 
for  to  fubtraCf  or  take  away  a  privation  or  negative,  is  to  add 
that  very  thing,  the  privation  of  which  you  take  away ;  for 
really  that  which  in  words  is  called  the  addition  of  a  Privation , 
is  in  reality  a  Subtraction,  and  a  fubtraClion  of  ir,  is  really  an  ad¬ 
dition  ;  and  what  i9  here  call’d  a  Remainder ,  is  indeed  a  Sum  or 
Aggregate;  and  what  is  there  call’d  a  Sum,  is  truly  a  Remain* 
der.  Thus, 

III.  If  the  pobrive  Quantity  (-fa)  be  taken  from  the  pri¬ 
vative  one  (  —  a  )  the  remainder  is  double  the  privative  one 
( —  la)  fince,  taking  away  a  pofitive  one,  there  neceffarily 
arifes  a  new  Privation  which  will  double  that  you  had  before* 
Hence, 

IV.  You  have  the  Original  of  the  Vulgar  Rules  in  Literal 
Addition  and  Subtraction  :  If  the  Signs  of  the  unequal  Quantities 
are  different ,  in  the  room  of  Addition  you  mufl  fubtraCi,  and  in  room 
of  Subtraction  add ,  and  -to  the  fum  or  remainder ,  prefix  the  Sign  in 
the  first  place  of  the  greatefi ,  in  the  next  of  that  from  which  you 
SubtraCl  :  but  if  the  Signs  are  both  the  fame ,  and  the  greatefi  quan¬ 
tity  to  be  fubtraCied  from  the  lefs ,  you  nmft,  on  the  contrary,  fubtraCl 
according  to  the  natural  VI7 ay,  the  leafi  from  the  greater ,  and  prefix 
the  contrary  Sign  to  the  Remainder :  Which  Rules  you  may  fee 
Illuftrated  in  the  following  Examples  : 


Addition 
4  b  —  2  a 

3  bJr5a 


7bJrl 


a 


Subtraction. 
from  2  a- f-  b 
Subih  a~  b 

R.  4  -fib 


from  g  a  -f  2  b 
Sub'ft.  2  a  -f  ^  b 


R® 


NOTE, 

Inftead  of  the  Authors  4th  ConfeCh  as  far  as  it  relates 
to  Subtraction,  which  may  feem  a  little  perplext,  rake  this  ge¬ 
neral  Rule  for  Subtraction  in  Species,  vi^f  Change  all  the 
Signs  of  the  lower  Line,  or  Subtrahend,  and  then  add  the 
Quantities,  and  you  have  the  true  Remainder 
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{  '  '  \  „ 

SC  HO  LIU  M, 

IN  this  Literal  Subtra&ion,  we  have  not  that  conveniency 
which  the  invention  of  Vulgar  Notes  fupplies  us  with,  that 
from  the  next  foregoing  Note  we  may  borrow  Vnity ,  which 
in  the  following  Series  goes  for  io,  &c.  This  is  done  in  T e- 
tra&ycal  Subtraction  only  with  this  difference,  that  an  Unite 
here  borrowed  goes  only  for  4,  That  the  eafmefs  of  this  Co¬ 
pe  ration  may  appear,  we  will  add  one  Example,  wherein  from 
this  number,  — t  1 X3XOOX3 1 oxgx 

you  are  to  fuhtraCf  this,  3x101x3212x3 


410423323003 

Whereever  therefore  the  inieriour  Note  is  greater  than  the 
fuperiour  one,  the  facility  is  much  greater  here  than  in  com¬ 
mon  Subtraction,  becaufe  never  a  greater  number  than  3  is  to 
be  fubtraCfced  out  of  a  greater,  than  4  and  x  :  but  if  the  in- 
feriour  number  be  greater  than  the  fuperiour  3  you  borrow 
unity  from  the  left  hand,  which  is  equivalent  to  4  j  the  reft  is 
perform’d  as  in  common  Subtraction. 

DEFINITION  XXVIII 

I  ’ r  ... 

Multiplication,  generally  Speaking,  is  nothing  elfe  but  a 
Complex  or  manifold  Addition  of  the  .  fame  quantity, 
wherein  that  which  is  produced  is  peculiarly  call’d  the  ProduR? 
and  thole  quantities  by  which  it  is  produced,  are  called  the 
Multiplicand  and  the  Multiplier:  The  hr  ft  denotes  the  Quantity 
which  is  to  be  multiplied,  or  added  fb  many  times  to  its  (elf  $ 
and  the  other  the  Number  by  which  it  is  to  be  multiplied,  or 
determins  how  many  times  it  is  to  be  added  to  it  felf.  The 
fame  terms  are  applyed  moreover  to  Lines  and  other  Quan¬ 
tities.  But  here  are  two  things  to  be  chiefly  noted  •  1 .  That 
the  Multiplication  of  one  number  by  another,  or  of  a  Line  by 
a  Line,  may  be  con  fide  red  as  having  2  double  Event;  for  the 
ProduCf  may  be  either  of  the  fame  or  a  different  kind,  as ye.  g. 
when  .  ...  4  is  multiplied  by  3  ...  the  produdt  may  be 
confidered  either  as  a  l.ioe,  thus,  ............  or  as 
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•  *  •  * 

a  Plane  Surface  in  this  Form,  ....  Whence  it  is  alfo 

•  *  #  • 

named  a  Plane  Number,  and  the  produdf  is  conceived  to  be 
formed  by  the  motion  of  an  ere6f  Line  AB,  confiding  of  3 
equal  parts,  along  another  BC,  confiding  of  4  equal  parts,  and 
conceived  asking  along.  So  alfb  the  Multiplication  of  Lines 

( e.g .  of  the  Line  A  — - -  B  by  the  Line  B- — — « — ^*CJ 

may  be  conceived  to  be  fo  performed,  that  the  Produdf  alio 

{hall  be  a  Line,  e.  g.  C  - - - - —  — - D  (  concerning 

the  ufefulnefs  of  which  Multiplication  in  Geometry ,  we  fhaii 
have  occafion  to  fpeak  more  hereafter  ; )  or  fo,  that  the  Pro¬ 
duct  (ball  be  a  Plane  or  Surface,  arlfing  from  the  motion  of 
the  ereci  Line  AB,  along  AC,  conceiv’d  as  lying  along}  as 
we  have  already  (hewn*  But  as  for  the  moil  part  thefe  Planes 
fo  produced  are  called  RgEtangles,  if  the  Lines  that  form  them 
are  unequal  }  but  if  they  are  equal  they  are  call'd  Squares, 
(otherwise  the  Powers  of  the  given  Quantities  }  )  and  in  this 
cafe  the  Lines  that  form  them  are  called  Square  $oots  }  fo  alfb 
if  thofe  Planes  are  multiplied  again  into  a  third  Quantity  ( as 
either  a  Line  or  a  Number)  there  will  arife  Solids,  and  parri* 
cularly  if  that  third  Quantity  be  the  Root  of  the  Square,  the 
Produdl  is  called  a  Cube ,  dec.  The  other  thing  to  be  noted 
is,  That  both  thefe  ways  of  Multiplying  either  Numbers  or 
Lines,  are  expreffed  by  a  very  compendious,  tho  arbitrary  way, 
of  Notation,  by  a  bare  Juxtapofition  of  the  Letters  which 
denote  fuch  and  fuch  Species  of  Quantities,  as,  e.  g .  if  for  the 
forementioned  Number  or  Line  AB  we  put  a  ,  and  for  BC 
b ,  the  Produdl  will  be  a  b  }  or  if  the  Efficients  are  equal,  as 
a  and  a  the  Square  thence  produced,  will  be  aa  or  a1  ;  and  if  this 
Square  be  further  multiplied  by  its  Roor  *z,  then  the  Cube  thence 
produced  will  be  aaa  or  Which  being  premifed.  you 

.  jiave  thefe  following 

CONSECTARIE  S. 

L  I  F  a  Pofitive  Quantity  be  multiplied  by  a  Pofitive  one, 
the  Produdf  will  be  alfo  Pofitive}  fince  to  multiply  is  to 
repeat  the  Quantity  according  as  the  Multiplier  diredb:  Where¬ 
fore  to  multiply  by  a  Pofitive  Quantity,  is  to  repeat  the  Quan¬ 
tities  pofitively  5  as  on  the  other  fide  ,  to  multiply  by 
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a  Privative,  is  fo  many  times  to  repeat  the  Privation  of  tha£ 
Thing :  Which  we  Oiall  (hew  further  hereafter. 

II.  Equal  Quantities  (a  and  a)  multiplied  by  the  fame  (&),or 
contrariwife,  will  give  equal  Produces  (  a  b  and  a  b  or  b  a). 

III.  The  fame  Quantity  (  %  )  multiplied  by  the  whole  Quan¬ 
tity  (  a  -}“  b  -f-  c  )  or  by  (a)  all  its  pa(ts  feparately,  will  give 

equal  Produ£ta.  Alfa 

i^prop? lV-  The  whole  (*-H  )  whether  it  be  mu!- 
(ft)  lib.  2.  tiplied  by  (b)  it  fell,  or  by  its  parts  feparately, 
prop.  2@  will  give  equal  Produ£ts* 
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THe  Vulgar  Praxis  of  Numeral  Multiplication,  is  founded 
on  thefe  two  laft  Confedlarys,  as  c.  g.  to  multiply  iz6 
by  3  ^  you  fir  ft  multiply  6  by  3,  then  2,  i>  e.  20  by  3,  then 
*  1,  i.  e.  100  by  the  fame,  and  then  add  each  of  thofe  partial 
Produ6b  into  one  Sum  .*  In  like  manner  being  to  multiply  548 
by  23,  you  firft  multiply  each  Note  of  the  Multiplicand  by 
the  fir  ft  of  the  Multiplier  (0  and  then  by  the  fecopd  (  z  ) 
(?.  e.  zo)  &c.  which  is  to  be  donelikewife  after  the  fame  man¬ 
ner  in  Tetra&ical  Multiplication  5  only  in  this  latter,  which 
Is  more  eafie,  you  have  nothing  to  referve  in  your  mind,  but 
all  is  immediately  writ  down,  (which  might  alfo  be  done  in 
Vulgar  Multiplication)  as  may  be  feen  by  this  Example  un¬ 
derneath,  as  alfp  the  great  eaftnefi  of  this  fort  of  Multiplica¬ 
tion,  beyond  the  common  way,  becaufe  there  is  no  need  of 
any  longer  Table  than  that  we  have  fhewn  page  7. 
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It  is  manifeft  from  what  we  have  fa  id, 
j  the  Bale  of  a  Parallelogram  be  called  (b)  and  its  Alti- 

I  rude  a ,  its  Area  may  be  exprefled  by  the  Product  a  bt 
by  Ccnf.  7.  Definit,  12. 

II.  If  the  Bafe  of  a  A  be  b  or  ebf  and  its  Altitude  a  its  Area 
will  be  half  a  b  or  half  e  a  b,  by  ConfiBlary  8.  of  he  fame  De¬ 
finition. 

ill.  if  the  Bafe  of  a  Friftn  or  Parallelepiped  or  Pyramid  be 
half  ab  or  aby  and  its  Altitude  c,  the  folid  Contents  of  that 
Priim  will  be  half  abc,  and  of  the  Parallelepiped  a  b  c,  by  Con- 
./eff. 3  5c  4.  Def.16.  and  of  the  Pyramid  labcjoy  Conf.  3,  Defiiy . 

definition  XXIX . 

Divifion  ,  in  general  3  is  a  manifold  or  complicated  Sub¬ 
traction  of  one  quantity  (which  is  called  the  Divifor)  out 
of  another  (which  is  called  the  Dividend )  whole  multiplicity, 
or  how  many  times  the  one  is  contained  in  the  other,  is  fhewn 
by  another  quantity  arifing  from  that  Divifion,  which  is  there¬ 
fore  called  the  figuote  or  Quotient*  Here  alfb  the  Divifor  is  of  the 
fame  kind  with  the  Dividend ,  or  of  a  different  kind,  e .  g.  of  the 

fame  kind  if  the  product . .  (12)  be  divided  by 

f  3  )  whence  you!  have  the  Quotient  ....  (4)  or  dividing 
the  aforementioned  Line  C  D  by  the  Line  AB  you’l  again  have 
the  lane  B  C  ;  but  of  a  different  kind,  if  the  plane  number  a- 

•  5  •  « 

hove  found  ....  or  the  Reel-angle  ABCD  be  divided  by 

•  •  »  « 

a  Retrodu&ion,  or  a  moving  backwards  again  the  eredl  Side 
AB,  by  whole  morion  the  Re  Wangle  was  fir  ft  formed,  thgtfo, 
the  Line  BC  may  remain  alone  again.  But  both  thele  kinds 
of  Divifion  as  they  have  tfieir  peculiar  Difficulties  in  Arithrne- 
tick  and  Geometry,  which  we  {hall  further  elucidate  in  their 
proper  places:,  fo  they  may  be  univerfally  and  very  eafily  per¬ 
formed  in  Species  (or  by  Letters)  which  will  be  luffident  to 
our  prelent  purpofe  ;  or  by  a  bare  feparation  of  the  Divifor 
from  the  Dividend,  if  it  be  actually  therein  included ,  or  by 

,  '  ’  '  placim 


cr 
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placing  the  Divifor  underneath  the  Dividend  with  a  Line  be° 
tween.  Thus  if  a  h  be  to  be  divided  by  (b)  the  Quotient  will 
be  a  j  if  by  a ,  the  Quotient  will  be  (  h  )  y  but  if 
a  or  ab  be  to  be  divided  by  c  which  Letter  finre  it  is  not 
found  in  the  Dividend ,  cannot  be  taken  out  of  it  )  the 

b  divided  by  c ,  after  the 


Quotients  are  t-  and  — 

€  C 


i.  a  or  & 


fame  manner  as  if  %  were  to  be  divided  by  5  ;  which  Divifor, 
fince  it  is  not  contained  in  the  Dividend,  is  ufually  placed  un¬ 
der  ir3  by  a  Separating  Line  thus,  §,  ^  divided  by  3. 
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HOW  difficult  Common  Division  is,  efpedally  of  a  large 
Dividend  by  a  large  Divilbr,  is  Sufficiently  known  .*  but 
how  eafily  it  is  performed  by  Tetraftical  Arithmetick,  we  will 
barely  bring  one  Example  to  fhew.  If  the  Produ£t  found  in 
SchoL  i.  of  the  preceding  Definition,  noo  n  be  again  to 
be  divided  by  its  Multiplier  133,  it  Ebay  be  performed  after  the 
ufual  way,  but  with  much  more  eafe,  as  the  following  Opera¬ 
tion  will  (hew  §  or  according  to  a  particular  way  of  PVeigeiiw, 
by  writing  down  the  Divilbr,  and  its  double  and  triple,  in  a 
piece  of  paper  by  it  felf,  after  this  way  : 
i  J  x  g  ^  g  1  x  1  ipi 

pivifor ,  Double,  Triple, 

and  then  moving  that  piece  of  Paper  to  the  Dividend,  note, 
which  x>f  thole  three  Numbers  comes  neareft  to  the  fir fl:  Fi¬ 
gures  of  the  'Dividend ,  for  that  barely  fubtra&ed  gives  the  Re¬ 
mainder,  and  will  denore  the  Quotient  ro  be  writ  down  in  its 
proper  place  *  as  the  operation  icfejf  will  fliew  better  than  any 

words  can, 

> .  ■ ,  ^  , 

f jxxxx 

$x#$x^xx  f  321032 
'  v  **$#*33  $-  ' 
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Thus  after  Weigelius  s  way: 


2>2> 
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DEFINITION  XXX. 

EXtra&ion  cf  %oots  is  a  Species  of  Divifion,  wherein  the  Quo« 
tient  is  the  Root  of  the  given  Square  or  Cube,  (Sc.  But 
tne  Divifor  is  not  given,  neither  is  it  all  along  the  fame  (ask 
is  in  Divifion)  but  muft  be  perpetually  found,  and  they  are  fe> 
veral.  And  as  the  Squares  of  Simple  Numbers  i,  z,  g,  &cc. 
vi%  i,  4,  9,  1 6,  &c.  and  their  Cubes  1,  8,  z  7,  64,  &c. 
may  be  had  immediately  out  of  a  Multiplication  Table,  as  alf© 
their  Roots,  without  any  further  trouble  ;  and  likewife  in  Spe¬ 
cies,  as  the  Roots  of  the  Square  44  or  az9  or  of  the  Cube  aad 
Or  a\  are  without  doubt  (a)  5  fo  if  the  Square  Root  be  to  be 
exrra&ed  out  of  d  e ,  or  the  Cube  Root  out  of  fg  m  (becaufe  the 
letters  are  different,  and  no  one  can  be  taken  for  the  Root)  the 
Square  Root  is  commonly  noted  by  this  Sign  Vde9  the  Cube 
Root  by  this  V'C,  or  gm,  SCc,  as  alfb  in  Numbers  that  are 

not  perfedt  Squares  (as  e. g.  z,  g,  6 ,  7,  8,  lo,  11,  15% 
1 7  ,  19,  (Sc.  )  we  can  no  otherwife  exprefs  the  Square 
Roots  ,  then  after  this  manner  Vz ,  7,  Viqu  (Sc.  and  in 
thofe  that  are  not  perfedfly  Cubical  (as  all  between  I,  8, 
27  ,  64  ,  (Sc.  )  we  can  only  exprefs  their  Cube  Roots 

after  fome  fitch  manner,  Vc.  7,  or  ^7.  Vc.6 1,  or  ^61 

Which  forms  of  Roots  in  fpecious  Computation,  we  call  Surd 
.Quantities  t  in  Vulgar  Arithmetick  Surd  Numbers,  i.  s.  fuch  as 
cannot  be  perfedfiy  exprtffed  by  any  Numbers  5  aitho  we  have 
Rules  at  hand  to  determine  their  Values  nearer  and  nearer  ad 
Infinitum. 

^  Thele  Rules  accommodated  to  Square  and  Cube  Numbers, 
which  otherwife  are  more  difficult  to  be  comprehended, 
appear  plain  and  eafe  to  him,  who  multiplies  a  Root  expreffed 

by 


/ 
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hy  i  Letters  (called  therefore  commonly  a  Binomial )  fir  ft  Qua* 
dratically,  then  Cubieally,  &c.  Fur  he  will  have  as 

■>  CO N  SECTARYS, 

'  ,  V, 

L  '"Y’^HE  Squafe  o!  any  affumed  Foot,  as  alto,  Prop,  4.  lib * 
A  2..  EucL  and  at  the  fame  time  a  general  Rule  for  Ex¬ 
tracting  the  Square  Root,  all  expieffed  in  rhefe  few  Notes  : 

n  a  ~j— •  x  u  b  — |—  b  b, 

II.  The  Cube'  of  the  fame  Root,  a  New  Theorem,  and 
at  the  fame  time  a  Rule  for  Extradlsng  any  Cube  Rodt,  con- 
stained  in  this  Theorem  :  > 

a  Y  *r]~  q  a  a  b  -j-  q  ah  b  -  h  b  b* 
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WH’ch  that  we  may  more  plainly  fhew,  efpecially  as  far 
as  it  relates  to  the  Rules  of  Ex  trad  ion  ?  confider,  1* 
That  the  Root  of  the  Square  a  a  za  b  -J-  b  b  is  already  known 
( for  we  2 flurried  for  the  Root  the  Quantity  a  -]-  b)  fo  that  now 
we  are  to  fee  which  way  this  Root  is  to  be  obtain'd  out  of 
th.fM  Square  by  Dlvihon.  It  will  prefently  appear,  that  the 
firft  Note  of  the  Root  a9  will  come  out  ‘of  the  firft  part  of  the 
Square  a-a9  and  the  other  partT  ,muft  be  obtain’d  out  of  the 
remainder  zab-\-bb  ;  and  .fo  as  there  are  z  Notes  of  the  Roots 
the  Square  mull  be  diftinguilh’d  as  it.  were  Into  z  Gaffes, 
each  of  which  gives  a  particular  note  of  the  Root-  Then  it  is 
ifranifeft,  that  the  firft  Note  of  the  Root  (4)  may  be  obtain'd 
out  of  the  Square  a  a  by  a  fimplp  Exfrablion.  Now  it  is  e~ 
vident,  if  I  would  have  by  Divifion  the  other  Note  .  of  the 
Root,  the  next  following  part  of  the  remaining  Gaffs  muft 
be  divided  by  ,za,  the  double  of  the  Quotient  juft  now  found,, 
and  that  nothing  fhould  remain  after  this  Divifion  (for  now  we 
have  the  whole  Root  «-\-b)  you  mull:  not  only  fubtradl  the 
ProduCb  of  the  DivKbr  and'  this  new  Quotient,  but  alfo  the 
Square  of  this  new  Quotient.*  Which  is  the  Vulgar  Method 
and  Rule  for  the  Extraction  of  Square  Roots  taught  in  common 
Arithmetick. 

Like  wife' 
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Like  wife  if  you  would  extract  the  Root  of  the  above'Oien- 
tioned  Cube,  which  we  already  know,  having  formed  if  from 
a-\-b,  it  is  man  it  eft,  that  the  firft  Note  of  the  Root  a  will  come 
out  of  the  firft  part  of  the  Cube  and  the  other  b ,  muft  be 
obtain’d  out  of  the  remainder  %abb-\-bbb ,  and  fb5  as  there  are 
two  Notes  of  the  Root,  the  Cube  muft  be  diftinguiffad,  as  ic 
were  into  two  Claffes,  each  of  which  will  give  a  particular  Note 
of  the  Root.  Now  it  is  manifeft,  the  firft  Note  of  the  Root  a 
is  obtained  by  fimple  Extra&ion  of  the  Root  out  of  the  Cube 
a  a  a.  It  is  moreover  evident,  if  I  would  have  by  Divifion  the 
other  Note  of  the  Root  b,  the  next  remaining  part  mull  be  di¬ 
vided  by  %aa  (the  triple  Square  of  the  precedent  Quotient,  or 
thrice  the  precedent  Quotient  multiplied  by  it  felr  )  and,  that 
nothing  fhould  remain  after  this  div’fion  (for  now  we  have  the 
whole  Cube  Root  a-V-b}  you  mu  ft  not  only  fiibtradl  from  the 
remaining  Dividend  the  Prcdudf  of  the  Divifor,  and  the  new 
Quotient  (%aab)  but  alfo  the  ProdudI  of  the  Square  of  the  new 
Quotient,  and  thrice  the  precedent  Quotient  (  3 abb)  and  more¬ 
over  the  Cuoe  of  that  new  Quotient :  Which  is  the  Method 
pi  extracting  Cube  Roots  in  Vulgar  Arithmetick. 

5  C  HO  L  IUM  II. 

FIRom  what  we  have  faid  you  have  alfo  the  Reafon  of  ano¬ 
ther  rule  in  Arithmetick  which  teaches  how  to  approach 
continually  nearer  and  nearer  to  the  Square  and  Cube  Roots  of 
numbers  that  are  not  exadt  Squares  and  Cubes  \  vi%.  by  adding 
to  tne  given  Number  perpetually  new  (flafles  and  Cyphers  or 
Q  s,  two  at  a  time,  to  the  Square,  and  three  to  the  Cube,  and 
io  continue  on  the  operation  as  before ;  which  will  add  Deci- 
mal  Parts  to  the  Integrals  before  found  ;  and  the  next  opera* 
tien  (if  you  add  a  fecond  ClafTe  of  Cyphers)  will  exhibit  Cen- 
tefimal  Parts,  and  (6  on  ad  Infinitum .  For  Example,  If  I  would 
have  tne  Square  Root  of  2  pretty  near,  I  can  affign  no  nearer 
Whoie  Number  than  1.  But  by  adding  a  new  Claffe  of  2  Cy¬ 
phers,  z.e,  multiplying  the  given  Number  by  100  (whereby 
the  Root  is  multiplied  by  10 )  youJi  have  14,  nearly  the  Root: 
01  200,  that  is,  or  1  much  nearer  the  Root  of  2  than  the 
former  •  and  tnus  you  may  always  come  nearer  and  nearer  ad 
drtfinituml  but  never  to  an  exact  Root.  For  if  you  could  have 


f 


JJ,  fl4/lS*  lit  Vtr 


matnefis 

the  exacl  Root  of  2  ,or  3,  or  &c.  in  any  Fra&ion  v?hat^ 
foever,  that  Fra<5Hon  muS  be  of  fuch  fort,  that  its  Numerator 
and  Denominator  being  fquared,  the  FradFon  thence  arifing 
muft  exadtly  equal  z  or  3,  or  5,  that  is,  its  Numera¬ 
tor  mull  be  exadlly  double,  or  trible,  or  Quadruple  &>c.  of 
of  the  Denominator  y  which  can  never  be,  becaufe  both  are 
Squares,  and  in  a  Series  of  Squares  no  fuch  thing  can  happen. 
Hence  you  have  thefe 


CONSECTARYS, 


THat  it  is  a  certain  mark  of  Incotnmenfurability,  if  one 
quantity  is  i,and  other  the  Vx,  or  V3,  or 
IV.  That  thefe  forts  of  Quantities  are  notwithstanding  Cam- 
menfurabie  in  their  Powers,  i.  e .  their  Squares  are  as  1  and  z,t 
or  as^a  number  to  a  number. 


V.  Thofe  Quantities  which  are  to  one  another,  as  1  and 


yVx,  or  as  Vz  and  the  VVg  are  in  com  menfurabie  in  Power 
alfo.  Which  being  rightly  underilood,  you  may  eafily  compre¬ 
hend  feveral  (4 )  Proportions  of  lib.  1  o  Eucl.  efpecially  after 
feme  few  things  premifed  concerning  Reafon  and  Proportion. 
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(a)  Eucl.  l.ic 
Frop.q,  10,1 1 
12,  &£.  , 

( b )  lib .  io# 
Vef.  <5,  6,  ; 
8,9,  10,  11. 


V  vy 

1  Rom  what  we  have  fhewn  may  eafily  be  concluded,  thai 
__  to  any  propofed  Quantity  whatfoever,  which  Euclid  call 
{b )  Rational,  and  for  which  we  may  always  put  I, 
there  may  be  feVeral  others  both  commenfurable 
and  incommenlurable,  and  that  either  limply  or 
in  power  fo  5  thofe  which  are  comraenfurable  to 
a  Rational  given  Quantity,  either  Simply  or  on 
ly  in  Power  ( which,  e.%.  are  to  r,  as  2,  3,4*1 
C §c.\,  §,  5,  &c.  or  as  l/z,  V3,  V4,  V5, 

6cc.)  are  called  alfb  Rational  I  but  thofe  which  are  Incorr 
menfurabie  both  ways  (i.e.  both  fim ply  and  in  power)  as  (V^/i 
are  called  Irrational .  In  like  manner  the  Squai 
of  a  given  Rational  Quantity  ( as  I  )  is  called  Rational,  an 
Quantities  commenlurable  to  it  (as  2,  3,  4,  5*,  &c.  I 
&c.  □  )  are  called  alfo  Rational  but  incommenfurable  on 
( VVz ,  i/Vy,  ©V)  Irrational  :md  the  Sides  and  Roots  of  the 
more  Irrational 
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DEFINITION  XXXI. 

ANy  Quantities  whatfbeverof  the  fame  kind,  whether  com- 
menfurable  or  incommenfurable,  equal  or  unequal,  ad¬ 
mit  of  a  twofold  refpetft  or  relation  of  their  magnitude,  one 
whereof,  when  only  the  difference  or  excels  of  one  above  ano¬ 
ther  is  refpe&ed  (as  lo  which  is  3  more  than  7)  is  called  an 
Arithmetical  Reafon  or  RefpeH  the  other,  wherein  refpedl  is  ra¬ 
ther  had  to  the  Amplitude,  whereby  one  is  contained  once,  or 
a  certain  number  of  times  in  the  other  (as  3  is  contained  thrice 
in  1  o  and  |  part  more)  is  called  Geometrical  Reafin,  or  by  way 
of  Emphafis,  only  Reafon,  and  by  others  Proportion  •  and  this  Rea- 
(on  or  Proportion,  it  the  lefs  is  exadfly  contained  a  certain  num¬ 
ber  of  times  in  the  greater  (as  3  in  6,  or  4  in  12)  is  generally 
called,  on  the  part  of  the  greateft  term,  Multiple,  and  on  part 
of  the  lefs,  Submultiple ,  and  particularly  in  the  hrff  Example 
double, when  6  is  taken  in  refpect  to  3, an dfubduple  when  3  is  taken 
in  refpe£b  to  6  \  in  the  other  triple  and  fubtriple ,  &c*  If  the 
lefs  be  contained  in  the  greater  once  or  more  times,  unify  only 
remaining  over  and  above  ( as  3  in  4  and  4  in  9  )  the  Reafon 
or  Proportion  is  called  Superparticular  and  Subfuperpar  titular,  and  is 
noted  by  the  terms  Sefqui  &c  Subfefqui,  joyning  the  ordinal  Name 
of  the  leffer  Term*  as  the  the  Reafon  of  4  to  5  is  called  Sef 
quitertian ,  and  contrariwise  Suhfijquitertian 3  the  Reafon  of  9  to  4 
is  called  double  Sefqui  quart  an,  and  contrariwife  SubcLuple  Subfequi - 
quartan,  ScCo  If  laltly,  the  lefs  be  contained  in  the  greater  once, 
or  a  certain  number  of  times,  feveral  units  remaining  over  and 
above,  it  is  commonly  called  S uperparttent  Reafon  and  is  expreP 
led  by  the  word  Super  or  S ubfuper,  joyned  with  the  adverbial 
Name  of  the  remaining  Parts  ,  and  the  ordinal  Name  of 
the  leffer  Term  5  thus,  e.g*  the  Reafon  of  7  to  4,  is  cal¬ 
led  Supertriquartan,  1 1  to  y  double  Superbiquintan,  but 

when  the  Quotient  arifes  by  the  dtvifjon  of  the  greater  term 
by  the  lefs,  and  is  commonly  expreffed  in  the  fame  words,*  ic  is 
alfo  commonly  called  by  the  name  o {Reafon  (e.g.  2  is  the  name 
of  the  Reafon  of  6  to  ?•,  2\  of  9  to  4,  or  contrariwife,  &c.) 
as  alfo  the  quotient  arifmg  by  divihon  of  the  Confequent  by 
the  Antecedent  (as  §  in  the  firft  cafe,  *  in  the  latter)  by  whicti 
name  the  antecedent  Term  of  the  Reaion  being  multiplied,  pro¬ 
duces  its  Confeauenr*,  which  is  evident  by  naming  any  Reafon 

E  "  "  # 
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e  or  ?,  or  o,  &c.  Thus  if  the  antecedent  Term  be  called  ao\ 
dec.  the  Conlequent  may  be  rightly  call’d  ea  or  e  b9  oa  or 
&c.  and  becaufe  in  an  Arithmetical  Relation  we  only  refpedf  i 
excefs  of  the  firff  above  the  following,  or  of  the  following 
bove  the  foregoing  (which  may  be  called  x  or  fi)  if  the  an 
cedent  (which  may  be  called  a  or  b)  be  lels,  the  confequt 
may  properly  be  called  a-]~x  or  b-\-^  3  but  if  it  be  greater,  £ 
other  will  be  a — <x  or  b—%. 

GONSECTARYS. 


I.  *¥JSTE  may  hence  readily  infer,  that  if  the  Diameter 
§/  1?  any  Circle  be  called  a  the  Circumference  may  1 
called  e  a>  (  for  whatever  the  proportion  is  between  them, 
may  be  ex  prefled  by  the  Letter  e )  and  the  Area,  according 
Confe&ary  2.  Definition  Ij,  Wul  be  J  e  a  a. 

II  If  for  the  Bale  of  any  Cylinder  or  Cone  you  put  \  e a 
and  the  Altitude  (£)  the  Solidity  of  that  Cylinder  may  be  right 
exprefied  by  \e  a  ab,  by  Confied.  f .  Definit .  *  1 6,  and  of  ti 
Cone  by  e  a  a  b3  by  Confied.  4.  Definit.  1 7. 


DEFINITION  XXX II. 


AS  the  Identity  (  or  famenefs  )  of  feveral  Geometrical  Re 
Tons  ufl'd  to  be  called  Geometrical  Proportionality  9  or  en 
phatically  Proportion]  fo  the  fimilitude  (or  likenefs )  of  fever 
Arithmetical  Ppafims ,  is  defervedly  call  d  Arithmetical  Proportion . 
iiy,  or  by  a  particular  Name  Progrejjion  ]  and  confequently  tho. 
Progrejfionals ,  or  Arithmetical  Proportionals ,  which  exceed  one  ao< 
ther  by  the  fame  difference,  either  uninterruptedly  or  continual] 
as  I,  y,  8,  ii,  14,  &c.  afeenjing,  or  50,  28,  z63  24,  22 
20,  &c.  ddcecding;  or  interruptedly,  as  2  and  5,  7  andlc 
11  and  14,  &c.  afeendsng  ;  or  50  and  2 (S’,  24  and  20,  I 
and  1  5,  &b.  descending:  For  which,  and  all  other  in  whatca» 
foever,  we  rhay  univerfally  put  this  (or  fuch  like )  continu; 
Progreflion,  g.  a9  a- \~x9  4-J- zx,  &c.  amending  3  i 

a ,  a~x ,  a— zx9  a—%x,  (fic.  defcending,but  in  an  interrupt«| 
Progreflion,  v*  g.  b  and  and  c  and  c  and  c— d  ai! 
&c. '  defeending.  Whence  you  .have  this  ✓ 

co:: 


t 
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ANY  Difference  being  given,  the  following  Terms  of  tfce 
Progreflion,  continually  proceeding  from  the  firft  affumed 
or  given  one,  may  be  found  ;  as  aho  feveral  Antecedents  that 
interruptedly  follow  the  given  or  affumed  ones,  vi^v  by  adding 
or  fubtradling  the  given  Difference  to  or  from  the  former  Terms 
to  find  the  latter. 

DEE  IN  IT  10  N  XXXIII. 

IN  like  manner,  fince  ^eafins  are  (aid  to  be  the  fame,  which 
have  the  fame  Denomination  of  Rea fon,  thole  quantities 
will  -he  proportional  which  continually  afcend  by  the  fame  de¬ 
nomination  of  Reafon,  as  2,4,  8,  1  6,  32,  6^.,(3c.  or  defcend, 
as  8 1  ,  27,  9,  3,  1.  there  by  the  Denomination  of  the 
Reafon  2,  here  3  ,  or  that  afcend  interruprediy,  as  2,  4  ;  3a 
6:  y,  10,  or  defcend,  as  40,  jo;  28,  7  *,20,  5  j8? 
2,  Whence  you  have  thefe 

CONSECTAYS. 


I.  T  If^-ving  two  Terms  given,  or  only  one  with  the  Deno- 

X  jL  mination  of  the  Reafon  (  e.  g.  the  Term  2  with  the 
Denomination  of  the  Reafon  3 ,  or  univerfally  the  firil  Term  a 
with  the  Denomination  of  the  Reafon  e)  it  will  be  eafie  to  find 
as  many  more  Terms  of  the  Geometrical  Progreflion  or  Pro* 
portion  as  you  pleafc,  vi%.  by.  always  multiplying  the  Antece¬ 
dent  by  the  Denomination  of  the  Reafon,  that  you  may  haye  23 
6,  1 3,  54,  8c.  or  rf,  e  ezay  (3c.  in  continued,  or  2  and 
6,  4  2nd  12,  y  -and  I  y ,  (3c.  and  aea}  b  e  b9  d  e  d>  (3c.  in 
difeontinued  or  interrupted  Proportion, 

|v  f  * 

Thus  having  rightly  underffoed  what  we  have  laid  in  this 
3  3  and  3  1  Definition ,  there  will  follow  thefe  Corollary s  as  lb  ma¬ 
ny  Axioms. 

II.  That  equal  Quantities  have  the  fame  proportion  to  the 

E  2  fame 
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fame  Quantity  ( &  )  and  the  fame  has  the  like  to  equal  Quan¬ 
tities. 

III.  But  a  greater  quantity  has  a  greater  Reafon  to  the  fame 
(0)  than  a  lets,  and  the  fame  has  a  greater  proportion  to  a 
lets  Quantity  than  to  a  greater. 

IV.  On  the  contrary,  thole  that  have  the  (  y  )  fame  pro¬ 
portion  to  the  fame  quantity,  and  that  likewife  the  fame  to  them 
'k're  equal. 

V.  But  that  which  bears  a  ($)  greater  proportion  to  the 
fame  is  greater ;  but  that  to  which  the  fame  bears  a  greater 
proportion  is  left. 

VI.  Proportions  equal  to  one  third  (e)  are  alfo  equal  among 
themfelves,  (3  c. 

-  / 

DEFINITION  XXXIV. 


(&)  Eucl.  lib . 
Prop.’j . 

03)  prop,  8. 
(y)  prop  .9. 
( )  prop.  1  o 

Go,  16. 


HEre  remain  two  things  to  be  taken  notice  of  5  Firft  this. 
If  any  whole  (  quantiy  )  be  fb  divided  into  two  equal 
parts  (&)  that  the  whole,  the  greater  part  and 
the  lefs  are  in  a  continual  proportion  ;  that 
(whole)  is  laid  to  be  cut  in  extreme  and  mean 
Reafon.  a.  In  a  continual  Series  of  that  kind  ol 
Proportionals  (e.  g.  2.4.  8.  16.  32  f3c.  or  a,ea, 
eza,  e^ay  e^ay  (3c.)  the  Reafon  of  the  firft  Terir 
to  the  third  ($)  (z  to  8,  or  a  to  eza )  is  pan 
ticularjy  called  Duplicate ,  and  to  the  4th  (i£ 
or  e*a)  Triplicate,  &c.  of  that  Reafon  which  the  fame  firft  Tern 
has  to  its  fecond,  or  any  other  antecedent  of  that  Series  to  it 
Confequent :  But  generally  thefe  Duplicate  and  Triplicate  Rea 
fons,  (3c.  as  others  alfo  of  the  firft  Term  to  the  third  or  fourth 
of  Proportions  continually  cohering  together  ,  (  whether  the] 
are  the  fame  as  in  the  foregoing  Examples,  or  different  as  it 
thefe,  2,  4,  6,  18,  or  a ,  ea,  eia$  eioa ,  (3c .  vi%.  if  the  naniii 

of  the  firft  Reafon  be  e9  of  the  fecond  o 
the  third  0 ,  (3c.)  I  fay,  the  Reafons  of  the  firf i 
Term  (2  or  a)  to  the  third  (  6  or  ei  a)  o 
to  the  4th  (l  8  or  eioa )  are  laid  to  be  compound 
ed  of  the  continual  intermediate  Reafons. 

Now  from  our  general  Example,  what  Eueli i 

is  manifeft, 

CON 


(a)  Eucl.  De¬ 
ficit.  3 .  lib,  6 
(ft)  Eucl.  De~ 
finit.  lo.  /.y. 


fay 
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THat  the  denomination  of  a  compounded  Reafon  arifes  from 
the  Multiplication  of  the  denominations  of  the  given 
Simple  (*)  Reafons  •  as  the  denomination  of  the  reafon  com¬ 
pounded  of  both  (vi*.  a  to  eta)  is  produced  by  multiplying  the 
denomination  of  the  firft  Realon  e  by  the  denomination  of  the 
(econd  Reafon  and  the  denomination  of  the  Reafon  com? 
pounded  of  the  three  ft ri*.  a  to  eioa)  is  produced  by  the  deno¬ 
mination  of  the  firft  Realon  e  ,  multiplied  by  the  denomina¬ 
tion  of  the  fecond  Reafon  i  and  the  Product  of  thefe  by  the 
denomination  of  the  third  Reafon  o,  &c. 


CONSECTARY  II, 


SO  chat  it  is  very  eafie  after  this  way,  having  never  fo  many 
Reafons  given,  whether  continued  (as  a  to  3  to  6,  or 
a ,  ea ,  eia,)  or  interrupted  or  difcrete  (as  2  to  3,  and  5  to  10, 
or  a  to  ea,  and  b  to  i  b)  to  exprefs  their  compounded  Reafon : 
In  the  firft  cafe  it  eafily  obtain’d  by  the  bare  omiffion  of  the  in¬ 
termediate  Term  or  Terms  (  2  to  6,  or  a  to  eia *,)  and  in 
the  other  by  multiplying  firft  of  all  the  Names  of  the  com¬ 
pounding  Reafons  among  themfolves  (i|  and  2,  e.  and  z.)and  by 
the  Prcdudf  (3  or  e  i)  as  the  name  of  the  Reafon  compound¬ 
ing  the  firft  Term>(x  or  a )  that  you  may  have  the  o  her  6  or  eia) 
or  (if  any  one  had  rather  do  fo  in  this  latter  cafe)  by  turning 
the  difcrete  or  interrupted  Reafons  into  continued  ones,  by 
making  as  5*  to  1  o  in  the  ftcond  Reafon,  fo  is 
the  Confequent  of  the  firft  3  to  6  ,  or  as  b  (at)  EucL  L 
to  i[b ,  fo  ea  to  eia,)  and  then  by  re-  6,  Def.$. 

ferring  the  firft  <2.  to  the  third  or  the  firft  a 
.to  the  third  e  i  a,  In  a  word  therefore,  any  Duplicate 

Reafon  may  be  appofitely  exprelfed  by  a  to  eza ,  and  Triplicate 
by  4  to  e*ay  the  one  immediately  difoernible  by  a  double,  the 
other  by  a  triple  Multiplication  into  itfelf  ;  as  you  may  alfb 
commodioufly,  and  denote  others  compounded  3  ea  g.  of  2  by 
«  to  e  t  4,  of  3  by  a  to  e  i  ea,  Sec. 


; 

E  3 
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5  C  H.O  L  IV  M. 


TE  will  here  advertife  the  Reader,  that  tho  the  Names  o 
^  duplicate  &  triplicate  Reafon?,&c.  are  chiefly  appropriate 
to  Geometrical  Proponionaliry,yet  the  Moderns  have  alfo  acconi 
inodared  them  to  Arithmetical  alio  •  as  e.  g.  That  Arithmetic  a 
Progrejjion  is  called  Duplicate,  whole  Terms  are  the  Squares  o! 
Numbers  Arithmetically  Proportional  (e.g.  I,  4,  9, 

Fee,)  and  Triplicate ,  whole  Terms  are  Cubes,  ( <5tc.  as  1,  8, 


<34 v& 
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/ 

AND  now  at  length  we  may  underiland  what  Magnitudes 
Geometers  particularly  call  or  fimilar .  Whereas  in 

General  one  number  may  be  laid  to  be  like  another,  one  right 
Line  to  another,  one  obtufe  Angle  to  another,  a  Triangle  to 
a  Triangle,  and  the  like  ;  but  an  Amute  Angle  is  not  like  an 
Obtufe  one,  nor  a  Triangle  like  a  Parallelogram,  or  a  right 
Line  like  a  Curve  one  3  or  a  Square  like  an  Oblong.C^c.  Yet  a- 
mong  thole  Figures  which  may  after  that  rate  in  general  be  faid 
to  be  like,  there  is  notwithiianding  a  great  deal  of  diflimili- 
tude  ;  therefore  in  a  flridl  Sen (e  we  call  only  thofe  Right  Lin¬ 
ed  Figures  fimilar  ox  like  (a)  which  have  each  of  their  Angles 
refpe&ively  equal  to  each  of  the  other  (as  A  and  3)  B  and  Qp, 
C  and  ,  &c.  Fig.  48.  )  and  the  Sides  about  thofe  equal  An¬ 
gles'  Proportional,  as  BA  to  AC,  foTS3.ro  &c.  (0) 

and  among  Solid  Figures  thofe  are  laid  to  be  Similar,  each  of 
whole  Plant  s  are  refpccHvdy  Similar  one  to  the  other,  and  equal 
in  numVr  on  both  fldes  , 'as,  e.g .  the  Plane  AC  is  fimilar  to  the 
Plant  and  CG  to  C'©,  &c.  and  fix  in  number  on  both 
fide?. 
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Containing  ieveral  Proportions  demonftrated  from 
the  foregoing  Foundations. 


■  y 


CHAP.!.. 

Of  the  Compofition  and  Oivifion  of  Quantities, 

\  -  / 

Proportion  I  , 

HE  Sum  and  Difference  of  two  unequal  Quantities  ad= 
ded  together,  make  double  of  the  greateft. 

Demonttratfotu 


Suppofe  a  be  the  greateft,  h  the  leaft,  then  will  their  Sura 
be  ,  4  — |—  b 

And  their  Difference  a  ~  b 


,  Their  Sum 

%j9  Q.  E.  Do 


%  a,  by  ConfeEtary  X.  Definition 


CONSECTARY, 

HEnce  by  a  bare  Subfamption  (a)  you  hare 

the  truth  of  ConfiR.  i.  Defimt.  8.  that  2  (a)  Eucl.  lib. 

unequal  contiguous  Angles  on  the  fame  Right  6.  Defimt.  i. 
Line,  ACD  and  ACE  (Fig.  49 .)  i.  e,  if  we  call  ( 0)  lib.  1 
the  Right  Angle  BCD  or  BCE  (a)  and  thedif-  Defi  9. 
ference  between  the  one  and  the  other  (f)  a~\~b  (a)  Eucl.i$* 

and  4— -b,  make  2 ati,e,  are  equal  to  %  right  ones.  1.  1. 


R  4 


5  6  Math  efts  Enucleata  %  Grp 

Propofition  If. 

IF  the  Difference  of  two  unequal  Quantities  be  fiibtraTecf 
from  their  Sum,  the  Remainder  will  be  double  of  the  leaff 

9  •  -  <  •  ‘  r  ‘  ;  . 

•  •  »  V 

Demonfttattam 

*vy  '■  .  •  - 

If  from  the  Aggregate  or  Sum  a  -f-  b 

You  fubtradf  the  Difference  a  —  h 

t  .  .  ,  v .  •  A  w  .  Y 

C  II,  WT  .11  ■r'  -1 - .1  n twu jjtaaLJ — m.rr i  n  in — , 

The  Remainder  will  be  Q  -T  2  b9  by  Con- 

fi&ary  2.  Definition  27.  Q?  E.  D. 


Blir  if  1  he  Sum  or  Aggregate  be  fubtra&eed  from  the  Dif¬ 
ference,  the  remainder  is  fo  much  lefi  than  nothing,  as 
is  the  double  of  the  laffc  Quantity. 

Demonttratton. 

y  ■  'I''  1 

For  if  from  the  Difference  -  a  —  b 

You  fubtracf  the  Sum  or  Aggregate  afi-b 

Hie  Remainder  wiH  be  —  o  —  2  fr9  by  Con* 
fi&ary  3  of  the  aforefaid  Definition.  Q.  JE.  Do 

i  l  /  _  .  -5  '  . 

Propofition  IV. 

IF  a  Pofitive  Quantity  be  multiplied  by  a  Negative  one,  oi 

com  ran  wife,  the  Produce  will  be  a  Negative  Quantity. 

-  1  "  .  J  • '  •  •  '  ■  . 

€jepofitto»u 

\  ■ .  ■  1  .  *  i 

‘jf/a — -b  is  fo  he  multiplied  by  c  \  it  is  certain ,  that  a  multiplied 
by  C)  makes  a  c  a  Pofitive  Quantity ,  by  Confcdh  I.  Definir.  28. 
Moreover  b  by  the  fame  c  (4  Negative  by  a  Pofitive )  will  make  —be, 
and  fo  the  whole  Product  of  a*— b  by  — J—c,  will  be  ac™bc. 

Demast 
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Demonttcattom 

Suppofe  a — b~e,  therefore  e  c  will  be  z=  to  the  Produd  of 
a — by  c  :  and  fince  a~b  is  =  e  by  the  Hyoorb.  adding  on 
jboth  fides  b ,  you’!  have  a~^ef-b.  by  SchoL  Deficit .  16.  and 
multiplying  both  Tides  by  c,  a  c  —  e  c  -j-  b  c  ,  by  Confett.  z% 
Definit.z 8.  and  by  further  fubrradling  from  each  fide  be,  you’l 
have  a  c  b  c  g  ,  that  is,  to  the  Produ£t  of  a—*b  by  c. 

q  e  a 

CONSECTARY. 

\  •  - 

Since  ac — be  is  the  Product  of  a  —  b  bye,  it  is  rQinfrefi 
alfo,  that  if  ac  —  be  be  divided  by  c,  you'l  have  a—b  for 
the  Quotient ;  and  fo  always  a  Pofitiye  Quantify  (as  a  c)  di¬ 
vided  by  a  Pofitive  one,  c,  will  give  a  Pofitive  Quoth:  •  but 
a  Negative  Quantity  ™  b  c  divided  by  a  Pofitive  one,  will 
give  a  Negative  Quotient. 

Proportion  V. 

IF  a  Negative  Quantity  be  multiplied  by  a  Negative  one* 
the  Product  will  be  Pofitive. 

BSP*. '  . 

Crpafsttom 

Suppofe  a — b  is  to  be  multiplied  by  — c  ;  it  is  certain,  that 
a  multiplied  by  —  c  will  give  the  Negative  Quantity  •—  a 
by  Prop.  4.  but  —  b  multiplied  by  the  fame  —  c  will  produce 
r  b  c,  and  fo  the  whole  ProciudI  will  be  ~  a  c  -]-  b  c° 

a  ©emontttfltfon  like  the  former. 

_  . 

Suppofe  a  —  b~e,  then  will  c  —  the  Produdf  of 
by  — =  e  :  and  fince  4 —  b  is  adding  b  on  both  lides  you! 
have  a~e-)-b,  by  SchoL  Definit.  zfj.  and  multiplying  both  (ides 
by  — c,  you’i  have  — <  e  c  —  b  c>  by  Prop.  4,  and  ConfeSt. 

%«  Definit*  28.  and  by  adding  be  on  both  tides,  you’l  have 

4  c 


/'  •  :  ■  *  ..  .  /' 

5  8  Mat  hefts  •  Emcleata:  Or, 

r—  ac  —  ec,  u  e.  to  the  Produdl  of  4  b  by 

Q.  E  0. 

/I  >  CQNSECTARY5. 


1.,  Chinee  therefore  4  -4-  c  •+■  b  c  arifes  from  a  —  b  by  ~  o9 
t  j  it  is  manifeft,  that  if  — -  a  c  -j-  b  c  be  divided  again  by 
i— you  will  again  have  a  —  and  confequently  a  Negative 
Quantity  divided  by  Negative,  will  give  a  Pofitive  Quotient, 
but  a  Pofitive  Quantity  fi-b  c  divided  by  a  Negative  one,  will « 
give  a  negative  Quotient  ~b. 

1L  We  have  therefore  the  Foundation  and  Demonftration  of 
she  Rules  of  Specious  Computation,  in  the  multiplication  and 
divifion  of  Compounded  Quantities,  vi%?  that  the  lame  Signs 
multiplied  together  (  as  by  +  or  —  by  —  )  give  -J-  5 
but  different  (as  -}-  by  —  or  — »  by  -}-)  give  the  Sign  — ?  .* 
Which  Rules  the  following  Examples  will  Illuftratej  as  alfq 
feveral  other  we  fball  meet  with  in  the  following  Chapter. 

Multiplication . 


a  -f-  b 

a  ’ — b 


d  ~  b 
c  •—  d 


a  a  +  a  h 

— —  a  b 


—  bb 


a  c  °~*cb 

' — 4  d  A~b  d. 


$  a 


— < bb 


a  $ 


c  b  ~  a  d~f  b  d 


3  d— -  4«  +  2/ 
5  A—g 


aa  —  b  b 
by  d  b 


iydd  —  2  ode*—  I  o  df 

—  3  d  g-\-  4ge  —2*f 

1  f  d  d  — — *  20  d  c  -]r  10  df  — *  3  4<J  *  /» 

Divifion . 

% 

Tai~m hcJrb i  f  a  __ 

CHAP.  II. 


0- 


<3  c 


by.  e  -{-*  d  ^  *—»  d  ^  ^  ^ 
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C  A  A  P.  ir. 


Of  the  Powers  of  QUA  NT  1 T  IE  S. 

/  •  "  '/ 

Containing  (after  a  compendious  Way.)  ?  part 
of  the  2d  Book  of  Euclid  ;  and  the  +  ndix 
of  C lav  ins  to  Lib .  9.  Prop.  14. 


Proportion  VL 

IF  any  whole  Quantity  be  divided  into  two 
pa;  ts  («&)  the  Redangle  contained  tinder  the 
whole,  and  one  of  its  parts,  is  equal  to  the  Square 
of  the  fame  parr,  and  the  Redangle  contain’d 
tinder  both  the  parts. 


(d)Eucl  Hb.% 
prop.  3 .  A.  Co 
alfo  the  third* 


) 


Demonffratfon 


♦ 


Let  a  -J-  h  reprefent  the  whole 
b  one  part  of  it,  or 

a  b  -j-  b  b  the  Redangle, 

(  See  Fig,  Jo.  ) 


$  Hh  h 

a  the  other. 

_ 1 _ ‘ 

a  a  Arab  the  Redangle. 

q.  e.  a 


Tropofition  VIL 

IF  a  whole  Quantity  be  divided  into  two  parts 

($)  the  Square  of  the  whole  is  equal  to  the  (/3)  Bucl.Prop. 
Squares  of  both  thofe  parts  and  2  Redangles  4.  lib.  2 . 
Contained  under  them. 

/  s  I 

SDemonfftatiam 

f 

This  is  evident  frojp  the  preceding,  and  tray  moreover  thus 
appear  further, 


Let 


6o  Mathejis  Enucleata :  Or, 

Jjet  the  Parts  be  *  and  b,  then  will  the  whole  be  a-\~b 
Which  if  you  multiply  by  it  felf  a-\~b 

''  ~=  .r  '—in 

a  a  -  j-  a  b 
a  b  —I—  b  b 

fagi--  .’ir«  . *  »n-J 

You  have  the  Square  4  4  -j-2  a  b~\~b  b 

(See  Fig.  yi.  N.  I.)  Q^ELD. 

CONSECTAR  YS. 


I®  jTYEiice  you  have  the  Original  Rule  for  Extra&ing  of 
JlI  Square  Roots,  as  we  have  {hewn  after  Definition  g©. 
iod  here  have  further  Iliuftrated  in  Scheme  N°  2. 

It  Hence  it  naturally  follows,  that  the  Square  of  double  any 
Side  is  Quadruple  of  the  Square  of  that  Side  taken  fingly* 

III.  Hence  alfo  you  have  the  addition  of  furd  Numbers,  or 
In  general  of  furd  Quantities,  by  help  of  the  following  Rule 
(fuppofing  in  the  mean  while  their  Multiplication  : )  Suppofe 

ehefe  2  Surds  V 8  and  V x  8, or  more  generally  V 7  %a&  and  %/zyaa^ 
are  to  be  added  together  3  firft  add  their  Squares  8  and 
tben  double  their  Rcftangle  ( V 1 44 )  that  is,  multiply  it  by 

the  ^4,  and  then  the  double  of  this  V  57  i.  e ,  having  ex- 
traced  the  Square  Root,  (24)  and  added  it  to  the  Sum  of  the 
firft  Squares  (26)  the  Root  of  the  whole  Summ  (50)  vi%.  Vfo, 
js  |he  Sum  of  the  two  furd  Quantities  firft  propofed. 


SC  HO  L  It/M. 

r 

But  if  it  happens  that  the  Root  of  the  double  Product  can* 
not  be  expreffed  by  a  Rational  Number  fas,  when  the 
propofed  Quantities  are  Surds,  as  V  g  and  / jy  to  whofe  Squares 
g-j-7,  t  e.  xo,  you  muft  add  the  double  Frodudf  of  V7  by 
Vg,  *.  e.  V84,  which  cannot  be  exprefted  by  a  Rational  Num¬ 
ber  )  then  that  double  Produft  muft  be  joined  under  a  Surd 
Form,  or  Radical  Sign,  to  the  Sum  of  the  Squares  (thus,  vi^„ 

xo2j-”V84)  ancj  to  whole  Aggregate  prefix  another  Radi¬ 
cal  Sign,  thus,  V10+V84  9  or  ahb  you  may  onlyfimply  join 
the  Surd  Quantities  propofed  by  the  Sign  -j-  thus,  V g -J-y 7. 
Here  alfo  you  may  note,  that  the  tWQ  Surd  Quantities  propofed 
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in  the  firft  cafe  of  ConfeBary  z»  are  called  Communicants  £  in  the 
other  cafe  of  this  Scholium ,  Non-Communicants :  For  in  this  cafe 
each  quantity  under  the  Radical  Sign  may  be  divided  by  fome 
Square,  and  have  the  fame  Quotient  (e.g.  8  and  18,  maybe 
divided  the  firft  by  4,  the  other  by  9,  and  the  Quotient  of 
both  will  be  z  1  likewife  y$aa  and  zyaa  may  be  divided,  the 
one  by  1544,  the  other  by  9 aaf  the  Quotient  of  both  being  3  5 
and  then  if  the  Quotient  on  both  fides  be  left  under  the  Radical 
Sign,  and  the  Root  of  the  dividing  Square  let  before  it,  the 
fame  quantities  will  be  rightly  exprefled  under  this  form  :iVi 
and  3V2,  alfo  and  34^/3  ^  and  then  the  addition  is 

eafie,  vi%.  only  colleding  or  adding  together  the  Quantities 
prefixt  to  the  Radical  Sign  5  fo  that  the  Sums  will  be  of  the  on® 
and  of  the  other  84V3,  which  are  indeed  the  fame  we 
have  fhewn  in  Confeft,  z.  For  if  contrarywife  we  fquare  the 
Quantities  that  ftand  without,  or  are  prefixt  to  the  Radical 
Sign,  and  then  fet  t ho fe  Squares  (z$  and  6444)  under  the  Ra¬ 
dical  Sign,  multiplying  by  the  Number  prefixt  to  it,  you! 

have  for  the  one  V50,  for  the  other  V 19244  (  Confift,  after 
Schol-Pro]>.  zz .) 

Proportion  VIII, 

’  '  1 

IF  any  whole  Quantity  f  vi%.  Line  or  NumberJ  be  divided 
( &)  into  two  equal  parts,  and  two  unequal 
one?,  the  Redangle  of  the  unequal  ones,  toge-  (*)  Bud  & 
ther  with  the  Square  of  (the  intermediate  part  or)  Clav •• 
the  difference  of  the  equal  part  from  the  unequal 
one,  is  equal  the  Square  of  the  half 

An  Univerfal  DemOMttattOm 

Suppofe  the  parts  to  be  a  and  4,  and  the  whole  2 a  ;  let  one 
of  the  unequal  Paris  be  hy  the  other  will  be  2a-hy  and  the  dif¬ 
ference  between  the  equal  and  unequal  part  a—h9 


The 


ii  Mathejts  Enuckata  :  Of, 

The  equal  ones  za~~b  Difference  *~h 

-\-b  a~~b 

ReSangle  zab-~bh  aa—  ab 

-*~±ab-\-bb 

r  '  _  -  -mi  . -n'  •" 

aa™  iab-\-bbU 

The  Sum  will  be  a  a  (the  other  parts  deftroying  one  another) 

Q.  E.  D»  {fid.  Fig.  y  z) 

Proportion  IX, 

IF  to  any  whole  Quantity  divided  into  two  equal  parts  (  a} 
you  add  another  Quantity  ojf  the  fame  kind  ,  the  Rect¬ 
angle  or  Produdt  made  of  the  whole  and  the  part  added,  mul¬ 
tiplied  by  that  part  added,  together  with  the 
{&)  Enel  &  fquare  of  the  half,  will  be  equal  to  the  Square  of: 
Clav.  6.  the  Quantity  compounded  of  that  half,  and  the 
part  added. 


Demonffratfon; 

Let  the  whole  be  called  z  a ,  the  part  added  b9  then  the 
quantity  compounded  of  the  whole  and  the  part  added  will  be 
za-\~b  \  and  that  compounded  ot  the  half  and  the  part  added 

*  -r  #  /  f  |  ;  ;'C ,  '  M ,  '  1.1 

.  The  Quantity  compounded  of  the  whole,  and  the  part  added, 
is,  z  a  -!p  b  the  half  a  Comp,  a  -j-  b 

Multip.  by  the  part  added  b  a  a  -j~  & 

- - ■ - ~  -  "■  ~ ,  -  44— \—db 

'  ftb-F-bb 

1ah-\-hbn  of  the  half  44 ~ □  44-]-  2 ab-\-bb 
(Vid.  Fig.  5:3.)  Q  E.  D. 


Proportion  X. 

IF  a  Quantity  be  divided  any  how  into  (ti)  two  parts,  the 
Square  of  the  whole,  together  with  that  oi  one  of  iis  parts, 
(b^  EucJ  &  ls  ec3ua^  to  two  Re(^a^ghs  contained  under  the 
CteV'prop.j.Lz  wbole  and  the  firft  part,  together  with  the  Square 

of  the  other  parr* 

The 


'  54 


( 


, 


f; 


\ 


y 


/' 


/ 
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/  ■* 

The  univerfai  ©emonfftatum* 


Let  a  be  one  part  and  b  the  other,  the  whole  a 
a  Agb  the  whole.  The  whole  a 

a  rhe  firft  part  #  a 


*— I"* 


&  a  — rt  b 
a  b  ’  b  b 


2aa-\-2ab  the  double  reChngle  q  of  the  whole  aa-\-2ab-\-bb 
add  bb  the  q  of  the  other  part  #  add  aa 

Sum  2 aa-\-xab-\-bb  to  the  Sum  ....  2ua-\-2ab-\-bh 

(  Vid.  Fig.  5-4. N°  I.j  QJLD« 


CONSECTARY. 


HEnce  you  have  the  Subtraction  of  Surd  Number^  or  more 
generally  of  Surd  Quantities,  by  help  of  the  following 

Rule. 

Add  the  Squares  of  the  given  Roots  according  to  Con  fed,  3.  Prop^ 
7.  and  from  their  Sum  Jab  tract  the  double  ReBangb  of  their  Roots  2, 
the  Root  of  the  Remainder  will  be  the  difference  fought  of  the  given 

Quantities. 

As,  if  the  V8  (BC)  is  to  be  fubtraded  from  V 50  AC  (Fig} 
54,  N°  1.)  you  mult  add  5 office,  the  whqle  Square  AD) 
and  Ufi.e,  the  other  Square  fuperacfded  DE,)  and  the  Sum  will 
be  y8,  equal  to  rhe  two  ReClangles  AF  and  FE  -j-  □  GH>  by 
this  Prop.  I  find  therefore  thofe  two  Rectangles  by  multiplying 
V^oby  V8,  and  then  the  ProduCtVqoo  by  2  or  1/4,  there¬ 
by  to  obtain  the  double  Re&angle  V 1 600,  i.  e.  (having  aClu» 
ally  ExtraCLd  the  Root)  40 .  This  double  ReCtangle  therefore 
or  40,  being  iubtra&ed  out  of  the  foperipur  Sum,  the  remain¬ 
der  18  will  be  , the  DGH,  and  fo  its  Root  (yty.  V18)  gives 
the  required  Difference  between,  the  given  Surd  Quantities. 

SC  HO  LION. 


BUT  this  Subtraction  may  be  performed  yet  a  fhorter  w  ay, 
if  each  quantity  under  its  Radical  can  be  divided  by  fome 

Pjuare, 


j  5  ’''I 


Mathejts  Emcleata  :  Or, 

fquare  ,fo  that  the  fame  Quotient  may  come  out  on  both  fife  9 
that  is,  if  the  Surd  Quantities  are  Communicants ,  as  £.  Vyo 
(the  number  50  being  divided  by  25-)  is  equal  to  5^2  and 
4^3  to  21/2  ;  for  then  the  numbers  prefixt  to  the  Radical  Sigd 
being  fubtra&ed  from  ohe  another  (vi%.  lV 2  from  youl 

have  immediately  the  remainder  or  difference  31/2,  i  e,  %/l8. 
But  if  the  propofed  Quantities  are  not  Communicants  (as  if  the 
V?  is  to  be  fubtra&ed  from  Vj)  the  remainder  may  be  briefly 

expreffed  by  means  of  the  Sign  —  thus,  V 7 — 1/3*  or  according 
to  the  foregoing  ConfeEl ary ?  thus,  4 A  o — • 


Proportion  XL 


IF  any  Quantity  be  divided  into  two  parts ,  (  &  )  the  j^uadruph 
RgEl angle  contained  under  the  whole  and  one  of  its  parts,  together 
with  the  Square  of  its  other  parts  s  will  be  equal  to  the  Square  of  thi 
Quantity  compounded  of  the  whole  and  the  other  part. 


bementfratm 


V 


Suppofe  a^b  the  whole, 
b  ofie  part, 


ab\bb  the  Rediangle  of  thefe  two* 
mult,  by  4 


■a 


j 

tyb^^bb  the  Quadruple  Re&angfe 
Add  aa  the  Square  of  the  other  part. 


Sum  aa~^~^.ab~^~bb 


The  Quantify  compounded  of  the  whole*^  a-\-ib 
and  the  fir  ft  part  . .  J  a-\-2b 


(*)  EueL  & 
Claw,  prop,  8. 


aaA^-jLba 

2,ha\^bb 


a  ^ba\ 4  b  b 

Square  of  the  Compound  Quantity  Qe  E .D. 

C rid.  Fig.  yj.) 

Proportion 
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F  any  Quantity  be  divided  into  two  equal  parts  ( 0  )  and 
into  two  ocher  unequal  ones,  the  Squares  of  the  unequal 
parrs  raken  together  will  be  double  the  Square  of 
half  the  quantity,  and  the  Square  cf  rhe  difference,  ($)  Bud  oC 
vis[*  of  the  equal  and  unequal  parr,  taken  ro-  Clav.  prop, o. 
gether. 

Dsnwnfftatfom 

'  t,  *  •  *  •  r  ■ 

£uppofe  the  equal  parts  to  be  a  and  a ,  the  difference  (A  the 
greater  of  the  unequal  .Parts  to  be  a-fb^  thelefs  ^ — b . 

The  greater  part  a-\-b  \  The  lefs  a~b 


i-\-b 


a~—b 


aa——2abr~bb 


□  a  a — j—  2  a  b~  p b> b 
Sum  of  chefe  2aa-\-2abb 

i 

Q  E.  D*  (Vid*  Fig*  yb,) 


Half 

Difference 

a 

b 

a 

b 

□  aa 

□  bb 

Sum  aaf  hb 


■■  *  X 

IF  to  any  whole  Quantity  (&)  divided  into  two  equal  parts 
there  be  added  another  Quantity  of  the  lame  kind,  the 
Square  of  the  Quantity  compounded  of  the  whole,  and  the 
quantify  added,  together  with  the  fquare  of  the 
quantity  added,  will  be  double  the  fquare  of  the  (*)  EucL  & 
halt  the  quantity^  and  the  fquare  of  the  Sum  of  CUv.  x. 
the  half  and  the  part  added  taken  together. 

Dcmonffrattmr 

Suppofe  the  whole  to  be  2  a,  the  half  parts  a  and  the 
quantity  added  b  ^  then  the  quantity  compounded  of  the  whole 
?nd  the  quantity  added,  will  be  2a-\~h  and  ^at  half  and 

*he  quantity  added  a- \-b< 

F  .  Conjpc 


\ 


i 


66  Mathejis  Enucleata  :  Or, 

Comp,  of  the  whole  x  I  Half  Qjj.  compouded  of  hal 

and  quantity  added  J  2<t-\-b  |  a  and  qu.  added,  a-  - 


^aa-^lab 

Xab-^-bb 


□  ^aa~\~^ab-\-bb 
Q  Qu.  added,  bb 


Sum  4.aa-\-^ab-\-lbb 


aa 


D  44*-]"“  2  ah -|— l 


Sum  Xaa-\-2ab-\-l 
Manifeftly  the  half  of  the  foi 
mer  Sum.  Q.E.D. 


CHAP.  TIL  r 

r 

Of  Frogrejfwn,  or  Arithmetical  proportionals .* 

Propofition  XIV.  'W  |>j 

IF  there  are  3  Quantities  in  continued  Progreflion ,  or  i 
Arithmetical  continued  Proportion,  the  Sum  of  the  Extrem 
is  double  of  the  middle  Term* 

Demontttation, 

Such  are  a%  a-j-x,  a- \-2x  afcending, 
or  4,  4 — x,  4 — —2>x  defending. 

By  Definition  32.  the  Sum  of  the  Extremes  in  the  firft 
2a-j-2x,  in  the  latter  24 — lx  ^  in  both  manifeftly  double 
the  middle  Term  Q*E»D. 

,  > 

Proportion  XV. 

IF  there  are  4  of  thefe  Continued  Proportional^  the  Sum 
the  Extreme  Terms  is  equal  to  the  Sum  of  the  mej 

Terms. 

Demci 


/ 
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Demonfftattcm. 


r 


4,  a * 


Such  are  e.  g.  a ,  a-\~xy  a-\-7.x,  a-\^^x9  &cc.  afcending,  or 
a—  xy  a — ix,  a — ^.Vj&c  defending}  in  the  one  the  Sum  of 
the  Extremes  h  xa-\-^x^  in  the  orher  xa — 3*  *3  and  al(o  of 
the  means  xa-\-^x  and  xa — 3 x  Q.  E  D. 

Proportion  XVI. 

IF  there  are  never  (o  many  of  theft  continued  Proportional^ 
the  Sum  ot  the  Extremes  is  always  equal  to  the  Sum  of 
any  x  orher  of  them,  equally  remote  from  the  Ex.-remes,  or 
alfo  double  of  the  middle  Term,  if  the  number  of  the  Terms  is 
odd. 

jOentanfftatiatt, 

,•  v 

Suppoft  45  4- \-x,  a-\-ix.  4-^3^.  4-j~~ 4#,  a-^6x? 

ire.  or  4,  a — ~.r  ,  a — xxy  a — -3  a — i\xy  a — jx,  4- — 6x,  and 
the  Sum  of  the  Extremes,  as  alio  of  any  x  equally  remote  from 
the  Extremes,  and  the  double  of  the  middle  Term  is  in  the 
firft  Series  2a-]-6x,  in  the  latter  2.4— 6x,  &c.  Q.E.D. 

I  SC  HO  LIU  M  I# 

NOR  can  we  doubt  but  that  this  will  always  be  fo,  how 
far  ftever  the  Progreffon  be  continued ;  if  you  confider 
that  the  lad  Term  contains  in  it  (elf  the  fir  ft,  and  moreover  the 
difference  fo  many  times  taken,  as  is  the  number  of  Terms  ex« 
cepting  one,  but  that  the  firft  has  no  difference  added  to  ir*7 
and  therefore  tho  the  laft  fince  one  contains  one  difference  left 
than  the  laft  *  the  fecond  on  the  contrary  has  one  more  than 
the  firft,  and  confequenrly  the  Sum  of  the  one  will  neceffarily 
be  equal  to  the  Sum  of  the  other*,  and  in  like  manner  the  laft 
except  two,  contains  two  Differences  lefs  than  the  laft  *,  but, 
on  the  contrary,  the  third  exceeds  the  firft  by  a  double  Diffe¬ 
rence,  the  double  Difference  being  added  to  it,  c as  is  ob¬ 
vious  to  the  Eye  in  our  firft  univerfal  Example.  Hence  you 
have  theft 

F  z 


CON- 


68 
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CONSECTARYS. 


I.  \7^ Oil  may  obtain  the  Sum  of  any  Terms  in  Arithmetical 
t  Proportion,  if  the  Sum  of  the  Extremes  be  multiplied 
by  halt  the  number  of  Terms,  or  (which  is  the  fame  thing)  half 
the  Sum  by  the  number  of  Terms, 

II.  To  obtain  therefore  the  Sum  of  600,  or  never  fb  many 
fitch  Terms,  you  need  only  have  the  Extremes  and  the  number 
of  Terms:  So  that  you  have  a  very  compendious  Way  of  pro* 
cecding  in  Queftions  that  are  folvible  by  thefe  Progreflions,  if, 
having  the  firft  Term  and  Difference  of  the  Progrefiion  given, 
you  can  obtain  the  laft,  neglebling  the  intermediate  ones. 

III.  But  you  may  obtain  the  lap:  Term, by  Multiplying  the  given 
given  Difference  by  the  given  Number  of  Terms  leffened  by 
Unity,  and  then  adding  the  firft  Term  to  the  Produtff  ^  as  is 
evident  from  the  preceding  Scholium. 

IV.  Hence  we  may  eafily  deduce  this  Theorem,  that  the  Sum 
of  any  Arithmetical  Progreffion  beginning  from  o9  is  fiibduple 
of  the  Sum  of  .fb  many  Terms,  equal  to  the  greateft,  as  is  the 
number  of  Terms  of  that  Progreffion.  For  if  the  firft  Term 
Is  o  and  the  lad  xy  and  the  given  number  of  Terms  a ,  the  Surn 
of  the  Pfogreffbn  will  be  by  Confect,  i.  but  the  Sum  of 
fb  many  Terms  equal  to  the  greateft,  ax.  Q_E.D. 

SCHOLIUM  IL 


"^TOw  if  any  one  would  be  iatisfied  of  the  truth  of  this  laft 
tJL  ^  ConfeB .  without  the  literal  or  fpecious  Notes, let  him  confider, 
mat  it  the  firft  Term  be  fuppofed  to  be  e,  the  laft  (  whatever 
it  is)  will  be  the  Turn  of  the  Extreme?,  The  laft  therefore  mul¬ 
tiplied  by  half  the  number  of  Terms,  gives  the  Sum  of  the  Pro- 
grefffen?  by  ConfeB .  i.  and  the  fame  laft  Term  multiplied  by 
the  whole  number  of  Terms,  gives  the  Sum  of  fb  many  Terms 
equal  to  the  greateft.  But  that  this  mu  ft  needs  be  double  of  the 
precedent  ftis  evident,  becaufe  any  Multiplicand  being  multiplied 
by  a  double  multiplier, muft  needs  give  a  double  Produdh  Now  as 
this  Confefefary  will  be  of  fingular  Hie  to  us  hereafter  for  De- 
monft rating  ft  veral  Propofitions,  fo  the  three  former  are  the  very 
fame  Pra&icai  Ruks  of  Arithmetick,  which  are  commonly  made 
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ufe  of  in  Arithmetical  Progreflions^  for  the  Illuftration  whereof 
Swenterus  gives  us  feveral  Ingenious  Examples  in  his  Delic.  part 
I.  Quell.  70.  (3c. 


CHAP,  IV, 

i 

Of  Geometrical  Proportion  in  General . 


Prop  oft  ion  XVII* 

/ 

|  ;  *  ✓  *\ 

IF  there  are  three  Quantities  continually  (a)  Proportional^ 

the  Redlangle  of  the  Extremes,  is  equal  to  the  Square 
the  mean  Term. 

SDem  onfftatfom 


Such  are  e.  g.  a,  ea9  eza, 
The  Extremes 


eza 


The  mean  Term,  ea 

c  a . 


Re&angle  ezaz 


Square 


ezAz 


M 


SCHOLIUM. 

Oreover  if  three  Quantities  on  each  fide  are  in  fhs  fame 
Continual  Proportion,  as 


1, 

F 


the 


\ 
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the  Rectangles  of  the  Extremes  made  Crofs-wajfs,  are  equal 
to  the  Redhngle  of  the  mean  Term  ;  being  every  way  e^ab. 
Whence  by  the  way  may  appear  that  Proportion  of  Archimedes : 
(ff)Yhat  theSurface  of  a  Right  Cone  is  equal  to  the  Circk^whofe  Radius  is 
a  mean  Proportional  between  the  Side  of  that  Cone  and  the  Semidiameter  of 
the  Bafe .  For  fuppofe  EF  to  be  a  mean  Pro¬ 
portional  between  the  lid^  of  the  Cone  BC  (Fig. 
57« )  and  the  Semidiameter  of  the  Bafe  CD, 
fince  an  equal  number  of  Periphery^  anfwer  to 
an  equal  number  of  Radii  in  the  fame  Propor- 


(et)Eucl.ljL 
6  £3  to L  y. 
({&)  lib.  I .  de 
SphcCr.  £3  CyL 
Prop.  14. 


tion :  half  the  Product  of  the  firft  Line  BC  into 


the  Iaff  Periphery,  f  e  za  b.  (that  is,  by  Confett* 
4.  Definit.  1  8.  the  Surface  of  the  given  Cone)  will  be  equal  to 
half  Product  of  the  mean  Line  into  the  mean  Periphery,  %ezab 
( i.  e.  by  Corfett.  z.  Definit.  1  y.J  to  the  Area  of  the  Circle  of 
the  mean  Proportional  EF.  Q.  E.  D. 

The  fame  Propofition  oi  Archimedes  may  alfb  be  Demon# rat¬ 
ed  after  this  Way  :  If  the  fide  of  the  Cone  BC  be  called  b,  and 
the  Semidiameter  of  the  Bafe  a  )fo  that  the  Periphery  may,  by 
Confetti  I  *  Definit.  31=  be  zea,  and  lb  the  Surface  of  the  Cone, 
by  Conjett.  4.  Definit.  1 8.  eab)  the  Vab  will  Jue  a  mean  propor¬ 
tional  between  b  and  a>  by  this  1  7th  Propofition  3  which  being 
taken  for  Radius^  the  whole  Diameter  will  be  V zab9  and  the  Pe¬ 
riphery  zeVab^  Therefore  by  Confett .  2.  Definit .  1  p  half  the  Ra¬ 
dius  3  Vab  multiplied  by  the  Periphery  (fince  V ab  multiplied  by 
Vab  neceflarily  produces  ab)  will  give  you  the  Area  of  the  Cir¬ 
cle  by  that  mean  (4)  Proportional,  equal  to  the  Surface  of  the 
given  Cone,  which  before  was  e^prefled  in  the  fame  Terms. 
Q.E.D.  '  '  :  •  4  ? 

Hence  alfo  naturally  flows  this  other  Propofition,  That  the 
Surface  of  the  Cone  ( Ifafi)  is  to  its  Bafe  (5  ab)  as  the  Side  of 
the  (  one  (erb)  is  to  the  Radius  of  the  Bale  h9  as  may  appear 
from  the  Terras 


Propofition  XVIIL 


(4)  lib .  I.  de 
Sphcer.  (3  CyL 

pop.  1 5% 

(  b)  Et  c!.  16 


Lb  ?  9. 


;  ~ 

*  /  * 


IF  Q>)  4  Quantities  are  Proportional,  either 
continuedly  or  dircretely  ,  the  Produdf  of 
the  Extremes  is  equal  to  the  Produdl:  of  the 

Means. 

1  SDemsn* 
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Demanffrattom 

Suppofe  one  Continual  Proportional,  4,  £4,  e24,  e>a 


Extremes  e^a 
a 


Means  eza 
ea 


Prod.  e^aa~ Prod.  e^aa.  Q.E.D. 


SCHOLIUM . 


ON  this  Theorem  is  founded  the  I{ule  of  Three  in  Arithmr- 
tick  *,  fo  called  becaufe  having  3  Numbers,  (2.  5.8. )  it 
finds  an  unknown  fourth  Proportional.  For  altho  this  fourth 
be,  as  we  have  (aid,  unknown,  yets  its  Product  by  2  is  known, 
becaufe  the  fame  with  the  Produ£fc  of  the  Means,  ^  and  8. 
Wherefore  the  Rule  dire£b  to  multiply  the  third  by  the  fecond, 
that  you  may  thereby  obtain  the  Product  of  the  Extremes: 
which  divided  by  one  of  the  Extremes,  yi%.  the  firfi,  necefla- 
riJy  gives  the  other,  r.  e,  the  fourth  fought- 

Propofition  XIX. 

IF  2  Produces  (on  the  other  fide)  arifing  from  the  Multiple 
catioq  of  2  Quantities,  are  equal,  thofe  4  Quantities  will 
be  atleaft  direftly  Proportional. 

Demonfftatunu 

Suppofe  eh  a  be  the  equal  Prod  u&  of  the  Extremes,  and  e  ah 
of  the  Means  *7  the  Extremes  will  either  be  eh  and  4,  or  *and! 

or  b  and  m,  asalfo  the  Means.  But  what  way  foever  either 
is  taken,  there  can  be  no  other  Difpofition  or  placing  of  tnetn, 
than  one  of  the  following. 

X  eh  eh  a  a 
«■ . -  e  e  ah 

— — — e  a  b  ♦  or  inverfly^ 

* — - a  eh 

•— —  ah  e 

4  * 


c 
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***  ‘  h  e  a 

i-i  e  e  b  a  b  a 

- — — «  eb  a 

— — -<?  4  b  *  or  mverfly# 

- — ■ — — *  £4  e 

— - - 4»  £  b 

Jy  c  a 

5  b  b  e  a  e  a 

- - — •  a  eb  '■  ) 

~—~ba  e  •  or  inverfly. 

* - —  e  b  a 

— ■—  *?  £  4  j  or  inverting  the  Order  of  them  all 

*  * 

In  all  thele  Difpofitions  there  may  be  immediately  feet?  a 
Geometrical  Propoition  ,  by  what  we  have  in  Definition  gi 

and  gg.  ’ 

GONSECTARSY. 

.  •  .  }  ’V  .■  - 

•  ~  ■  ,  >  v  v  '  r  -  • 

L  A  5  we  have  (hewn  one  Sign  of  Proportionality  an  the 
Definition  of  it,  vi%.  That  the  fame  Quotient  will  a- 
rlfe  by  dividing  the  Confequents  by  the  Antecedents’  fo  now 
we  have  another  Sign  of  it,  The  Equality  of  the  Produdts 

of  the  Extremes  and  Means# 

II.  By  a  bare  Subfumption  may  hence  appear  the  Truth 
of  Prop.  1 4.  lib .  6.  Euclid,  at  lead  partly ;  Which  we  {hall  yet 
more  commodioufly  (hew  hereafter, 

Propofition  XX® 

IF  there  are  never  fo  many  Continual  Proportionals,  the  Pro- 
duel  of  the  Extremes  is  equal  to  the  Produdl  of  any  2  of 
the  Means  that  are  equally  aidant  from  the  Extremes,  as  alfo  to 

the  Square  of  the  mean  or  middle  Term,  if  the  Terms  arc  odd# 

; 

SDemonffratton# 

r 

Such  are  e.  g-  ea,  eD,  cV,  e\a9  e^a,  e6a ,  &cc,  and  the 
FroduT  of  the  Extremes,  and  of  any  two  Terms  equally  remote 

from 
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them,  and  the  Square  of  the  mean  or  middle  Term,  every 
where  e^aa.  Ch  E  D« 


SC  HO  L  IUM  I. 

~^0R  can  there  be  any  doubt  but  this  will  always  be  fo, 
how  far  foever the  Progrelfion  is  continued  •  if  you  con- 
fider  that  the  laft  Term  always  contains  the  fir  ft,  by  way  of 
Reafbn,  fo  many  times  multiplied  as  is  the  place  of  that  'Term 
in  the  rank  of  Terms,  excepting  one.  Aitho  therefore  the  faff 
Term  but  one  is  in  one  degree  of  its  Rea  on  lels  than  rhe  laft, 
the  fecond  on  the  contrary,  is  in  one  more  than  the  hrfl  *  there¬ 
fore  the  Produ£f  of  the  one  will  nect-flarily  be  equal  to  the 
Product  of  the  other.  Thus  alfo  the  laft  Term  but  two  is  2 
Degrees  of  Proportion  lower  than  the  laft  •  but  then  rhe  third 
being  to  be  multiplied  into  that,  exceeds  the  hrft  by  2  Degrees 
of  the  Proportion, &c.  as  may  be  feen  incur  Univerfal  Example, 
Hence  you  have  the  following 


CONSECTARIES. 


I.  T  TAving  fonie  of  the  Terms  given  in  a  Continual  Pro- 
JL  JL  portion  (  e-  g°  Eippofe  I  o  )  you  may  eafiiy  find  any 
other  that  (hall  be  required  (e.  g,  the  lyth,^  as  the  laft;  IF 
the  2  Terms  given  ,  being  equally  remote  from  the  fir  ft  and 
that  required  (  as  are  e,g.  the  eigth  and  tenth)  be  multiplied 
by  one  another,  and  this  Product,  like  that  alfo  of  the  Extremes, 
be  divided  by  the  fir  ft. 

II.  But  this  may  be  performed  eaGer,  if  you  moreover  take 
in  this  Obfervation,  That  if,  e-g<  never  fo  many  places  of  pro¬ 
portionals,  pafftng  over  the  the  firft,  be  noted  or  marked  by 
Ordinals  or  Numbers  according  to  their  places  (as  in  this  uni¬ 
verfal  Example  ) 

a ,  ea ,  e-a>  e^a,  Tay 

I.  II.  Ill.  IV.  V.  VI. 

The  place  of  the  7th  Term  is  (e^gl)  VI.  (and  fo  the  place  of 
any  other  of  them  being  lefs  by  Unity  than  its  number  is  among 
tire  Term-)  and  alfo  ccmpofed  of  the  places  of  any  other  equal¬ 
ly  diftant  from  the  Extremes,  e*  g .  V»  and  L  IV.  and  11.  or 
twice  HI.  &Co 

ill .  Here 
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III:  Here  you  have  the  Foundation  of  the  Logarithms,  u  el 
of  a  Compendiems  Way  of  Anthmedck,  never  enough  to  be 
praifed.  For  if,  e.  g.  a  rank  of  Numbers  from  Unity,  conti¬ 
nually  Proportional, be  figned  or  noted  with  their  Ordinals,  as  we 
have  faid,  as  Logarithms, 

V,  )'  ;  '  .  v  '  ' 

i.  %.  4.  8.  16.  31.  64.  12.8.  1 56,  (3c. 

I.  II.  III.  Iv.  v.  VI.  VH.  VIII. 

oi  ‘  • -v  , 

and  any  two  of  them  (as  8  and  32)  are  to  be  multiplied  to¬ 
gether  *  add  their  Logarithms  III  and  V,  and  their  Sum  VIII, 
gives  you  the  Logarithm  of  their  Produdf  2^61,  as  the  Term 
equally  remote  from  the  2  given  ones  and  the  firft,  and  fo 
whofe  Produdf  with  the  firft  (which  is  Unity)  i.  e .  it  felf  will 
be  equal  to  the  Produdf  of  the  Numbers  to  be  multiplied  :  And 
eontrariwile,  if,  e,  g*  1 18  is  to  be  divided  by  4,  fubtra&ing  the 
Logarithm  of  the  firfi  II  from  the  Logarithm  of  the  lecond  VII, 
the  remaining  Logarithm  V  points  out  the  number  fought  32; 
fo  that  alter  this  way  the  Multiplication  of  Proportionals  is, 
by  a  wonderful  Compendium^  turned  into  Addition,  and  their 
Divifion  into  Subtraction,  and  Extraction  of  the  Square  Root 
into  Bifedting  or  Halving,  ( for  the  Logarithm  of  the  Square 
Number  1 6  being  Bifedfed,  the  half  II  gives  the  Root  fought 
4)  of  the  Cube  Root  imo  Trifedfion  (for  the  Logarithm  of  the 
Cube  64  being  Trifedled,  the  third  part  gives  the  Cubick 
Root  fought  4). 

✓  \ 

SCHOLIUM  II. 

/ 

THat  we  may  exhibit  the  whole  Reafon  of  this  admirable 
Artifice  (which  about  3  y  years  ago  was  found  out  by 
the  Honourable  Lord  John  Naper  Baron  of  Msrchifton  in  Scotland , 
and  publiflhed  fomething  difficult,  but  afterwards  render’d  much 
eafier  and  brought  ro  perfedlicm  by  Henry  Briggs ,  the  firft  Sa~ 
vilian  Profeflor  of  Geometry  at  Oxford.)  I  lay  that  we  may 
exhibit  the  whole  Reafbn  of  it  in  a  Synopfis,  after  an  eafie  way; 
when  its  ufe  appear'd  lb  very  Confiderable  in  the  great  Num¬ 
bers  in  the  Tables  of  Sines  and  Tangents,  nor  yet  could  they 
be  ufeful  without  mixing  vulgar  Numbers  with  them,  efpeciab 
ly  in  the  Practical  Parts  of  Geometry,  the  bufinefs  was  to  ac¬ 
commodate 


/tv 
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commodate  this  Logarithmical  Artifice  to  them  both.  Firft: 
therefore  that  Artifts  might  affign  Logarithms  to  all  the  com¬ 
mon  Numbers  proceeding  from  i  to  1000  and  ioooo,  (3c. 
they  firft  of  all  pick  out  thole  which  proceed  in  continued  Geo¬ 
metrical  Proportion,  and  particularly,  tho  arbitrarioufly,  rhofe 
which  increafe  in  a  Decuple  Proportion,  e,g.  i.  io  100  i  ooo, 
ioooo, 

But  now  to  fit  them  according  to  the  Foundation  of  Confect. 
g,  a  Series  of  Ordinals  in  A-ithmetical  Progrcffion,  we  do?nc 
only  fubftityte  the  fimple  Number  i,  % ,  ^y(3c.  bur  augmented 
with  federal  Cyphers  after  them,  that  lb  we  may  alio  aftjgo 
their  Logarithms  in  whole  Numbers  to  the  intermediate  N  Ta¬ 
bers  between  I  and  IO,  IO  and  ioo,  (3  c.  Wherefore,  by 
this  firft  Suppofirion,  Logarithms  in  Arithmetical  Proportion, 
anfwer  to  thofe  Numbers  in  Geometrical  Proportion,  after  the 
way  we  here  fee,  L 


I 

Log.  QCQOCOD 

-  *'  , 

, 


IO 

ioopooco 

IQOO 

gcoooooo 


I  00 

2000000® 

,-i©oco 

40000000, 


As  that  they  alio  exhibit  certain  Chara£lenftical  initial  Notes, 
whereby  you  may  fee,  that  all  the  Logarithms  between  1  and 
io  begin  from  o,  the  reft  between  10  and  100  from  1,  the 
next  from  100  to  1000  from  2,  (3c. 

The  Logarithms  of  the  Primary  Proportional  Numbers  being 
thus  found,  there  remain'd  the  Logarithms  of  the  intermediate 
Numbers  between  thefe  to  be  found  :  For  the  making  of  which, 
after  different  ways,  feveral  Rules  might  be  given  drawn  from 
the  Nature  of  Logarithms,  and  already  (hewn  in  Confe&t.  5. 
See  Briggs' s  Arithmetic a  Logarithmica ,  and  Gelltbrand  3  Trigonometria 
Britannica  ^  the  firft  whereof,  chap *  5.  and  the  following,  ffiews 
at  length  both  ways  delivered  by  A leper  in  his  Appendix.  But 
the  bufinefs  is  done  more  (imply  by  A.Vlacq.  in  his  Tables  of  Sines 
(3c.  whole  mind  we  will  yet  further  explain  thus  If  you  are 
to  find,  e.  g.  the  Logarithm  of  the  Number  9,  between  I  and 
Jo,  augmented  by  as  many  Cyphers  as  you  added  to  the  Lo¬ 
garithm  of  io,  or  the  reft  of  the  Proportionals  (b.  e.  between 

i.ocooodo 


I 
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IOOOO0OQ  and  100000000)  you  mud  find  a  Geometrical 
Mean  Proportional,  vi%.  by  multiplying  thefe  Numbers  together, 
and  extracting  the  Square  Root  out  of  the  Frodudt,  by  Prop . 
17.  Now  li  this  Mean  Proportional  be  lefs  than  9  augmented 
by  as  many  Cyphers,  between  it  and  the  former  Denary  Num¬ 
ber  you  mud  find  a  fecond  mean  Proportional,  then  between 
this  and  that  fame  a  third  ^  and  lo  a  fourth,  &c.  but  if  it  be 
greater,  then  you  mud  find  a  mean  Proportional  between  it 
and  the  next  lefs,  &c.  till  at  length  after  feveral  Operations, 
you  obtain  the  number  9999998  ,  approaching  near  to 
90000009.  Now  if  between  the  Logarithm  of  Unity  and 
Ten  (#.  el  between  o  and  looooooo)  you  take  an  Arithme¬ 
tical  Mean  Proportional  (  oyoooooo)  by  Bife&ing  their  Sum 
by  Prop.  14.  and  then  between  this  and  the  fame  Logarithm  of 
Ten,  you  take  another  mean,  and  fo  a  third  and  a  fourth, 
at  length  you  will  obtain  that  which  anfwers  to  the  lad  above- 
mentioned,  vi%*  9.  See  the  following  Specimen. 

A  TABLE  (f  the  Geometrical  Proportionals  * between 
1  and  10,  augmented  hy  7  Cyphers ,  and  of  the 
Arithmetical  Proportionals  between  o  and  1 0000000, 
being  the  Logarithms  correfponding  to  them . 


Geometrical 
Mean  Pro¬ 
portionals. 

■ 

Arithmetical 
Logar.  mean 
Proportionals 

31622777 

56234132 

74.989426 

86596435 

93057205 

89768698 

91398327 

90579847 

9017336^° 

89970801 

Fird* 

Second, 

Third, 

Fourth, 

Fifth, 

Sixth, 

Seventh, 

Eighth, 

Ninth, 

Tenth. 

05000000 

07500000 

08750000 

09375000 

09687500 

09531250 

39609375 

09570312 

09550781 

09541015 

Whici 
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Which  is  thus  made:  In  the  firft  Table  a  Geometrical  Mean 
Proportional  between  iooco  ooo  and  ioo  ooo  ooo 
s  the  firft  Number  of  it  then  another  Mean  between  that  and 
;he  fame  laft  icoooooco,  gives  the  fecond  •  and  fo  to  the 
fifth,  93057205*.  Which,  firce  it  is  already  greater  than  the 
Slovenary,  anorher  Mean  between  it  and  the  precedent  fourth, 
becomes  in  order  a  fixth,  but  fenfibly  lefs  than  the  Novenary. 
Therefore  between  it  and  the  fifth  you  will  have  a  feventh 
Vie  an  yet  greater  than  the  Novenary  •  and  between  the  fixth 
and  feventh,  an  eighrh,  fomwhat  nearer  to  the  Novenary,  but 
not  yet  fenfibly  equa1,  but  fomewhat  bigger  5  moreover  between 
he  fixth  and  eighth  you  will  have  a  ninth,  between  the  ninth 
and  fixth  a  tenth  gradually  approaching  nearer  the  Novenary,  but 
vet  fomewhat  fenfibly  differing  from  it.  Now  if  you  con¬ 
tinue  this  inquiry  of  a  mean  Proportional  between  this  tenth, 
as  fomewhat  too  little,  and  the  precedent  ninth  as  fomewhat 
too  big,  and  fo  onwards,  you  will  at  length  obtain  the  Num¬ 
ber  8999  9998,  only  differing  two  in  the  laft  place  from  the 
Novenary  Number  augmented  by  feven  Cyphers,  and  confe- 
quently  infenfibly  from  the  Novenary  it  felf.  But  for  the  Lo¬ 
garithm  of  this  in  the  fecond  Column,  by  the  fame  procefs  you 
are  to  find  Arirhmetical  Mean  Proportionals  between  every  z 
Logarithms  anfwering  to  every  two  of  the  fuperiour  ones, till  you 
find,  e.  g.  the  Logarithm  of  the  tenth  Number  095*41015% 
and  fo  at  length  the  Logarithm  of  the  laft,  nor  fenfibly  differ* 
ing  from  the  Novenary,  095*42425'. 

Thus  having  found,  with  a  great  deal  of  labour,  but  alfb 
with  a  great  deal  of  advantage  to  thofe  that  make  ufe  of  them, 
the  Logarithms  of  fome  of  the  numbers  between  1  and  io,and 
10  and  1 00,  &c.  you  may  find  innumerable  ones  of  the  other 
intermediate  Numbers  with  much  lefs  labour,  vi%,  by  the  help 
of  fome  Rules,  which  may  be  thus  obtain’d  from  ConfeSZ*  3  of 
the  precedent  Propofition.  The  Sum  of  the  Logarithms  of  the 
number  Multiplying  and  the  Multiplicand ,  gives  the  Logarithm  of  the 
Product.  2.  The  Logarithm  of  the  Divifor  fubtraSlsd  from  the  Lo¬ 
garithm  of  the  Dividend ,  leaves  the  Logarithm  of  the  Quotient  % 
the  Logarithm  of  any  number  doubled ,  is  the  Logarithm  of  the  Square % 
tripled  of  the  Cube ,  &c.  4>  'The  half  Logarithm  of  any  number  it 

the  Logarithm  of  the  Square  Root  of  that  number ,  the  third  fan  of 
n  of  tie  Cube  fyot9  &c.  Thus,  e.  g*  if  you  have  found  the  Lo¬ 
garithm 
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garithm  of  the  number  9,  after  the  way  we  have  (hewn,  by  the 
fame  reafbn  you  may  find  the  Logarithm  of  the  number  5  (vi%* 
by  finding  mean  Proportionals  between  the  fecond  and  the  firfl 
number  of  our  Table,  and  between  their  Logarithms,  &e.  ) 
and  by  means  of  thefe  2  Logarithms  you  may  obtain  feveral  o- 
thers :  Firlf,  fince  t  o  divided  by  y  gives  2  ;  if  the  Logarithm 
of  5  be  fubtra&ed  from  the  Logarithm  of  io,  you’l  have  the 
Logarithm  of  2,  by  Rule  the  fecond.  Secondly,  fince  10  mul¬ 
tiplied  by  2  makes  io,  and  by  9  makes  90,  by  adding  the 
Logarithms  of  10  and  2,  and  10  and  9,  you!  have  the  Lo¬ 
garithms  of  the  numbers  90  and  20,  by  Rule  1.  Thirdly, 
Since  9  is  a  Square,  and  its  Root  3,  half  the  Logarithm  of  9 
gives  the  Logarithm  of  3,  by  Rule  4.  fince  90  divided  by  3 
gives  30,  the  Logarithm  of  this  number  may  be  had  by  fub- 
tradfing  the  Logarithm  oi  3  from  the  Logarithm  of  90,  by 
Rule  the  fecond.  Fifthly,  5  and  9  fquared  make  2y  and  81, 
the  Logarithms  of  ^  and  9  doubled,  give  the  Logarithms  of 
thefe  numbers,  by  Rule  3*  In  like  manner,  fixthly,  the  Sum 
of  the  Logarithms  of  2  and  3,  or  the  Difference  of  the  Lo¬ 
garithms  of  5  and  30,  give  the  Logarithm  of  6 ,  and  the  Sum 
of  the  Logarithms  of  3  and  6 ,  or  2.  and  9,  gives  the  Loga¬ 
rithm  of  18;  the  Logarithm  of  6  doubled,  gives  the  Loga- 
rithmof  36,  &c.  And  after  this  way  you  may  find  and  reduce  in® 
to  Tables,  the  Logarithms  of  Vulgar  Numbers  from  1  to  10000 
(as  in  the  Tables  of  Strauch.p.  182,  and  the  following)  or  to 
iocooo  (as  in  the  Chiliads  of  Briggs)  But  as  to  the  manner  of 
deducing  the  Tables  of  Sines  and  Tangents  from  thefe  Loga¬ 
rithms  of  Vulgar  Numbers,  we  will  {hew  it  in  SchoL  of  Prop. 

only  hinting  this  one  thing  before-hand  5  that  this  Artifice 
of  making  Logarithms  is  elegantly  fet  forth  by  Par  dies  in  his 
Elements  of  Geometry y  pt  1 1 2.  by  a  certain  Curve  Line  thence 
called  the  Logarithmical  Line  ^  by  the  help  whereof  he  fuppofes 
Logarithms  may  be  eafily  made ;  and  having  found  thofe  of 
the  numbers  between  1000  and  10000,  he  {hews,  that  all  o» 
thers  may  be  eafily  had  between  1  and  1000.  Wherefore  we 
Hull  Dilcourfe  more  largely  in  Schol.  Deficit.  1  y.  lik  2. 

'  *  •  i  *'  .  ’*Vll 
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IF  the  first  Term  of  never  fo  many  Continual  Proportionals,  he  fuh - 
trailed  from  the  lad,  and  the  Remainder  divided  by  the  name  of  the 
Reafon  or  Proportion  lejfenddy  Vnity}  the  Quotient  will  be  equal  to  the 
Sum  of  all  except  the  loft . 


Denronflcattotu 


The  laft  Term  lefs  the  firft 

Divided  by  the  name  of 
the  Reafon  leffen’d 
by  unity. 


e  4 

eza 

e ^  a 

e^a 

e$a 

e6 

/. 

/  / 

e  — 

-  1 

*  Quote.  e$ A* J-* 

e  — 

-  1 

eza~j-ea- \~a  ; 

And  it  is  evident  from  the 

e—  l 

e* —  1 

Operation,  that  the  lame 

e— •  I 

will  always  happen  tho  the 

e  - — •  1 

number  of  Terms  be  con¬ 

e  - 

-  I 

tinued  never  fo  far. 
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I,  TWTHerefore  in  adding  never  lb  great  a  Series  of  Geo- 
\  \  metrical  Proportionals,  fince  it  is  enough  that  the 
firft  and  laft  Terra,  and  the  Name  of  the  Reafon  be  known* 
by  this  Prop .  and  having  found  at  leaft  fome  of  the  Terms  of  the 
Proportion,  any  other  may  be  afterwards  found*  whole  place 
will  be  compounded  of  the  places  of  the  two  Antecedent  ones* 
according  to  Confer.  2.  Prop .  2©,  vi%  by  Multiplying  the  Terms 
anfwering  to  the  two  above-mentioned  places,  and  dividing  the 
Produdi  by  the  firft  Term  ;  thence  it  will  be  very  eafie  to  add 
a  great  Series  of  Proportionals  into  one  Sum,  tho  the  particular 
leparate  Terms  remain  almoft  all  of  them  unknown 


SCHOUVM 
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THefe  are  the  fame  Pra6fcical  Arithmetical  Roles  concerning 
Geometrical  Progreftions  *,  for  the  illuftrarion  of  which 
Smenterm  in  Deltc.  has  given  us  fo  many  pleafant  Examples,  lib . 
i.  Prop.  59.  and  fol.  Firft  of  all, that  famous  Example  is  of  this 
kind  which  relates  to  the  Chequer- work’d  Table  or  Board  to 
fling  Dice  on,  with  its  64.  little  Squares,  which  Dr.  PVallit 
has  trarflated  out  of  the  Arabick  of  Ebn  Chalecan ,  into  Latin, 
In  Oper.  Mat  hem.  part.  1.  Chap.  51.  lor  the  illuftration  of  which, 
we  have  heretofore  cornpofed  an  Exercitation,  and  (hall  here 
only  note  thefe  few  things:  If  there  are  fuppofed  64  Terms  of 
double  Proportion  from  Unity,  and  the  fir  A  of  ^hem,  noted 
with  their  local  Numbers,  are  thefe  that  follow  ; 

1  *  .  '  *  ■  •  *  •  {  . ,» 

'  / 1  .  ■ 

1  2  4  8  16  pj  6  4  128 

I  II  III  IV  "V  Vi  VII 

•  .  '  ;  ■  \/ . .  ;  V  V  ■  V  ■  : ,  ,  V\J 

You  may  have  the  Term  of  the  1  gth  place,  8191,  by  mul¬ 
tiplying  together  the  Vltb  and  Vllth  place;  and  the  Term 
of  the  XXVIth  place,  by  fquaring  or  multiplying  this  new  Pro- 
du£f  again  by  it  felf,  and  moreover  the  Term  of  the  LI  Id 
place,  by  multiplying  that  Produdl  again  by  irfelf*,  and  further¬ 
more  the  Term  oftheLIXth  place,  by  multiplication  of  the  num¬ 
ber  laft  found  by  the  number  of  the  Vllth  place,  and  laftly, 
the  Term  of  the  LXIIId  place  [i.  e .  the  laft  in  the  propofed  Se¬ 
ries)  by  multiplying  this  laft  of  all  by  the  number  of  the  IVth 
place. 

II.  Moreover  you  may,  by  this  Art,  collccl  infinite  Series 
or  Proportional  Terms  into  one  Sum,  altho  it  is  impotfible  to 
run  over  all  the  Terms  (eparately,  becaufe  infinite,  e.g.  in  a 
continued  Series  of  Fra&ions,  decreafing  in  a  double  Propor* 
lion  J  J  II,  3J,  &c.  ad  infinitum ,  ft  you  take  them  back¬ 
wards,  you  may  juftly  reckon  a  Cypher  or  o,  for  the  firft 
Term  (for  between  \  and  o  there  may  be  an  infinite  Number 
of  (iich  Terms;  and  the  infinite  Sum  of  thefe  Terms  will  be 
prccifely  equal  to  Unity  ;  for  fubtra&ing  the  firft  o,  from  the 
laft  and  the  remainder  |  being  divided  by  the  name  of  the 
Realon  leffened  by  j,  q.  by  I.  which  divides  nothing,  the 

Quo  liens 
;  -  ft*-  ■  *  m 
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Quotient  J  is  the  Sum  of  all  the  Terms  excepting  the  laft,  by 
Prop.  21.  and  fo  the  laft  §  being  added,  the  Sum  of  all  in  that 
iSeries  will  be  L  Now  if  the  laft  is  nor  \  but  1,  the  Sum  of  all 
will  nece  Airily  be  2  ;  if  2  be  the  laft,  the  Sum  of  all  will  be 
A •  in  a  word,  it  will  be  always  double  the  laft  Term- 

If  f.  And  fince  in  this  cafe  the  Sum  of  all  the  precedent  Terms 
is  equal  to  the  haft  Term,  the  one  being  fubtra&ed  from  the 
other,  there  will  remain  nothing,  i.  e.  \ — $- — t!  —  35 >  &c. 
in  Infimtum ^  is  —  o,  and  alfo  1 — §— |,  &c*  or  2—* 1— |  —  J. 
&c.  —  o. 

IV.  In  like  manner  the  Sum  of  inftni  e  Fractions  decreasing 
in  triple  Reafon  in  an  infinite  Series  (§  -j-  |  -j-  ^  -J- 

will  be  equal  to  for  if  from  the  laft  \  (again  in  an  inverred 
G;der)  you  fub-radl  the  firft  o,  and  the  Remainder  \  be  divided 
by  the  name  of  the  Reafon  leffen’d  by  Unit,  i.  e .  by  2,  the 
Quotient  |  will  be  the  Sum  of  all  the  antecedent  Term;,  and 
adding  to  this  laft  |  or  §  the  Sum  of  all  will  be  |  or 

V.  Thus  an  infinite  Series  of  Fractions  decrealing  from  J  in 

a  Quadruple  Proportion  Q  -\-  &tc.  )  is  equal  to  \  j 

for  fubtra&ing  the  firft  o  from  the  laft  and  the  remainder 
5  being  divided  by  the  name  of  the  Proportion  ,  i.  e.  by 
3,  you  will  have  T§  the  fum  of  all  except  the  laft,  and  aiding 
alfo  the  laft  ^  or  ^|,  you*l  have  the  whole  Sum  *§  or 

Vi.  Thus  alfo  an  infinite  Series  decreafing  from  ~  in  a  Quin¬ 
tuple  Proportion  (5 +4 ”1*^5’  &c0  IS  e9u^  t0  l  : 

6cc.  is  equal  to  \  Sec.  and  lo  any  Series  of  this  kind  is  equal 
to  a  Fradiion,  whole  Denominator  is  Ids  by  an  Unit  than  the 
Denominator  of  the  laft  Fradtion  in  that  Series 

VIL  Generally  alfo,  any  infinite  Series  of  Fractions  decreafing 
according  to  the '  Proportion  of  the  Denominator  of  the  laft 
Term,  and  having  a  common  Denominator  lefs  by  an  unk 
than  the  Denominator  of  the  laft  Term  (  e*  g.  -5*.  8Cc„ 

or  H-il-l-4,  &c-  or  f -j* if  “V" T25»  &<n)  k  equal  to  Unity,  after 
the  farce  way  as  the  Series  Cunfedh  2*  which  may  be  compre¬ 
hended  under  this  kind,  and  which  may  be  demon  ft  rated  in  ail 
its  particular  caf^s  by  the  fame  method  we  have  hitherto  made 
ufe  of,  or  alfo  barely  fubfumed  from  Confech  4,  5%  and  6> 
For  fmee  rj>  equal  to  § will  be  equal 

to  I,  or  1, -and  foin  therein  ,  - 


Q 


VUL 
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VIII.  Particularly  the  fum  of  &c,  cfecreafir^ 

in  a*  Quadruple  Proportion,  is  equal  to  xl*,  and  the  fum  of  g|-f 

&c-  Is  eclual  t0  tl  3  and  the  fum  of  4+5iI  +409L  &c 
decrealing  in  O&uple  Proportion,  is  equal  to  J :  For  fubtra&ing 
the  fir  ft  Term  6,  and  dividing  the  remainder  by  the  name  oi 
the  Reafon  leffen  d  by  I,  u  e.  by  3,  the  Quotient  f2  gives  the 
fum  of  all  except  the  lalh  This  therefore  (vi%,  being,  ad¬ 
ded,  the  fum  of  all  will  be  fi  or  In  like  manner  being 
divided  by  the  name  of  the  Reafon  leffen’d  by  Unity,  the  Quo¬ 
tient  will  give  and  adding  the  laft,  the  fum  of  ail  will  be  g| 
f.  e .  So  that  hence  it  is  evident,  that  8Cc<. 

or  — /g \  72 4* tt^I  •  dec.  in  Infinitum ,  will  be  equal  to  noth* 

mg ;  alfo  gL— -4— 5T3— 4097g  :~o9 

JX.  “The  Sum  of  a  jimple  Arithmetical  Progression  (i.  e.  ajeending 
by  the  Cardinal  Numbers')  continued  from  I.  ad  Infinitum,  is  Sub - 
duple  of  the  Sum  of  the  fame  number  of  Terms,  each  of  which  is  equal 
to  the  greatefi  *  or  on  the  contrary ,  this  latter  Sum  is  double  of  the  for * 
mer.  We  might  have  fubfumed  this  in  Confeft*  4*  Prop.  1 6, 
for, prefixing  a  Cypher  before  Unity,  it  will  be  a  cafe  of  that  Con - 
fettary ,  the  Sum  of  the  Progreffion  remaining  ftill  the  fame.  But 
chat  this  is  true,  in  an  infinite  Series  beginning  from  Unity  (for 
in  a  finite  or  determinate  one,  the  proportion  of  the  Sum  is  al¬ 
ways  lefs  than  double,  tho  it  always  approaches  to  it,  and  comes 
fo  much  the  nearer  by  how  much  greater  the  Series  is)  we 
lhall  now  thus  Demonftrate :  To  the  Sum  of  three  Terms,  i3 
2,  3,  i.  e.  65  the  fum  of  as  many  equal  in  number  to  the 
greareft,  i.  e.  9,  has  the  fame  Proportion  as  3  to  2  •  but  to 
the  fum  of  fix  Terms,  1,  2,  3,  4,  y,  6,  u  f.  n,  the  fum 
of  as  many  equal  to  the  greateft,  i.e .  36,  has  the  fame  pro¬ 
portion  as  3  to  1 -[  4,  that  is,  as  3  to  i — 5,  the  decreafe  be¬ 
ing  |  :  but  ro  the  lum  of  n  Terms,  which  may  be  found  by 
Confect.  1.  Prop.  1 6.  —78,  the  fum  of  fo  many  equal  to  the 
greateft,  vi%.  144.  has  the  fame  proportion  (dividing  both  Tides 
by  48)  as  3  to  1 i.e,  3  to  i-f^W  (for  *4  make  §,  and 
the  remainder  is  the  fame  as  g  )  that  is,  as  3  to  2- — 
the  decrement  being  now  I.  Since  therefore,  by  doubling  the 
number  of  Terms  on  ward, you’l  find  the  decrement  to  be  A, and 
fo  on  wards  in  double  Proportion  ^  the  fum  of  an  infinite  Num< 
her  of  fuch  Terms,  in  Arithmetical  Progreffion,  equal  to  th< 

j[  '  greateft 
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be  to  the  Turn  of  the  Progreflion  from  1,  ad  Infinitum ,  as 

0  2, _ a _ 3 — il,  &c.  that  is,  by  Confitt.  2  and  3,  as  3  to 

-i,  that  is,  as  3  to  4,  or  as  2  to  I.  QiE.D. 

£.  The  Sum  of  any  Duplicate  Arithmetical  Progreflion  (*> 
Yogrcflion  of  Squares  of  whole  numbers  afcending)  continued 
71  1  ad  Infinitum ,  is  fubtriple  of  the  Sum  of  as  many  Terms 
ial  to  the  greatefl:  as  is  the  number  of  Terms:  For  any  fuch 
re  Progreflion  is  greater  than  the  fubtriple  Proportion,  but 
roaches  nearer  and  neaYer  to  it  continually,  by  how  much  ~ 
farther  the  Series  of,  the  Progreflion  is  carried  on.  Thus 
Sum  of  3  Terms  1,4,  9~i4is  to  thrice  9— 27  as  l|,or 
j,  or  to  3  (dividing  both  (ides  by  9J  the  bum 

lx  Terms,  1,  4,  9,  i65  2y,  3 6,  vi%.  91.  to  fix  times 
,  i.  e.  to  216  (dividing  both  Tides  by  71)  is  as  I-}-4L-j -ft 
3  •  and  the  Sum  of  1  2  Terms  65-0,  to  1  2  times  144,4  e. 
1728  (  dividing  both  lides  by  576  )  is  as  i-j-f-Kgs 
&c.  the  F’radlions  adhering  to  them  thus  conftandy  dicrea- 
7,  fome  by  the  r  half  parts,  others  by  three  quarters  (  for  rg 
J*  therefore  the  firff  decrement  is  ,§  and  is  2b8  5  there- 
i  thefecond  decrement  is  5S|,  Sec.)  Wherefore  the  Sum  of 
Infinite  Progreflion  will  be  to  the  Sum  of  the  like  number 
Terms  equal  to  the  greatefl,  as 

!+  2  +  8  " 

_  1  3 

4,  12 

—  £  —  sis  ;  (- 

3,  that  isrby  Confedh  3  and  8,  as  1  to  3,  Q.E.D. 

XL  The  Sum  of  a  triplicate  Arithmetical  Progreflion  (4  e. 
ending  by  the  Cubes  of  the  Cardinal  Numbers  )  proceeding 
m  1  thro5  27  ,  64  ,  &c.  ad  Infinitum ,  is  Subquadruple  of 
Sum  of  the  like  number  of  Terms  equal  to  the  greatefh 
r  the  Sum  of  4  Terms,  I,  8,  27,  64,  4  loo,  to  4  times 
,  i.e.  256  (dividing  both  fides  by  64)  will  be  found  to  be 
I  -j—  t  -j—  T"  to  4  but  the  Sum  of  8  Terms,  1,  8, 
,  64,  it^  216,  343,  582,  i.e.  1296  to  8  times  5 1 2, 
t  is,  4096  (dividing  both  Sides  by  1024)  will  be  ^ounc^ 
be  as  1  4,  &c.  The  adhering  Fractions  thus 

G  2  con  (bandy 
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confiantly  decreafing,  the  one  by  their  ~  part,  the  other*  by 
(Tor  i4  is  4?  and  4  is  gjs*  &c.  Wherefore  the  Sum  of  the  I 
finite  Progreflion  will  be  to  the  Sum  of  a  like  (Infinite)  nur 
her  ofTerms;  equal  to  the  greareft,  as 

1  T-  j  Ar  i 

2  s 

—  1  ~  s4 

—  |i  &c.  —  53I,  &c.  to  4  *  4 
that  is,  by  ConfedL  3  and  8,  as  1  to  4*  Q.  E.  D. 

1  '  ~~4  -r1.'  ‘  '  ,r' 

XII.  The  Sum  of  an  Infinite  Progreflion,  whofe  great 
Term  is  a  Square  Number,  the  others  decreafing  according 
the  odd  numbers  1,  3,  y,  jy.&c.  is  in  Subfefquialteran  Pi 
portion  of  the  Sum  of  the  like  number  of  equal  Terms,  i. 
as  2  to  qj.  For  the  Sum  of  three  fuch  Terms,  c.g*  9,  8, 
i.e.  22  ro  thrice  9,  /.  e.  27.  is  (dividing  both  fides  by  9) 
2§,  vi%.  to  5,  or  tt  to  3.  But  the  Sum  of 

luchTerm*,  36,  35,  32,  27,  20,  n5  i.e.  161,  tofixtin 
36,  i.  e.  zi6  (dividing  bo  ill  Tides  by  7 2)  is  as  2-|-* — 
the  adhering  Fradllons  thus  always  decreafing,  fame  by 
thers  by  |,  as  above  in  Confedh  10.  Wherefore  the  Sum 
the  Infinite  Progreflion  will  be  to  the  Sum  of  the  like  numt 
of  Terms  equal  to  the  greateft,  as 


2  — j~ 


y 

IT 


J 

r 


2 
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•rfr,  £&.  to  3,  ».  e.  by  Cc 


fi£I.  3  ani  8,  as  2  to  3.  Q,E.  D. 


SCHOLIUM  II 


THus  we  have,  after  our  method,  demonll  rated  the  cf 
Foundations  of  the  Science  or  Method ,  or  Arithmetic^ 
Tnfimtes,  firft  found  out  by  Dr.  John  Wallis,  Saviiian  Profel 
of  Geometry  at  Oxford ,  and  afterwards  carried  further  by  Dt 
term  Cluverus ,  and  Ifinael  Bullialdus.  And  from  thefe  Founi 
lions  we  wiil  in  the  lollowing  Treatife  demonftrate,  and  ti 
diredlly  and  a  priori,  in  a  few  Lines,  the  chief  Propofitions 

Geo  met 

'  ■Q  :  '  ■ 


The  Elements  of  the  Mathematicks*  ge¬ 
ometry,  which  the  ^ntients  have  (pent  fo  much  labour,  and 
npofed  fuch  large  Volumes  to  demonflrate,  and  that  but  in- 
e<fll y  neither. 

Proportion  XXII. 


He  Powers  of  Proportionals  whether  cor.tinuedly  or  difcretely ,  fuch 
as  the  Squares ,  Cubes ,  <$cc.  are  alfo  Proportional . 


Demonttratton 


Continual  Proportionals. 

4  ea  eza  e^a 
tares  aa  ezaz  e^az  e6az 
bes  4  3  e^ad  ePjfi  e^tfi 


Di Terete  Proportional, 

a  sa  b  eb 
■  ezaz  bl  ezbz 
5  s?4?  45  eH'i 

Q.  E,  D, 


SC  HOL  IV M. 


rOu  founded  in  this  Truth,  i.  the  Realbn  of  the  Multipli¬ 
cation  and  Divifion  of  Surd  Quantities :  For  fince  from 
Nature  and  Definition  of  Multiplication,  it  is  certain,  that 
s  to  the  Multiplier  as  the  Multiplicand  to  the  Produdf  (for 
multiplicand  being  added  as  many  times  to  it  felt  as  there 
:  Units  in  the  Multiplier,  makes  the  Produft )  if  the  Vy  is 
be  multiplied  by  V3,  then  as  1  to  the  y?3,  fo  the  V y 
the  Produdf  j  and,  by  the  prefent  Proportion,  as  1  to  3,  fo 
to  the  q  Produ6f,  i.  e.  to  x*.  Wherefore  the  Produdf  is 
[y  $  and  fo  the  Rule  for  Multiplying  Surd  Quantities  is  this  : 
iltiply  the  Quantity  under  the  Radical  S ignsy  and  prefix  a  Radical 
r.  to  the  Product,  Likewife  fince  it  b  certain 
m  the  Nature  of  Divifion,  that  the  Divifcr  is  PucU  hh» 
the  Dividend  as  x  to  the  Quotient  (  for  the  5  prop 
iotient  exprefies  by  its  Units  how  many  times 
2  Divifor  is  contained  in  the  Dividend)  if  the  V 1  y  is  ^ro  be 
bded  by  Vy,  you’i  have  Vy  to  the  V  iy  as  1  to  the  Quo- 
nt?  and,  by  the  prelent  Scholium,  y  to  1  y,  as  x  to  the  □  of 
2  Quotient,  i .  r,  to  3.  ^Therefore  the  Quotient  is  the  Root 
3,  and  io  the  Rule  of  dividing  Surd  Quantities  this  vi%. 

G  3  Di  vide 


8  6  Mathefis  Enudeata  \  Ot9 

Divide  the  Quantities  themfelves  under  the  Radical  Signs  $  and 
fix ■  the  Radical  Sign  to  the  Quotient . 

•  II.  Hence  alio  flows  the  ufual  Redut&ion  in  the  Arit 
tick  of  Surds,  of  Surd  Quantities  to  others  partly  Rational 
on  the  contrary,  of  thole  to  the  form  of  Surds,  e \  g .  If 
would  reduce  this  mixt  Quantity  zaVbt  i>e°  za  multiplie 
the  \/b)  to  the  form  of  a  Surd  Quantity  5  which  (hall  all  be 
rained  under  a  Radical  Sign;  The  Square  of  a  Rational  C 
tity  without  a  Sign  4 aa9  if  it  be  put  under  a  Radical  Si^ 
this  form  V4 aa  9  it  equivalent  to  the  Rational  Quantity 
but  the  V ^aa  being  multiplied  by  Vb  makes  V4 dab.  b) 
i.  of  this  Scholium*  Therefore  %/s\.aab  is  alio  equivalent! 
Quantity  fir  ft  propofed  za^b.  Reciprocally  therefore,  11 
form  of  a  meer  Surd  Quantity  V4 aab>  is  to  be  reduced  u 
more  Simple,  which  may  contain  without  the  Radical 
whatever  is  therein  Rational,  by  dividing  the  Quantity 
pre bended  under  the  fign  V  by  fome  Square  or  Cube,  & 
here  by  4 aa9  (/.  e»  ^ \aab  by  V 4<w>  k  e.  za )  the  Quotient 
be  Vb,  which  multiplied  by  the  Divilbr  za,  will  rlghtlj 
'prefs  the  propofed  Quantity  under  this  more  fimple  Form  2 
Which  may  alfo  ferve  further  to  illuftrate  the  Scholia  of 
7.'  and  ic* 

Tropofnion  XXIIL  W  ; 

I  -  1  ‘  •■■■■'•'  '  ,:-'v  >  "  ■  ■  ’  *  ‘0  ' 

IF  there  are  bur  Quantities  Proportional,  (a,  ea9  h,  ek) 
will  be  alfo  Proportional, 

( Q)  EucL  I  l.  Inverfly.  ea  to  a  as  eh  to  bo 

16.  v.  9,10,  Alternatively,  (a)  a  to  b  as  ea  task 

Q,  vx*.  3.  Compounded ly^  (0)  a\ea  toe*,  {oh 

(  0)  I  8,  v.  to  eb. 

(y)  X7,v,  4«  Conver fly,  a-\-ea  to  a  as  b\eb  to  k 

•  Di videdly ,( y)  a~ea  loQ*  b~lb  t0  ( 

6,  (<£)  By  a  Syllepfis,  a  to  ea  as  a-\-h  to  ea-^-ek 
•7-  By  a  Dialepfis,  a  to  ea  as  a~h  to  ea — eb. 

Which  are  all  manifeft,  by  comparing  the  Reclangles  ( 
Means  and  Extremes  according  to  to  Prop,  19.  audits  Conk 
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or  by  dividing  any  of  the  Confequents  by  their  Antecedents,  ac¬ 
cording  to  Def.  51 . 

Prcpofiticn  XXIV. 

IF  in  a  ($)  double  Rank  of  Quantities  you  have 

as  a  to  ea.  ,  1r  as  ea  to  oa. 

r  ,  j  and  alto  r  .  » 3 

10  v  to  cl?,  10  eb  to  oby 

then  you’l  have  alfo  by  proportion  of  Equality  orderly  pla¬ 

ced, 

as  the  firfl  a ,  to  the  laft  oa ,  in  the  firft  Series ; 

fo  the  firft  bj  to  the  iaft  ob,  in  the  fecond  Series* 

Which  is  manifeft  from  the  Terms  themfelves. 


B 


Proportion  XXV® 

Ut  (y  )  if  they  are  disorderly  plac’d 
as  oa  to  ea ^  #  as  ea  to  a  j 


f  fb  eob  to  ob  s  fo  ob  to  eb ,  *  yoif  1  have  here 
again  by  proportion  of  Equality, 

as  the  fir  If  oa  to  the  laft  a'm  the  firft  Series; 


(ct)  Bucl  r. 
i  2.  v.  y.  6o 
1 1,  vii. 

(0)  End  3, 


fo  the  firft  eob  To  the  laft  eb,  in  the  ftcond  20,22.  Ub.v 


Series. 


I4.  VH. 


As  is  evident  from  the  Re&angles  of, the  Extremes  (3/)  Eucl.n 


and  Means,  as  alio  from  the  very  Terms. 

'  -  ..  ,  .  '  •) 

Proportion  XXVI 


23.  lib.  v. 


If  (a)  as  the  whole  ea  to  the  whole  a,  fo  the  part  eb  to  the 
p  t  b  -7  then  alfo  will 

the  Remainder  Re  mainder  Wnole  Whole 
ca — eb  to  the  a- — b ,  as  the  e  a  to  the  a. 

This  is  evident,  from  the  Re£t an  gle  of  the  Extremes  and  Means, 
both  which  are  eaa — tab.  Q.E.D. 


, 


R 


Propofition  XXSl  ?L  , .  • 

E&angles  or  Products  having  one  common  Efficient  or 
Side,  are  one  to  another  as  the  other  Efficients  or  Sides. 

G  4 


S8  '  Mathefis  Enucleatax  Or* 

„  ^  ’  1 

(  -  '  '  ‘ 

Demanttratian. 

,  V 

Suppofe  the  Prod  pdfs  to  be  a  b  and  a  c9  having  the  common 
Efficient  4  5  I  fay  they  are 

as  b  to  Cj  fo  a  b  to  4 «?. 

Which  is  evident  at  firft  fight,  by  comparing  the  Prod uffs  of 
the  extremes  and  Means,  and  alfb  fully  thews,  that  other  way 
©i  proving  Proportionality,  whereby  by  dividing  the  Confe? 
quents  by  their  Antecedents,  the  identify  or  famenefs  of  the 
Quotients  are  wont  to  be  demonftrated* 

5  C  HO  L  HIM  L 


h'  HTHe  Redudlion  of  FradHons  either  to  more  compounded 
T~  or  more  fimple  ones  is  founded  on  this  Theorem^  on  the 
one  hand  by  multiplying,  on  the  other  by  dividing^by  the  fame 
quantity,  both  the  Numerator  and  the  Denominator,  as,  el 

S  <  '  •  **' 

p  1  a  c  j  eac 

T  and  2  and  27b 5  ^  *  &Co  are  ln  rca11^  tbe  fanie 

FradHom.  And 

■  II.,  The  RedudFon  of  Fractions  to  the  fame  Denomination, 


(7)  End.  y 
XS  I  lib .  v8 
7&  J  1.47, 

•veral  other 
Prop  fie  alfo 

the  j  7  £c  1  § 
//A  vi  h 


.  q  b  a 

as  11  -  and  —  are  to  be  changed  into  two  ©- 

thers  that  fhall  have  fame  Denominator  5  this  is 
£0  be  done  by  multiplying  the  Denominators 
together  for  a  new  Denominator  f  and  each 
Numerator  by  the  Denominator  of  the  othep 
for  a  new  Numerator^  and  you’l  have  for  .the 

h  d  a-  0 

two  Fractions  above  —  and  — 

«  --  «.  *  e  d  c  dr 


SC  HO  L  1X7 M  11. 


4J€TR  will  here  for  a  conclufion  of  Proportionals,  Iliew  the 
W  f  way  of  cutting  or  dividing  any  Quantity  in  A ism  and 
Extreme,  % afon%  yisfr  if  for  the  greater  Part  you  put  x9  the  lei 


1 


V 
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will  be  a—x  ;  and  fo  by  Hypoth.  thefe  rhree,  a9  x  and  a—x, 
will  be  proportional,  by  Defi  34..  Therefore  by  Prop.  17.  the 
Product  of  the  Extremes  aa — ax~  to  the  Square  of  the  Mean 
xx ,  and  (adding  on  both  (ides  ax)  aa~xx~\-ax^  and  more¬ 
over  adding  on  both  tides  544,  you5!  have  \  a  a  —  at  x  +  a  x 
+  *-*  Now  this  laft  Quantity,  lince  it  is  an  exa6i  Square^, 
whole  Root  is  x  -J-f  4,  you  !  have  V|  a  a  ^xzx  -\-f  4,  and 
(fubrrading  from  both  tides  i  a)  V  f  4  4 —  fa  —  x. 

No  w  therefore  we  have  a  Rule  to  determine  the  greater  part 
of  a  given  Quantity  to  be  divided  in  Mean  and  Extreme  Rea- 
fon,  if  the  given  Quantity  be  a  Line,  e .  g .  AB ~a  {Fig, 
f8*)  join  to  it  (*)  at  Right  Angles  AC—  ia  :  ^Wherefore  by 
the  Theorem  of  Pythagoras  from  Schol .  Definit.  13,  the  Hypo- 
thenufe  CB,  or,  which  is  equal  to  it,  CD~V\a  and  confe- 
quently  AC”f*  being  taken  out  of  CD,  the  Remainder  AD, 
or  AE,  which  is  equal  to  it,  will  be  =xy  the  greateft:  part  fought  5 
according  to  Euclid ,  whofe  lnvention  this  firft 
specimen  of  Analyfis  ,  by  way  of  Anticipa-  (a)  EucL  11, 
tion,  reduces  to  its  original  Fountain.  As  for  lib*  11.  (3 
Numbers  (  tho  none  accurately  admits  of  this  30 *  lib.  vu 
Sefiion)  thefenfe  of  the  Rule,  or  which  is  all  one 
as  to  the  thing  it  felf,  is  this:  Add  the  Squares  of  a  whole  Num¬ 
ber  and  its  half,  and  fubtra£fc  the  faid  half  from  the  Root  of  the 
Sum  (which  can’t  be  bad  exadly,  fince  it  is 


CHAP.  Vi 


§o 


Mathefis  Emckata:  Or", 


C  A  A  P.  V. 


Of  the  Proportion  or  Reafons  of  Magnitudes  of  the  fame 

kind  in  particular. 


Proportion  XXVTII. 


T* 


jangles  and  Parallelograms ,  alfo  Pyramids  and  Prifms  and  Par  ah 
lelepipeds^  laftly  Cones  and  Cylinders ,  each  kpnd  compared  among 
themfelves ,  if  they  have  the  fame  Altztude9  are  in  the  fame  Proportion 
to  one  another  as  their  Safes . 


2Demonffrattott< 


This  and  the  following  Propofition  might  have  been  by  a 
bare  Subliunption  added,  as  ConfeBarys  to  the  precedent;  for 
the  Altitudes  in  toe  one,  and  Biles  in  the  other,  may  be  looked 
on  as  common  Efficients,  and  the.  Magnitudes  mentioned  as  their 
Produfts  s  But  for  the  greater  diftindtion  fake,  we  will  thus  De» 
monftrate  them  more  particularly, 

I  If  the  equal  Altitudes  of  two  Triangle?,  or 
(a)  two  Parallelogram,  are  called  h  and  the 
Bale  of  the  one  a\  a  id  of  the  other  ea  ;  thefe 
Produdls  will  be  ha  and  be  a,  the  other  *  ha  and 
i  hea9  by  Def  28,  SchoL 

II.  Likewise  the  equal  Altitudes  of  two  Prifms 
($)  or  Pyramid?,  may  be  called  b,  and  the  Pro* 
portion  of  their  Bales  expreffed  by  a  and  ea  ;  and 
the  Prifms  will  be  among  themfelves  as  ha  to  bea$ 
and  the  Pyramids  as  iba  to  f  bea9  by  the  faid 
Schol.Num .  g, 

III.  There  is  alfo  the  fine  Proportion  of  Cylin¬ 
ders  and  Cones  as  of  Pyramids  and  Prifms,  by 
ConfeB*  Definite  i  y®  3uts 


{f)EucUProp, 
I.  lib.  vL 

08}  Prop . 

lib*  Xii.  zfi 
^  2.  xi.  & 
bonf  ]o  ^ 
\l$ffhe  fame 
(y)  Prop .  II# 
lih  xii. 

(#)  Pro/.  3 

36, 37, 

39, 40. M- 
iik  1  is  29, 

go,  3  ijikxi 


4 
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as  a  to  ea  io  is  ba  to  bea . 

*— § ba  to  i  bea «  > 

—5  ba  to  i  bea « 


Q?  E.  D. 


GONSECTARY. 


THerefore  Magnitudes  of  the  fame  kind  upon  the  fame  or 
equal  Bales  (/)  and  of  the  fame  heightb,  are  equal  among 
themfelvesj  and  the  contrary,, 


Proportion  XXIX, 

Triangles  and  Parallelograms,  Pyramids  and  Prifins  and  Par  allele** 
pipeds,  Cones  and  Cylinders ,  being  on  equal  Safes ,  are  in  the 
fame  Proportion  as  their  height  hs^  if) 

Demonfftattan. 

.  •  *  •  .  v  r  ■$ 

1  ^  y 

Let  all  their  Bafes  be  called  a,  and  the  Proportions  of  thetr 
Heighths  be  as  b  to  eb ;  Therefore,  1 »  the  Parallelograms,  Pa« 
srdlelepipeds  and  Cylinders,  are  one  to  the  other  of  the  fame 
kind,  as  ba  to  eba  ^  the  Triangles  as  %  ba,  to  2  eba  $  the  Pyra* 
mids  and  Cones  as  3  ba  to  3  eba,  by  Defi  2*8.  SchoL  Z .  Bur^ 

as  h  to  eb ,  lo  is  ba  to  eba* 

and  i  ba  to  L  eba,, 

and  f  ba  to  *  eba ,  Q*  & 

\  *l  '  ,  v  ,  *  .  ;  ’  1  ' 

Proportion  XXX. 

EJppal  (  |1  )  Triangles  ,  p arallelograms,  Prifins ,  Parallelepipeds , 
equal  Pyramids ,  Cones,  and  Cylinders ,  Jafes  and 

Bright hs  reciprocally  Proportional . 

pemonSrattom 

v  '  '  /  (*)  Scholprdp^ 

For  if  for  the  equal  Triangles  you  put  i  4  iJ.6^12,13,14 

for  the  Cones  and  Pyramids  1  and  for  the  ref  \\lib.6«prop,i<\„ 
ab-  ;  1  <5. 7. 11.34./. 

whether  the  Bafes  of  the  equal  Qum-  coro//!  ^alfo * 
tides  are  fuppofed  to  be  and  fo  the  Altiwdes  prop,  15. 

1  on 


9%  Mathefis  Enucleat'd :  Or, 

on  both  fides  b  \  or  if  the  Bafe  of  the  one  be  a  and  b  the  A!* 
titude5  but  the  Bafe  of  the  other  b  and  the  Altitude  a)  you  { 
certainly  have  eitherways, 

as  a  to  a,  fo  Reciprocally  h  to  b ; 
the  Bafe  of  the  former  to  the  Bale  of  the  latter,  as  the  Altitude 
of  the  latter  to  the  Altitude  of  the  former,  or, 

as  a  to  b,  fo  Reciprocally  a  to  b9  Q.E.D. 

CONSECTARY, 


f  A  ND  thole  Magnitudes  of  the  fame  kind,  whole  Bales  and 
Altitudes  are  thus  Reciprocal,  are  equal  by  Prop ,  1 8. 
for  the  Product  or  Redangk  of  the  Extremes  is  a  b>  and  that 
of  the  Means  b  a* 

■  -- 

Proportion  XXXI. 

r  v-  ,  y '  ■  '  -  v'. .  ^  _ f 

nr^jangtes.  Parallelograms ,  Prifms ,  Parallelepipeds ,  Pyramids ,  Cones 
i  and  Cylinders ,  each  kind  compared  among  t  hem fe  Ives,  are  in  the 

Proportion  compounded  of  the  Proportion  of  their  Altitudes  and  Bafis ,  (4) 

Dsmanffrattott,  • 


n 


Suppofe  the  Bale  of  the  one  to  be  a ,  and  the  other  ea,  and 
the  Altitude  of  the  one  b,  of  the  other  ib ;  therefore  the  one 
will  be  to  the  other, 

as  4  h  to  eiab, 

c  or  i  ah  to  i  eiab, 

or  fab  to  f  eiab ;  i*e*  every  where  as  a  toeia , 
$*  e.  in  Proportion  compounded  of  a  to  ea3  and  of  b  to  i  b ,  by 
CcnfeSl*  Def  34,  Q*E*D» 

8  C  HO  L  HIM , 

FRom  what  we  have  hitherto  Demonftrated,  we  may  not 
only  rn^re  an  eftimate  of  Magnitudes  of  the  fame  kind 
compared  together,  which  is  eafie  to  any  one  who  attentively 
ccnhders  them  ^  but  alfo  with  F,  Morgues ,  deduce 
(a)  Prop*  13.  a  General  Rule  ofexpreffing  the  Proportions  of 
lib .  6,  any  Rectilinear  Planes  or  Solids,  contained  under 

Plane 
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Plane  Surfaces,  by  the  proportion  of  one  Right  Line  to  ano¬ 
ther.  For  fince  the  one  may  be  refolded  into  Triangles,  and 
the  other  into  Pyramids  ,  having  firft  two  Rectilinear  Planes 
given  and  thus  rcfolved,  upon  a  Right  Line  I  make  the  A  abe 
(Ftg»  49O  Equal  to  one  of  the  Triangles  of  either  of  the  Planes 
e,  g.  to  ABC;  then  having  drawn  the  Parallel  cmy  if  the  aBCD 
has  the  fame  Altitude  with  the  former,  you  peed  only  joyn  the 
Bafe  BC  to  the  Bafe  a  b.  But  if  the  Altitude  DS  is  greater  than 
the  Altitude  of  the  other  e.  g.  by  then  you  muft  make  bf 
'equal  to  the  Bafe  augmented  by  a  fifth  parr,  and  the  TrianS 
gle  bef  will  ~BCD,  and  the  whole  acf  to  the  Rectilinear 
Figure  ABCD.  It  now  therefore  I  likewife  make  another  Tri¬ 
angle  gbi  equal  to  another  Rectilinear  Figure  between  the  fame 
Parallels,  then  wilf  rhe-A^ c/be  to  the  Aghi  ,  that  is,  the 
Right  Lined  Figure  ABCD  to  the  Right  Lined  Figure  FGHIK, 
as  of  to  gh,  by  Prog.  28.  2.  Having  2  Right  Tined  Solids  gi¬ 

ven,  and  having  refolved  them  into  Triangular  Pyramids,  they 
may  be  transferr’d  between  2  parallel  Planes,  i>i%.  by  augment¬ 
ing  or  diminfliing  their  Triangular  Bafes  reciprocally ,  ac¬ 
cording  to  the  excels  or  defeft  of  their  Altitudes,  as  was  done 
above  with  the  Linear  Bafes ;  then  thofe  Triangular  Bafes  00 
both  fides  may  be  converted  into  one  Triangular  Bafe,  and  con- 
fequently  each  Solid  into  a  Pyramid  equal  to  itfelf;  which  two 
Pyramids  will  be  one  to  the  other  as  their  Triangular  Bafes® 
And  becaufe  the  Proportions  of  thefe  Bafes  may  be  reduced  to 
the  Proportion  of  two  Lines  each  to  the  other,  by  N°  1 .  of 
this  $  therefore  alfo  the  Reafon  or  Proportion  of  the  two  Solids 
may  be  exprefled  by  the  Proportion  of  two  Lines.  QJE.D, 


Proportion  XXXII* 

Circles  (  $  )  we  in  the  fame  Proportion  u  one  mother  m  the 
Squares  of  their  Diameters. 

Demontttattom 

\  i  •  „ 

Suppofe  a  to  be  the  Diameter  of  one  Circle, 
and  h  of  another  then  by  Definit.  3  1 .  Confetti  x , 
the  Area  of  the  one  will  be  \  eaa ,  and  that  of  the 
other  J  ebb.  But  as  aa  to  lb  Co  is  \  eaa  to  \  elbbf 
Confett.  I .Prog,  19.  Q,  E,  D. 


(0)  BucL 

Prop*  2.  /« 1 2, 

\ 

CON- 


H 


v.  •  ‘  • 

Mathefis  Rnudeata :  Qi( 

CONSECTARY  L 


THe  faille  will  in  like  manner  be  manifefi:  of  like  Sectors  of 
Circles,  while  for  the  parrs  of  the  Periphery  you  put  *  & 
and  i  b9  as  for  the  wholes  we  put  ea  and  eb :  for  thus  the  Area 
©f  the  one  will  be  |  iaa ,  and  of  the  other  ~  ibb . 

CONSECTARY  IE 

Cylinders  whofe  Altitudes  are  equal  to  the  Diameters  of  their 
Bafes,  are  in  proportion  to  one  another  as  the  Cubes  of 
their  Diameters  $  for  the  Cylinders  will  be  \ea3  and  \eb3  3  the 
Cubes  a3  and  b3»  ] 

CONSECTARY  IIL 

HEnce  alfb  (whatever  the  Reafon  of  the  Sphere  is  to  the  (4) 
Cylinder  of  the  fame  Diameter  and  Heighth  5  which  we 
will  hereafter  Demonftra.e,  and  which  in  the  mean  while  we 
will  denote  by  the  name  of  the  Reafon  y)  I  fay,  hence  Spheres 
which  have  the  fame  Proportion  to  one  another  as  thefe  Cylin¬ 
ders  (vi%.  as  l  ea3  to  \eb 3,  (b  l  yea3  to  lyeb3')  will  alfb  (by  Cow- 
fi£t.  1.)  be  in  the  fame  proportion  as  the  Cubes,  a3  to  b 3  ;  as 
is  alfb  evident  from  thefe  Terms  themfelves. 

Proportion  XXXIII. 

•  \  1 

THE  Angle  \fi)  at  the  Center  of  any  Circle  ACB  (Fig.  60 )  is 
to  an  Angle  at  the  Circumference  which  has  the  fame  Arch  for 
its  Safe  ADB ,  as  2  to  1. 


Demonffratim 


fa)  Prop,  1 8 
lib .  12. 

(f&)  EucL 
Prop.x o,h  g,' 


The  truth  of  this  has  already  appear’d  from 
Schol.  Definit.  10  N°  g.  but  here  we  will  demon® 
ftra  e  it  otherwife  in  its  three  Cafes,  after  £«- 
clids  way*  In  the  firft  Cafe  DE  being  conceived 
Parallel  to  CB5  by  Def.  11.  ConfeSi.  I  and  2*  the 
Ex  ernal  Angle  ACB  is  —  to  the  Internal  An- 

g!0 
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£!e  ADE,  and  the  Angle  BDE,  is  equal  to  the  alternate  Angle 
BCD,  i.  e.  to  the  other  at  the  BafeCDB,  by  Confeft.l.  Define,  i  g* 
Therefore  BDE  is  as  1 ,  and  CDE,  i .  e .  A  C  B  as  i. 

In  the  fecond  Cafe  the  whole  ECB  is  double  of  the  whole 
EDB,  and  the  (ubrra6ted  Angle  ECA  is  double  of  the  fub- 
tra&ed  Angle  EDA,  by  Cafe  I.  Therefore  the  Remainder 
ACB  is  alio  double  of  the  Remainder  ADB^  by  Prop.  2 6.  In 
the  third  Cafe  the  part  ECA  is  double  of  the  part  EDA,  and 
alfo  the  part  ECB  is  double  of  the  part  EDB,  by  Cafe  ftJ 
Therefore  the  whole  ACB  is  double  the  whole  ADB.  Q.EJD* 

CONSECTARYS. 

'  .  • . , ') 

I.  T  TEnce  all  Angles  ADB  (  a  )  in  the  fame  Segment  are 
JL  JL  equal,  and  the  Angle  ADB  (Fig.  61)  in*a  Semicircle 
is  a  Right  one  ;  becaufe  the  Aperture  at  the  Center  anfwering 
to  it,  ACB  contains  two  Right  Angles :  The  Angle  in  a  left 
Segment  than  a  Semicircle  EDF,  is  greater  than  a  Right  one  9 
becaufe  the  Aperture  at  the  Center  EGHFC  anfwering  to  ir, 
comprehends  more  than  two  Right  Angles.  An  Angle,  laft» 
ly,  in  a  Segment  greater  than  a  Semicircle  GDH,  is  iefs  than 
a  Right  one  ^  becaufe  its  double  at  the  Center  GCH  is  lefs  than 
two  Right  ones.  All  which  we  have  already  btherwife  demon- 
ft  rated  in  SchoL  Def.  1 0.  N°  6 ,  r 

II.  All  the  three  Angles  (#)  of  any  Triangle  ABD  taken 
together,  are  equal  to  two  Right  ones  ;  becaufe 

they  are  the  half  of  the  three  at  the  Center  C*  ( jt)Eucl.pro f* 
which  always  make  4  Right  ones,  by  Definit.%*  27,  gj. 
Cortf  eft.  2.  lib .  2. 

‘  #  {$:prop-i%U 

III.  Therefore  any  external  Angle  IAB,  is  e- 

qual  to  the  two  Internal  oppofite  ones  at  B  and  D ;  becaufe 
that,  as  well  as  they  with  the  other  contiguous  to  them  BAD^ 

make  two  Right  ones,  by  Confefti  1.  of  the  feme  Definite 

•  •  ^  /  *  . 

■  V  '*■•■/  ' 

IV.  And  the  greatefl:  Side  of  a  Triangle,  becaufe  it  infills  on 
a  f«t)  greater  Arch  of  a  Circumfcribed  Circle,  does  alfa  ne® 
ceiTarily  fubtend  a  greater  Angle,  by  vertue  of  Confeft,  1 .  hereof. 


Matbeps  Enucleat'd  ;  Oi„ 


Proportion  XXXIV. 


IN  Equiangular  Triangles  (ACB  arid  abc,  Fig.  6l»)  the  Sides  £ 
bout  the  equal  Angles  are  Proportional ,  viz.  as  AB  to  BC,  fo  a! 
so  be,  and  as  BC  to  CA  fo  is  be  to  ca.  &c  .  ((f) 

■ /  '  ■  s  .  •'  "  ■  i  -  -  "  ■  ’  \ ;  v1  'Ijjyj 

T  Demonff  ration. 


For  having  deferibed  Circles  thro*  the  Vertex  of  each  Trian¬ 
gle,  according  to  ConfeB.6,  Definit  8.  by  reafon  of  the  fyppo 
fed  equality  of  the  Angles  A  and  a ,  B  and  b,  C  and  c ,  the 
Arches  alfo  AB  and  ab9  See.  will  ntceffarily  agree  in  the  num< 
her  of  Degrees  and  Minutes,  by  the  foregoing  33  Prop,  and 
fo  alfo  the  Chords  AB  and  ab9  BC  and  bc9  &cc*  will  agree  in  the 
number  of  Parts  of  the  Radius  or  whole  Sine  ZA  and  qa9  by 
Confetti  2*  Definite  10.  Wherefore  as  many  fucb  Parts  as  AC 
has,  whereof 43; has  alfo  1 0000000,  fo  many  foch  alfo  will  as 
have,  whereof  has  alfo  iooocooo,  Therefore  AC  fa 
so  GB  as  a  c  to  cb9  &c*  Q*  E.  D» 


!  CONSECTAY  Si 

i  ■  >  .  0  . 

L  'WWTHerefote  by  the  fame  neceffity  the  Bales  of  iueh  Tri- 
y  f  angles  AB  and  abt  will  be  proportional  to  their  Al¬ 
titudes  CD  and  cd,  as  being  Righr  Sines  of  the  like  Arches  CE 
and  ch9  or  rather  CE  andc  e-y  and  fo  for  fimilar  or  like  Trian¬ 
gles  (and  confequently  alfo  Parallelograms )  we  may  rightly  fop- 
pofo  that  their  Bales  are  as  a  to  ea ,  and  their  Heighths  as  b  to 
ebrj  tho  we  mud  not  immediately  conclude  on  the  contrary,  shat 
becaufo  their  Bales  and  Altitudes  are  fo,  therefore  they  are  Si¬ 
milar. 

II.  As  alfo  In  Similar  Parallelepipeds  it  will  be  manifeft  to 
any  attentive  Perfonj  that  the  Bales  are  in  a  duplicate  Propor¬ 
tion  of  the  Altitudes.*  For  fince  the  Planes  of  Similar  Solids  are 
equal  id  number,  and  Similar  each  to  the  other,  if  for  ^33 
(Fig.6%.)  we  put  4,  and  for  Qi5QC b,  AB  will  =  ea  and 
eb  •  and  fo  that  Balls  will  be  to  this  as  ab  ,10  eeab Moreover^ 
having  let  fall  the  Perpendiculars  EH  and  the  Triangles 

F  BH 
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FBH  and  ®JB|)  are  fimilar,  and  by  putting  c  for  '3BC;  BE 
will  be  e  c,  putting  alfo  d  for  EH  will  confequently  be 
if  d.  But  the  Reafbn  of  the  Bale  a  b  to  the  Bale  eeab,  is  du¬ 
plicate  of  the  Reafbn  of  d  to  e  d,  by  Def.  34.  Wherefore  in 
Similar  Parallelepipeds  we  may  rightly  fuppofe ,  that  their 
Bales  are  as  a  b  to  eeab,  or  as  a  to  tea,  and  their  Altitudes  as 
d  to  ed . 

SC  HO  LIU  M  L 

FRrom  this  Propolition  flows  firft  of  all  the  chiefefl  part  of 
Trigonometry  for  the  Refolution  of  Right  Angled  AA  .* 
For  fince  in  any  Right  Angled  Triangle,  if  one  fide,  e,  g.  AB 
(jFig.  64J  be  put  for  the  whole  Sine,  the  other  BC  will  be  the 
Tangent  of  the  oppofite  Angle  at  A  (and  in  like  manner  if 
CB  be  the  whole  Sine,  BA  will  be  the  Tangent  of  the  Angle 
C  *?)  but  if  the  Hypothenufe  AC  be  made  Radius  or  whole 
Sine,  then  the  Side  BC  will  be  the  Right  Sine  of  the  Angle  A5 
or  the  Arch  CD  defcribed  from  the  Center  A,  and  AB  the 
Right  Sine  of  the  Angle  C,  or  the  Arch  AE,  defcribed1  from 
the  Center  C,  (we  will  omit  mentioning  the  Secants,  because 
the  bufinefs  may  be  done  without  them)  which  all  follow  horn 
Def.  1  o.  Wherefore  you  may  find,  , 

I.  The  Angl  e$a 


1.  From  the  Sides 


z*  From  the  Hy 
poth=  6c  one  fide* 


As  one  leg  to  the  other, fb  the  whole  Sine 
to  the  Tangent  of  the  Angle  oppofite 
to  the  other  Leg. 

As  the  Hyp.  to  the  W.S.(whole  fine)  fb 
the  given  leg  to  the  S*  of  the  opp.  angle 


II.  The  Sides*. 


1  .From  the  Hy-" 
path,  and  Angles  : 


2.  From  one  Leg 
and  tlie  Angles  ; 


3.  From  the 

P«ypoth.  and  one 
Qt  the  Sides:  j 


As  the  W.  S.  to  the  Hypoth.  fo  the  Sine  of 
the  Angle,  oppofite  to  the  Leg  fought,  to 
the  Leg  it  (elf. 

As  the  W.  S,  to  the  given  Leg,  fo  the  Tan¬ 
gent  of  the  Angle  adjacent  to  it,  to  the 
Leg  fought. 

Having  firft  found  the  Angles,  it’s  done  by 
the  z,  i,  or  by  the  P^/j^onc^Theorem. 

'  H  '  111. 
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III.  The  Bypothenufe. 


1 .  From  the  An~T  As  the  S.  of  the  Angle,  oppofite  to  the  gl 

gles  and  one  ow  ven  Leg,  to  that  Leg,  lo  the  W.  S.  to  the 
the  Legs*  >  Hypoth. 

2.  From  the  Having  firft  found  the  Angles  its  done  b}i 

Legs  given  *,  the  I.  or  by  the  PjthagorickJT\\zoremo 

■  -  J:  .  '  '  ■  I  ;  ;  1  ‘  1 

III.  Inverfly  alfo,  if  two  Triangles  ABC  and  (  ir 

the  Figure  of  the  prefcnt  Prophfition )  have  one  Angle  of  on< 
equal  to  one  Angle  of  the  other  (e.g.  Band^)  and  the  5idei 
that  contain  thefe  equal  Angles  proportional  (w^.as  AB  to  BC 
fb  to  OUC)  then  the  other  Angles  (A  and  4$,  C  and  C 
will  be  alfo  equal,  and  the  Triangles  fimilar  (a)  tor  to  th< 
like  Chords  AB  and  BC  and  21BC,  there  anfwer  by  thi 
Hypoth.  like  or  fimilar  Arches,  equal  in  the  number  o 
Degrees  and  Minutes  5  and  to  thefe  alfb  there  anfwer  equal  An 
gles  both  at  the  Periphery  and  Center. 

1  •  1  ■  >  ♦ 

IV.  (Fig.  6 <f.  N°  1.)  If  (0)  the  Sides  of  the  Angle  BA( 
are  cut  by  a  Line  DE,  parallel  to  the  Bale  BC,  the  Segments  c 
thofe  Sides  will  be  proportional,  AE  to  EC  as  AD  to  BD 
for  by  reafon  of  the  Parallelifm  of  the  Lines  BE  and  BC,  th 
Triangles  ADE  and  ABC  are  Equiangular  .*  Therefore  as  th 
whole  BA  to  the  whole  AC,  fo  the  part  AD  to^he  part  AE 
and  confequendy  alfo  the  remainder  EC  to  the  remainder  DE 
as  the  par  t  EA  to  the  part  AD,  by  Prop.  %6.  and  alternativel 
by  Prop,  24.  EC  will  be  to  EA  as  BDco  AD. 

,  .  V  -  '  .  v  •  _ 

<■  £  -  ,  *  *  '  /  "  ’ 

5  C  Ho  L  IUM  IL 


THere  are  feveral  ufeful  Geometrical  Pra&ices  depend  0 
this  ConfiFtarj  and  i?s  Proportion.  i.  That  Qy)  wherefc 
$  we  are  taught  to  cut  oft  any  part  required,  e.  , 

fee)  Euclprop.  f  from  a  given  Line  AB,  and  fb  generally  to  ci 
6.  lib.  6.  or  divide  any  given  Line  AC,  in  the  fame  pr< 
(0)  Eud.  2.  portion  as  any  other  given  Line,  is  fuppofed  1 
lib.  6.  be  divided  in  D,  (and  cbnfequently  into  as  mar 

(y)  Fuel .  L  '  equal  parts  as  you  pleafe ; )  vi^.  if  in  the  fir 
g  (3  1 0_./.6o  Cafe, having- drawn  any  Line  AF,you  take  AD 

L  and  make  DB  z,  and  bavins  joined  CB,dra 

1  '  il 
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(the  Parallel  LE:  for  as  AD  to  DB  fo  is  AE  to  AC  ;  that  is, 
tas  1  to  2,  by  this  4th  Confeft.  therefore  AE  is  one  third  of  the 
fwhole  AC,  &c. 

II.  A  Rule  (ct)  to  find  a  third  Proportional  to  the  2  Right 
Lines  given  AB  and  BC  (N°  z.Fig.  6^.)  (or  a  fourth  to  three 
given  ;)  if,  vi%.  having  drawn  AF  at  pleafure,  you  make  AD 
equal  to  BC,  and  Joining  DB,  draw  the  Parallel  EC  :  For  as 
AB  to  BC,  fo  AD  i.  e .  BC)  to  DE.  Now  if  AD  be  not  equal 
ito  BC  but  to  another  (vi%»  a)  third  Proportional,  then  by  the 
fame  Reafon  DE  will  be  a  fourth  Proportional. 

Hit  Another  Rule  ($)  to  find  a  mean  Proportional  between 
itwo  Right  Lines  given  AC  and  GB  •,  which  is  done  by  join¬ 
ing  both  the  Lines  together,  and  from  the  middle  of  the  whole 
AB  defcribing  a  Semicircle,  and  from  G  ere&ing  the  Perpendi¬ 
cular  CD  :  For  fince  the  Angle  ADB  is  a  Right  one,  by  Cm- 
reft.  1.  of  the  preceding  Proportion,  and  the  j:wo  Angles  at  C 
Sare  Right  ones,  and  thofe  at  A  and  B  common  to  the  whole 
Triangle  ADB,  and  to  the  two  partial  ones  ACD  and  BCD, 
thefe  two  will  be  Equiangular  and  Similar  to  the  great  one,  and 
confequently  to  one  another :  Therefore  by  the  prefent  Proportion, 
as  AC  to  CD,  fo  CD  to  CB,  Q.  E.  D.  and  alio  as  AB  to  BD 
fo  BD  to  BC,  and  as  AB  to  AD  fo  AD  to  AC,  &c. 


IV.  The  Analytical  Praxis  of  multiplying  and  dividing  Lines 
by  Lines,  fo  that  the  Produft  or  Quotient  may  be  a  Line  •  and 
alfo  the  way  of  Extradf ing  Roots  out  of  Lines :  Which  Des 
Cartes ,  gives  us,  p.  2.  of  his  Geom.w'^.  affuming  a  certain  Line 
for  Unity,  e.  g.  AB  (in  Pig.  N°  2.)  if  AC  is  to  be  multi¬ 
plied  by  AD,  having  joined  BD,  and  drawn  the  Parallel  CE, 
the  Product  will  be  AE ;  for  it  will  be  as  1  to 
the  Multiplier  AD,  fo  the  Multiplicand  AC  to 
the  Product  AE  5  or  if  AE  is  to  be  divided 
by  AC,  having  joined  EC  and  drawn  the  Pa¬ 
rallel  BD,  the  Quotient  will  be  AD  ;  ( for  AC 
the  Divilor,  will  be  to  AE  the  Dividend,  as  an 
Unit  AB  to  the  Quotient  AD ;)  all  which  are  e- 
vident  from  the  Nature  of  Multiplication  and  Divifion,  and  the 

-  H  2  precedent 


(cl)  Eucl.  1 1 
&  I  2 ,  l  6» 
(  $)  Eucl.  t  3 . 
lib .  6  &  and 
Eucl .  %Jtb'6. 


\ 

ioo  Mat  hefts  Enuckata :  Or, 

Precedent  Praxes.  As  alio  taking  CB  fin  the  fame  'Fig.  N°  3 
bar  Unity,  if  the  Square  Root  is  to  be  extradfed  out  of  any  « 
*her  Line  AC,  this  being  joined  to  your  Unity  in  one  Line  As 
and  having  defcribed  thereon  a  Semicircle,  the  Perpendicuj; 
CD  will  be  the  R.oot  fought,  as  being  a  Mean  Proportional  b 

tween  the  two  Extremes  CB  and  AC,  according  to  Prop.  1 7. 

-  , 

X 

V.  A  Right  Line  AG  which  divides  (I)  any  given  Angle  , 
into  two  equal  Parts  (  Fig.  66.  )  being  prolonged,  divides  tf 
Bafe  BC  proportionally  to  the  Leg?  of  the  Angle  AB  and  AC 
For  having  prolonged  CA  to  E  fo  that  AE  fhali  be  ~  to  AB 
the  Angles  ABE  and  AEB  will  be  equal,  by  Confetti,  z.  Defi ; 
and  cbnfequehtly  alio  equal  to  each  of  the  halves  of  the  eXtei 
rsal  Angle  CAB  by  Confi Ft.  3.  of  the  antecedent  Propofitio! 
Therefore  the  lines  AG  and  EB  will  be  p:irallel9by  Confil. Defill 
Therefore  as  AC  to  AE,  i*e.  to  AB,  fb  GC  to  GB,  by  Coi 
fed .  5.  of  this  Proportion.  Q^ED* 

,  '  t  ■  "  -* 

VL  H(  nee  alfo  there  follows  further,  by  converfion  of  th 
laft  inference,  as  AC-J-AB  to  AC,  fo  GG-j-GB  (/.  e.  BC)  t 
GC  *7  and  inverfly  GC  to  BC  as  AC  to  AC-j~AB  *,  and  laft] 
alternatively,  GC  to  AC  as  BC  to  AC-J-AB*  "  M 
N.  B.  This  lad  Inference  follows  alfo  immediately  from  th 
preceding  Confedaty.  For  by  reafon  of  the  Similitude  of  th 
aa  ACG  and  ECB  ,  as  GC  to  AC  fo  BC  to  CE,  i.  e.  to  A( 
4- A  B,  ’ 


SCHOLIUM  lit 


FRom  thefe  two  lad  Confedlarys  there  aril 
thefe  or  two  or  three  Practical  Rules,  th 
hb.  6 -  hr  ft  whereof  Chews,  how  having  the  two  Legs  A 

and  AC  given ,  and  alfo  the  Bafe  BC,  to  find  the  Se^ 
menu  GC  and  GBS  made  by  the  Bifedion  of  the  Intercrural  Angl 
(w^.  by  this  inference,  according  to  Confed .  6 .  As  the  Sum  c 
the  5ides  to  one  Side  (e.  gt)  AC  •-)  fb  the  Sum  of  the  S'egmen 
of  the  Bale,  i»  c .  the  whold  Bafe  to  one  of  the  Segments,  vh 
that  next  the  faid  Side  GC.  2.  It  {hews  on  the  contrary  ,hov 
having  the  Bafe  and  one  of  its  Segments  given,  and  moreover  the  Sut 
<of  the  Sides,  to  find  fepar at eiy  the  Side  AC  next  the  known  Segment 


V 
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:y  inferring  as  the  Sum  of  the  Segments,  or  the  Bift  BC  to  the 
Sum  of  the  Sides,  fo  the  given  Segment  GC  to  the  fought  AC  : 
;r  alfo,  ^dly,  Having  only  the  Bafe  and  Sum  of  the  Sides  givtn^  but 
ot  the  Segment  GC,  yet  to  exprds  its  Proportion  to  the  next 
de  AC,  - — — *  ■* — -  vi%.  in  the  Quantities  of  the  given 

Trms,  by  putting  (by  Confefi.  6.  )  for  GC  the  value  of  the 
>afe  BC,  and  for  AC  the  value  of  the  Sum  AB-J-AC  •  the 
rCat  ul'e  of  which  laft  Rule  will  appear  hereafter  in  the  Cy- 
lometry  (or  Quadrature  of  the  Circle)  of  Archimedes . 

/  - 

VlL  In  any  Triangle  ABC  (Fig.  of  the  prefent  Proportion) 
ne  Sides  are  to  one  another  as  the  Sines  of  their  oppofite  An- 
;les :  For  they  are  as  the  Chords  of  the  double  Angles  at  the 
Center,  by  Prop.  33.  therefore  they  are  alio  one  to  another  as 
aif  thole  Chords,  s.  e*  by  Definit ,  10.  as  the  Sines  of  the  half 
Angles* 

S  C  HO  LIU M  IV, 

Ence  flow  two  new  Rules  of  Plane  Trigonometry,  for 
Oblique-angled  Triangles  to  find,  vis^ 

-I.  The  other  Angles: 

Yom  2  gi-  o- 
en  Sides,  &C^. 
n  Angle  op*  <T  ft* 

>ofitetoone/  3. 
i  them  ;  -  arc 

II*  The  other  Sides; 

rom  one  C  As  the  Sine  of  the  Angle  oppofite  to  the  given 
de  and  the  >  fide,  to  that  fide;  fo  is  the  Sine  of  the  Angle  op- 
tigles  given,  j  polite  to  the  fide  fought  to  the  hde  fought. 

w  that  this  way  we  have  reduced  all  the  Cafes  excepting  one 
f  Plane  Trigonometry  ,  and  consequently  all  Eutbymetry  to 
ieir  original  Foundations  (  for  in  that  Cafe  of  having  two 
■de,«,  and  the  included  Angle  given,  we  may  find  the  reft  by 

11  3  the 


As  the  Side  oppofite  to  the  given  Angle  to 
the  other  Side,  fo  is  the  Sine  of  the  given 
Angle  to  the  fine  of  the  angle  opp&fite  to 
the  other  Side  ;  which  being  given,  the 
third  is  eafiiy  found. 


i ox  Mathefis  Enucleata  :  Or, 

*he  Refolution  of  the  Obliqueangled  Triangle  into  two  Right 
Angled  ones*,  and  fo  it’s  done  by  the  Rules  we  have  deducd 
(Schoi,  i.)  I  fay,  excepting  one,  in  which  from  the  three  Tides  of 
an  Obliqueangled  Triangle  given,  you  are  required  to  find  the 
Angles :  the  Rule  to  refoive  which  we  will  hereafter  deduce  in 
the  2d  Covfitt,  of  Prop.  45*.  from  that  Theorem  which  Euclid 
gives  us,  lib ,  2 Prop.  1  3 . 

VII f.  Becaufe  in  in  the  Right  Angled  A  BAC  (Fig-6 j!)  BC 
is  to  CA  as  CA  to  CD,  by  N°  of  the  2d  Schoi ,  of  this  Prop . 
the  □  of  CA  will  be  —  tZ3  CE9  by  Prop.  17.  In  like  manner 
becaufe  as  CB  to  BA.  fb  is  BA  to  BD  *,  the  C  of  BA  will  be 
to  CD  BE :  Wherefore  the  two  Rebtangles  BE  and  CE  taken 
together,  that  is,  the  □  of  the  Hypothenule  BC,  will  be  —  to 
the  two  p’s  BA  and  CA  taken  together:  Which  is  the  very 
Theorem  of  Pythagoras  demonllrated  two  other  ways  in  Schoi • 
of  Definit ,  1  3. 

.  '  .  1  c  ■  '  -  •  T  *  I 

SCHOLIUM  V. 

qpHis  Theorem  of  Pythagoras  as  it  furnifhes  us  with  Rules  of 
JL  adding  Squares  into  one  Sum,  or  fubtra&ing  one  Square 
from  another  •  fo  likewise  it  helps  us  to  fome  Foundations  where¬ 
on,  among  the  reft,  the  ftrudture  of  the  Tables  of  Sines  relies, 
&c.  Whofe  ufe  we  have  already  partly  fhewn  in  Schoi,  1  and 
4.  1.  If  feveral  Squares  are  to  be  collected  into  one*  Sum, 

having  joined  the  Sides  of  two  of  them  fo  as  to  form  a  Right 
Angle,  e.g.  AS  and  BC  (Fig.6%,  N?  I.j  the  Hypoihenufe  AC 
being  drawn,  is  the  Side  of  a  Square  equal  to  them  both  $  and 
if  this  Hyporhenufe  AC  be  removed  from  B  to  D,  and  the  Side 
of  the  third  Square  from  B  to  E,  the  new  Hypothenufe  DE  will 
be  the  Side  of  a  Square  equal  to  the  three  former  taken  together. 
7.  If  the  Square  of  the  fide  MN  (N°  2.)  is  to  be  fubtra&ed 
from  the  Square  of  the  fide  LM.  Having  deferibed  a  Semicircle 
upon  LM,  and  placed  the  other  MN  within  that  Semicircle, 
then  draw  the  Line  LN  and  that  will  be  the  Side  of  the  remain¬ 
ing  Square*  3°  Having  the  Right  Sine  EG  of  any  Arch  ED  gi¬ 
ven  fbuc  to  find  the  Primary  Sines  we  will  (hew  in  another 
place)  yoa  essy  obtain  the  Sine  Complement  CG  or  EF,  by  the 

preceding 
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Numb,  vi%.  by  fubtra&ing  the  □  of  the  given  Sine  from  the  E3 
of  the  Radius  ;  and  moreover  the  verfed  Sine  GD  by  fubtraSL 
ling  the  Sine  Complement  CG  from  the  Radius  CD.  4.  The 
Squares  of  the  verled  Sine  GD,  and  of  the  Righf  fine  EG  being 
added  together,give  the  Q  of  the  Chord  ED  of  the  fame  Arch, 

( which  all  are  evident  from  the  Fythagorid \  Theorem  )  and  half 
of  that  EH  gives  the  Right  Sine  of  half  that  Arch.  7.  From 
ihe  Right  Sine  EG  you  have  the  Tangent  of  that  Arch,  if  you 
make,  as  the  Sine  Complement  CG  to  the  Right  Sine  GE,  fo 
the  whole  Sine  CD  to  the  Tangent  G  I.  6.  Laftly,  From 
thefe  Data  you  may  alfo  have  the  Secants  (  if  required)  thus, 
as  the  Sine  Complement  CG  to  the  IV.  S.  CE,  fo  the  W.  S* 
CD  to  the  Secant  Cl  3  or  as  the  Right  Sine  EG  to  the  W.  S« 
E.C.  fo  the  Tangent  ID  to  the  Secanc  1C  3  both  which  are  c- 
vident  by  our  54th  Propofition. 

Covfeft.  9.  If  the  Quadrant  of  a  Circle  (CBEG,  Fig*  70.) 
be  inclined  to  another  Quadrant  (CADG)  and  two  other  Per¬ 
pendicular  Quadrants  cut  both  of  them,  w^.FBAG  and  FEDG, 
and  the  latter  do  fo  in  the  extremities  of  them  both)  having  let 
fall  Perpendiculars  from  the  common  Sections  E  and  B,  thro* 
the  Planes  of  the  Perpendicular  Quadrants,  and  the  inclined 
Quadrant,  (vi%.  on  the  one  fide  EG  and  BH,  as  Right  Sines 
of  the  Segments  EC  and  BC ;  on  the  other  El  and  BK,  as 
Right  Sines  of  the  Segments  ED  and  BA)  you’l  have  z  Tri¬ 
angles  E1G  and  BKH  Right  Angled  at  I  and  K,  Equiangular 
at  G  and  H  (  by  reafon  of  the  fame  inclination  of  the  Plane 
CBEGC)  and  conlequently  fimilar,  by  our  34th  Propofition  ;  * 
V/herefore  as  the  Sine  EG  to  the  Sine  El^  fo  the  Sine  JBH  to  the 
fine  BK,  or  as  EG  to  BH  fo  El  to  BK,  and  contrariwife. 

sc  ho  Liu m  Vr. 


HEnce  you  have  feveral  Rules  of  Spherical  Trigonometry  for 
* '  refolving  Right  Angled  A  A  ( a )  1.  Having  given  in  the 
Rightangled  A  ABC  the  Hypothenuie  BC  and  * 

the  Oblique  Angle  ACB,  for  the  Leg  AS  op-  (V)  Lansberg * 
pofite  to  this  Angle,  make:  as  the  fine  T  (EG)  Georm  Triang. 
to  the  fine  of  the  Hypoth.  fBH)  lb  the  fine  of  lib .  4*  Prop. 
the  given  Angle  (  El  )  to  the  fine  of  the  Leg  ii» 
fought  (BK),  2*  Having  given  the  Hypothec 

H  4  nufe 
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rule  BC  and  the  Leg  AB  for  the  oppofite  Angle  ACB  mate 
as  the  fine  Hypoth,  (BH)  to  S.  T.  (  EG  )  fb  the  fine  of  the 
given  Leg  (  BK  )  to  the  fine  of  the  Angle  fought  (  El  )  g  j 
Having  given  the  fide  AB  and  the  Angle  oppofite  to  it  ACB, 
for  the  Hypothenufe  BC  (fuppofing  you  know  whether  it  be 
greater  or  lefs  than  a  Quadrant)  make  as  the  fine  of  the  given 
Angle  El  to  the  fine  T.  (  EG  )  fo  the  fine  of  the  given 
Leg  (BK )  ro  the  fine  of  the  Hypoth.  BHJ.  4,  Having  given 
in  the  Right  Angled  A  EBF  (which  we  take  inftead  of  ABC* 
that  fo  we  may  nor  be  obliged  to  change  the  Figure)  one  Leg 
EB  and  the  Hypothenufe  BF  for  the  other  Leg  fiF,  you  may 
find  its  tomplemenr,  if  you  make  as  the  fine  Complement  of 
the  given  fide  (BH)  to  5.  T.  (EG)  fb  the  fine  Complement 
cf  the  Hypothenufe  (BK)  to  the  fine  Compl.  of  the  fide  fought 
(E!)  5,  Having  both  Legs  EB  and  EF  given*  for  the  Hy¬ 

pothermic  BF  its  Compl  B  A  may  be  found  thus:  as$.  T.  (EG) 
is  to  the  fine  Cpmpi.  (BH)  of  one  iide  EB,  fb  the  fine  Compl. 
(El)  of  the  other  fide  (EF)  to  (  BK  )  the  fine  CompL  of  the 
Hypothermic. 

6 .  Having  given  in  the  fame  Right  Angled  Triangle  EBF  one 
Leg  EF,  sand  the  Angle  adjacent  to  it  EFB,  firfl  prolong  into 
whole  Quadrants  BA  to  /,  that  A /  may  BF  Hypoth.  &C 
BC  to  e  thaTO  may  —  EB,  and  AC  to  d  that  C d  may  —  DA 
the  meafure  of  the  given  Angle  EFB  r  fecondly  from  d  thro*  e 
and  /  let  fall  a  Quadrant -thro’  the  extremities  of  the  Quadrants 
B/ and  Bey  that  fo  the  A  G  de  may  be  Right  Angled,  in  which 
there  are  given  the  Hypoth..  Cdezz  to  the  given  Angle,  and  the 
Angles  C  —  to  the  Compl.  of  the  given  Leg  ( vi%.  to 
the  Arch  ED)  and  (o,  thirdly,  there  is  fought  tb  fide  d  as 
this  Complement  of  the  Arch  e /  or  of  the  Angle  fought  ABC* 
cr  EBF  by  the  firfl;  cafe  of  this,  by  infer;  ing,  as  S  T.  to 

the  fine  Hypoth.  c  d  (j.e.  of  the  given  Angle  EFB;)  fb  the  Am 
gle  dee  (z.  e.  DE  the  Comp  ,  of  the  given  Leg  RF)  to  the  fine 
de  (as  the  Compl*  of  the  Artgle/B*? or  EBF.)  A 

7.  Having  given,  in  the  fame  Triangle,  the  fide  EF  and  the 
oppofite  Angle  EBF  (  i.  e.  the  Arch  ef)  for  the  other  Angle 
EFB,  (that  is  the  Hypoth.  cd  in  the  A  ede)  make  by  the  third 
of  this  : 

As  the  Sine  of  the  Angle  dee  (/'.?.  the  fine  Compl.  of  the  gi¬ 
ven  Leg  DE )  to  the  5.  T.  fb  the  fine  of  the  Leg  d  e  (A  e<  the 

'  -  fine  i 
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f*ne  Compl.  of  the  Angle  EBF)  to  the  Hypoth  cd  (*.<?.  the  fine  of 
the  Arch  DA  or  Angle  EFB.), 

8.  Having  the  Oblique  Angles  given  to  find  either  of  the 
fides,  vi#  EF  ;  which  may  be  done  thus  by  the  fecond  of  this  2 
As  the  fine  of  the  Hypoth.  c  d  (/.  e *  the  fine  of  the  Angle  ac 
F)  to  the  W.  S.  (o  the  fine  de  {i.e.  the  fine  Compl.  of  the 
Angle  atBJ  to  the  fine  of  the  Angle  dee  (*>.  the  fine  Comph 
of  the  fide  fought  EF.) 

1  •  .  \  % 

Confect .  10.  The  fame  being  given  as  in  Confett.  7.  if  inftead 
of  the  Right  Sines  El  and  BK,  you  eredf  Perpendicularly  DL 
and  AM(F/£7  i  Jbecaufe  of  the  fimilitude  of  the  Triangles  DGL 
and  AHM,  you’l  have,  as  DG  fine  T.  to  DL  the  Tangent  of 
the  Arch  DE,  fo  AH  the  Right  Sine  of  the  Arch  AC  to  AM 
the  Tangent  of  the  Arch  AB  •  or  as  DG  to  AH,  fo  DL  to  AM, 
and  contrariwifo. 

SCHOLIUM  VIL 

HEnce  flow  the  other  Rules  of  Spherical  Trigonometry  for  Re- 
folving  Right  Angled  Triangles,  9.  Having  given 
the  fide  AC  in  the  A  ABC,  and  the  adjacent  Angle  AC B, 
for  the  other  fide  AB,  make  as  the  W.S.  (DG)  to  the  fine  of 
the  given  fide  (  AH  )  fo  the  Tangent  of  the  given  Angle 
C  ACB  )  to  the  Tangent  of  the  Angle  fought  (  AB*  ) 
10.  Having  given  the  fide  (AB)  and  the  oppofite  Angle  ( at  C) 
for  the  other  fide  (AC,fo  you  know  whether  it  be  greater  or  Ids 
than  a  Quadrant)  make  as  tfye  Tangent  of  the  given  Angle 
(DL)  to  the  Tangent  of  the  given  Leg  (AB)  fo  the  whole  S® 
(DG)  to  the  fine  of  the  Leg  fought  (vi%.  at  AH.)  11,  Both 
fides  being  given,  for  the  Angles,  make,  as  the  fine  of  one  Leg 
(AH)  to  the  W.  S.  (DG)  fo  the  T.  of  the  other  Leg  (AMJ 
to  the  Tangent  of  the  Angle  oppofite  to  the  fame  (atC.)  12* 
Having  given  moreover  in  the  Right  Angled  Triangle  EBF  the 
Hypotheoufe  (BF)  and  the  Angle  (EFB)  for  the  adjacent  fide 
£F,  make,  as  the  fine  Compl.  of  the  given  Angle  (AH)  to  the 
W.  S.  fo  the  Tangent  Compl.  of  the  Hypoth.  (AM)  to  the 
Tang.  Compl.  of  the  Leg  fought  fDL)  13*  Having  given 
the  fide  (EF)  and  the  adjacent  Angle  F  for  the  Hypoth.  BF- 
make ;  as  the  VV.  S.  to  the  fine  Compl.  of  the  given  Angle 
(AH)  fo  the  Tangent  Complement  of  the  given  Leg  (DL) 


loS  Mafhejis  Enuckata :  Or, 

to  the  Tangent  Compl.  of  the  Hypoth.  (AM.)  14,  Having 

given  the  Hypoth.  fBF)  and  one  fids  EF  for  the  adjacent  An¬ 
gle  (F)  make  as  the  Tang.  Compl*  of  the  given  Leg  (D.L.J 
lo  the  W.  S.  fo  the  Tang.  Compl.  of  the  Hypoth.  (AM  )  to 
she  Sine  Compl.  of  the  Angle  fought  (AH).  1  y.  Having  gi¬ 

ven  theHypothi  (BF,  i.  e.  the  arch  Af,  or  the  angle  at  d)  and 
either  of  the  oblique  angles  (at  F)  for  the  other  angle  (EBFJ 
make  by  help  of  the  new  Triangle  c  de,  by  the  12th  of  this. 

As  the  Sine  Compl. of  the  angle  c  de  (r.  e .  the  Sine  CompL 
of  the  Hypoth.  (AH)  to  the  W#  S.  (6  the  Tang.  Compl.  of 
the  Hypoth.  cd  (n  e*  Tang.  Compl.  of  the  given  angle)  to  the 
Tang,  Compl.  of  the  Sided?  (/.  e.  to  the  Tang;  of  the  angle 
fought  ABC  or  EBF.) 

1  6.  Having  given  the  oblique  Angles  to  find  the  Hypoth. 
(  BF,  or  the  arch  A/,  or  the  angle  c  d  e)  it  is  done  by  the  14 
of  this  SchoL 

As  the  Tang*. Compl.  of  the  Leg  de  (j.  e .  the  Tangent  of 
the  angle  ABC  or  EBF)  to  the  W.  S.  fo  the  Tangent  Com¬ 
plement  of  the  Hypoth.  c  d  (/.  e.  the  Tangent  Complement  of 
the  other  angle  EFB)  to  the  Sine  Compl.  of  the  angle  c  de  (i.e. 
the  Sine  Compl.  of  the  Hypoth.  BC  foughr.) 

So  that  now  we  have  with  Lanfbergius  (but  much  more  com- 
pendioufly  )  Scientifically  Refolvcd  all  the  Cafes  of  Rigt-angled 
Triangles  5  the  Refolution  of  Oblique-angled  ones  only  now 
remaining. 

\ 

GonfiEl.il.  In  Oblique-angled  Spherical  Triangles,  as  well  as 
Right-angled  ones,  the  Sines  of  the  angles  are  diredily  propor  j- 
nal  to  the  Sines  of  the  oppofite  Sines.  1 .  Of  the  Right-angled 
ones  this  is  evident  from  N°  5.  Scho!.  6.  and  from  the  9th 
ConfeEi.  For  as  the  Sine  of  the  angle  A  (Fig.  yl.)  to  the  Sine 
ofBD,  fo  the  W.  S.  (j.e.  of  the  angle  D)  to  the  Sine  of  AB* 
2.  The  fame  is  immediately  evident  of  an  Oblique-angled  Tri¬ 
angle  ABC,  refolved  into  2  Right-angled  ones.  For, 

The  Sine  of  the  angle  C  is  to  the  Sine  of  BD  as  the  fine  of  the 
gle  D  to  the  Sine  of  AB  ;  and  alio, 

The  Sine  of  the  angle  C  to  the  Side  of  BD  as  the  Sine  of  the 
angle  D  to  the  fine  of,  BC,  by  the  i; 

la 
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In  each  Proportionality  the  means  are  the  Sines  of  BDand  D5 
therefore  the  Redangles  of  the  Extremes  of  the  Sines  of  AB  in¬ 
to  the  Sine  of  A,  and  the  Sine  of  BC  into  the  Sine  of  C,  will 
be  equal  among  themfelves,  fince  the  Redangles  of  the  fame 
Means  are  equal,  by  Prop.  18.  therefore  by  Prop .  19.  as  the 
Sine  of  A  to  the  Sine  of  BC,  (o  the  Sine  of  C  to  the  Sine  of 
AB,  QE.  D. 

SCHOLIUM  VIII. 


THe  latter  may  appear  of  Oblique-angled  Triangles  after 
this  way  alfo  ;  fince  the  Sine  of  the  angle  A  k  to  the  Sine 
of  BD  as  the  Sine  of  the  angle  D  to  the  fine  of  AB,  call  the 
firft  a,  the  fecond  e  a,  the  third  b9  the  fourth  e  b  ;  and  becaufe 
the  Sine  of  the  angle  C  (which  we  call  c)  is  likewife  to  the  5ine 

of  BD  (  u  e.  to  e  a  )  as  the  Sine  of  D  (  i.  e,  b)  to  the  5ine  of 

sab 

BC  (which  will  confequently  be  — )  it  will  be  manifeft,  that 

C 

the  5ine  of  the  angle 

A  is  to  the  fine  of  BC  as  the  fine  of  the  angle  C  to  the  fine  of  AB9 
i.f.ES  a  to  .  .  eab 

*  i »  €  *  *  »  C  tO  ■  «  e  b  » 

c 

by  multiplying  the  Means  and  Extremes,  whofe  Redangles  are 
on  both  fidese  ab.  Therefore  as  by  the  prefent  and  precedent 
ConfeElary  7,  it  is  univerfally  true,  That  in  any  Triangle  whether 
Right  Lined  or  Spherical ,  Bight- Angled  or  Oblique* angled9  the  Sides  or 
their  Sines9  are  to  one  another ,  as  the  Sines  of  their  oppojite  Angles 
(which  therefore  is  commonly  called  a  Common  Theorem :)  fo  alfo 
hence  flow  2  new  Rules  of  Spherical  Trigonometry  for  Oblique- 
angled  Triangles,  like  thofe  we  found  in  Schol.  4. 

To  find  I.  The  other  Angles . 

From  2  fides'N'^  /*“  As  the  fine  of  the  fide  oppofite  to  the  gi- 
given  of  an  an  -  ^  ven  angle  to  the  fine  of  the  other  fide,  fo 
gle  oppofite  to  ^  3  S  the  fine  of  the  given  angle  to  the  fine  ot  the 
one  of  them,  sangle  foughr.  - 


/ 


lo8  Mat  hefts  Emckata :  Or, 

II.  The  other  Sides • 

- ,  ■■  )■  .  i  ■  , 

y  s 

xT  S  As  the  fine  of  the  angle  oppofite  to  the 
-F  C  given  fide  to  the  fine  of  that  fide,  fo  the 
3^  v  fine  of  the  angle  oppofite  to  the  fide  fought 
j|  J  to  the  fine  of  the  fide  fought. 

And  thus  we  have  reduced  all  the  Cafes  and  Rules  of  Sphe- 
iieal  Trigonometry  to  their  original  Fountains  (  for  from  % 
Sides  given  and  the  inter]  icent  Angle,  or  z  Angles  and  their 
adjacent  fi^ie,  we  may  find  the  reft  in  Oblique-angled  Triangles, 
by  refolving  them  into  z  Right-angled  ones ;  and  fo  by  the 
Rules  we  have  deduc’d  in  SchoL  6  arjd  7  )  excepting  two 
Cafes,  vi'sS  when  from  3  fid^s  given,  the  Angles,  or  from  q 
Angles  the  Sides  are  fought  3  to  refolve  which,  we  are  fupplied 
with  Rules  frcm  the  following 


From  one  fide 
and  the  angles^ 
given. 


Conf.  12.  In  the  given  Oblique-angled  Spherical  Triangle  ARC 
C%;73-)  whofe  Sides  are  unequal  and  each  lets  than  a  Quadrant, 
having  produced  the  Tides  AB  and  AC  to  the  Quadrant  AD 
and  AE,  and  effe£hd  befides  what  the  Figure  diretfts,  then 


will 

The  Arch  BE  be  the  Mea 
lure  of  the  angle  A3AF— AC, 
and  fo  FB  the  difference  of  the 
Sides  AB  and  AC. 

BG-— BG,  and  fo  GF  the 
difference  of  the  third  fide,  and 
the  differences  of  the  reft  FB. 

But  now,  1  •  As  EH  or  DH 
to  CM  or  FM  fo  will  PH  be 
to  NM  (by  reafon  of  the  Equi¬ 
angular  Triangles  EPH  and 
CNM*,)  therefore  by  Prop .  26. 
fo  will  alfb  D  P  be  to  F  N. 
Maks  therefore  DH— ^  FM— 
m,  DP— £  FN— cb. 


A I  the  R.  Sine  of  the  fide  AB0 

GM  the  Sine  of  the  Side  AG. 

GL  the  Sine  of  GjB,  or  of  the 
fide  BG, 

FKthe  R.  Sine  cf  the  Arch  FB0 

BI  the  verfed  Sine  of  AB. 

BL  the  verf.  Sine  of  GB  or  £G, 

BK  the  verfed  5ine  of  FB. 

KL  or  NO  the  difference  of  the 
verfed  Sines  we  have  now  men¬ 
tioned. 

EF  the  Right  Sine  and  DP  the 
verled  Sine  of  the  arch  DE. 

CN  the  R.  Sine  and  FN  the  ver¬ 
fed  Sine  of  the  arch  FG. 
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i.  By  reafon  of  the  Equiangular  A  A  FNO  and  HAI  (for 
FNO  is  Equiangular  to  the  A  FKQ,  and  that  to  the  a  HQM, 
by  nafon  of  the  Vertical  Angles  at  Q;  and  that  alfo  to  the  A 
HAI  by  reafon  of  the  Common  Angle  at  H)  and  you  have  alfo, 

As  HA 

Or  DH  to  AI,  fo  FN  to  NOI 
a  —  o  a  —  e  b  —  o  e  b. 

Wherefore  now,  3.  you5 1  have  evidently, 
the  P  DH  to  FM  into  AI  as  DP  to  NO. 

;*v  - ,  * 

i  »  ~ 

4  a  — »’— •  0  e  a  a  —  b  0  s  b, 

e/ \ 

#.  e .  a  - - *  0  e  a  1  -  m  h  »—  oe  b. 

DH  NO  DP.  '  f 

And  Inverfly  as  oea  to  a  fo  0  eb  to  b. 

SC  HO  L  I U  31  IX. 

Chinee  therefore  the  Radius  DH  or  a  is  known,  and  s,1  fo  MO 
the  Difference  of  the  verfed  Sines  BL  and  Mv  it  is  evident 
that  DP  the  verfed  Sine  of  the  angle  A  will  be  known  alio- 
fuppofing  that  the  firft  Quantity  oea  is  likewife  known.  .But 
this  may  be  had  by  another  Antecedent  Inference,  if  you  makes 

1 .  s  - 

as  AH  to  FM  fo  AI  to  a  fourth  oea, 

b  ^ 

a  e  a  0  a 

Hence  therefore  arifes,  1.  the  Rule  :  Having  given  the  3 
Sides  of  an  Oblique-angled  Triangle,  to  find  any  one  of  the 
Angles,  by  inferring, 

1.  As  the  Sine  of  T  to  the  Sine  of  R,  one  of  the  fides  com* 
prehending  AC  j  fo  the  fine  of  the  other  fide  AB  to  a  fourth^ 

DH  or  AH  ~~  FM  —  Al—oea. 

a  —  e  a  —  oa. 

2.  As  this  fourth  to  the  fine  of  T,  fo  the  difference  of  the 
verfed  fines  of  the  third  fide,  BC,  and  the  differences  of  tht  o- 
thers  to  the  verled  fine  of  the  Angle  fought,  vi%, 

oea  ~  a  — NO  —  DP. 

0  eb  b. 

$3ut  fince  the  fides  of  a  Spherical  Triangle  may  be  changed 

into 


J' 


no  Mathefh  Enucleata  s  Or* 

into  Angles,  and  contrariwife  the  Xides  being  continued  £  as  if 
the  fide  AB  of  the  given  Triangle  ABC  (Fig.  4 7.)  be  conti¬ 
nued  a  Circle,  the  reft  into  Semicircles  from  the  Poles  b  and  c , 
and  likewife  the  Semicircle  HI  from  the  Pole  A,  and  the  Semi¬ 
circle  FG  from  the  Pole  B,  and  the  Semicircle  EA  from  the 
Pole  C,  you’l  have  a  new  Tri  ingle  a ,  b,  c,  the  3  angles  of 
which  will  be  equal  to  the  3  Tides  of  the  former  ABC  ;  as  the 
angle  a  or  its  meafure  IG,  is  equal  to  the  fide  AB,  by  reafon 
each  makes  a  Quadrant  joined  with  the  third  arch  AG  5  but 
the  meafure  of  the  angle  b,  is  the  fide  AG  (vi%.  in  this  cafe 
wherein  the  fide  AC  is  a  Quadrant,  in  the  other  wherein  it 
would  be  greater  or  lefs  than  a  Quadrant ,  it  would  be  the 
meafure  of  the  angle  of  the  Gompk  for  then  the  Semicircle  H ah 
deferibed  from  the  Pole  A,  would  not  pafs  thro5  C  but  beyond 
@r  on  one  fide  of  C.  See  Pitifi.  lib .  1.  Prop.  6x.  p.  m*  2y») 
W— —u— -  the  angle  c  or  its  meafure  KL,  is  equal  to  the  fide 
BC,  becaufe  with  the  third  KC  they  make  the  Quadrants  BK, 
and  CL]  Therefore,  2,  Having  given  the  three  Angles  of 
the  Oblique-angled  Triangle  a  be,  you  may  find  any  fide,  e*  g. 
a  c9  if  there  be  fought  the  Angle  ABC,  or  rather  its  Comple* 
ment  KBF,  or  its  meafure  FK~4c  ,  »  from  the 

5  fides  given  of  the  A  ABC,  by  the  preceding  Rule,  by  Infer¬ 
ring,  vi%*  1 .  As  S.  Ts  to  the  fine  R,  of  one  fide  comprehending 
the  angle  of  one  fide  AB  (1.*.  of  one  angle  a  adjacenc  to  the 
fide  fbughtj  fb  the  fine  of  the  other  fide  BC  (j.  e.  of  the  other  an¬ 
gle  G)  to  a  fourth. 

2.  As  the  fourth  to  the  S.  T.  fo  the  difference  of  the  ver- 
fed  Sines  of  the  third  fide  AC,  and  the  differences  of  the  others 
(s.  e»  of  the  3d  angle  b,  and  the  differences  of  the  reft)  to  the 
verfed  Sine  of  the  comprehended  angle  ,  or  Complement  to  a 
Semicircle  (?.  e*  of  the  fide  fought  a  c.) 


Propofition  XXXV. 


Similar  Plane  Figures  (a)  are  to  one  another  in  Duplicate  Proportion 
of  their  Homologous  Sides. 


Oemonfftatton. 

i’.  vjv 

For,  x*  the  Bafes  of  2  fimilar  Triangles  or  Parallelograms 
!  ■  *  "  (for 
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(for  which  any  2  Homologous  Sides,  e.  g .  AB  and  (  Fig* 
7^.)  may  be  taken)  and  Perpendiculars  let  fall  thereon  DEand 
D®.  will  be  by  ConfeSt.  I.  Prog.  34*  as  a  to  e  4,  b  to  e  b. 
Therefore  the  Parallelograms  and  Triangles  themfelves,  will  be 
as  to  ^£4,  by  Confeft.  7  and  8.  Def.  12.  i,  e.  by  Def.  34.  in 
duplicate  Reafon  of  their  Perpendiculars  or  afiumed  Sides, 
which  is  moft  confpicuous  in  Squares,  which  putting  a  for  the 
fide  of  one,  and  e  a  for  the  other,  are  to  one  another  as  a  a  to 
ee  a  a*  .  “ 

2.  Like  Polygons  are  refolded  into  like  Tri¬ 

angles,  when  the  Triangles  ABC  and  £0U5C,  and  (&)  Euch  19 
alfo  AED  and  are  Eq*iangular,  by  Con -  ££20  lib.  6* 

feH.  3.  Prog.  34.  but  CAD  and  C32D,  are  alfo 
Equiangular,  becaule  each  of  their  angles  are  the  remainder  of 
equal  ones,  after  equal  ones  are  taken  from  them.  Wherefore 
the  firfl-  Triangles  are  in  duplicate  Proportion  of  the  fides  BC 
and  SBC ;  the  fecond  likewife  of  the  fides  CD  and  CJ3D>  %  the 
third  are  alio  in  the  fame  Proportion  of  the  fides  DE  and  JD©, 
t$c.  u  e.  (fince  by  the  Hypo>h.  BC  has  the  fame  reafon  to 

as  CD  to  C|D}and  DE  to  SDC)  each  to  each  h  in  duplicate  Pro- 
portion  of  the  fides  BC  to  S&C>  or  t0  CHD,  by  the  firfl;  of 
this:  Therefore  by  a  Syllephs,  the  whole  Polygons  are  in  du* 
plicate  Proportion  of  the  fame  Sides  .*  Which  is  the  fecond  thing 
to  be  demon  ft  rated. 

3 .  Circles  and  their  like  Se&ors,  are  as  the  Squares  of  their 

Diameters,  by  Prog,  3  2.  therefore  in  duplicate  Proportion  of  them^ 
by  the  firft  of  this :  Which  is  the  third  thing  .*  Therefore  firm- 
lar  Plane  Figures,  E.  D® 

GONSECTARY  S» 

1=  TpHerefore  2  fimilar  Plane  Figures  are  one  to  another, 
as  the  firft:  Homologous  Side,  to  a  third  Proportional, 
by  vertue  of  Definition  34. 

'  ;■  '  -  •  >  ■  •  ' 

II.  Any  two  Figures  defcribed  on  4  Proportional  Lines  («t) 
and  fimilar  to  2  others,  are  likewife  Proportional, 
and  contrariwife  j  for  if  the  fimple  Reafons  or  (*)  EucLgrog . 
Proportions  of  Lines  be  the  fame,  their  duplicate  22  .lib,  6« 
Proportions  will  be  the  fame  alfo,  and  reciprocally, 

i 


SC  HQ- 


x  x. %  Mathejis  Enucleata  :  Or* 

S  €  HO  L  IU M.  '  ' 

I^UT  as  this  fecond  Cojife&ary  confirms  Prop,  22  and  its 
J|  Scholium,  fb  the  firit  fetches  us  a  twofold  Geometrical 
Praxis*,  i.  A  Way  to  express  the  Proportion  of  fimilar  Fi¬ 
gures  by  two  Right  Lines,  finding  a  third  Proportio¬ 

nal  to  their  Homologous  Sides.  For  as  the  fide  of  the  firft  to 
this  third,  fo  will  be  the  firft  Figure  tot  the  fecond.  z.  A  way 
to  augment  or  diminiffi  any  given  Figute  in  a  given  Reafon 
or  Proportion,  vi%.  by  finding  a  mean  Proportional  between  any 
fide  of  the  given  Figure,  aud  another  Line  which  fhall  be  to 
that  in  a  given  Proportion*  and  then  by  deferring  thereon  a 
fimilar  or  like  Figure* 


Proportion  XXXVL 


Imilar  or  like  Solid  Figures ,  are  to  one  another  in  triplicate  Pro¬ 
portion  of  their  Homologous  Sides • 


Demontttatwm 

For,  ;•  The  fimilar  Bafes  of  two  fimilar  Paralleleplpedons 
(and  eonfequently  alfo  of  Prifms  and  Cylinders,  by  ConfeSt*  4 
and  f.  Definite  1 6.  and  alfo  of  Pyramids  and  Cones,  by  ConfeB* 
3  and  4,  of  Definit.  xy.)  are,  as  a  b  to  e  ea  b9  by  (ct)  the  pre¬ 
ceding  Propofition,  and  their  Altitudes  as  c  to  e  c,  by  ConfeB*  a. 
prop.  34. 

Therefore  Parallelepipeds,CylindersandPriftns  (and  fo  the  third 
part  of  thefe,  Cones  and  Pyramids)will  be  as  ahc  to  ^abc}by  Con* 
feft*  3,  4,  y.  Definite  16.  %9  e .  they  will  be,  by  Definite  34,  6c 
ConfeEL  1  and  %•  Trope  34.  in  Triplicate  Proportion  of  their 
Perpendiculars  or  Homologous  Sides.  Which  is  efpecially  Con- 
Ipicuous  in  Cubes ;  which,  putting  a  for  the  Side  of  one,  and 
ea  for  the  fide,  are  to  one  another  as  a 5  to  e^aK  7  '  ' .  ,  - 

2.  Polyedrous  or  many  fided  Figures,  may  be  refolved  into 
Pyramids  of  fimilar  Bafes  and  Altitudes  *,  which  is  evident  of 
Tegular  ones,  from  the  ConfeB .  of  Definite  zi.  and  cannot  be 
difficult  to  under  ftand  alfo  of  Irregular  ones  5  becaufe  the  like 

inclination 
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inclination  of  rheir  Planes  every  where  fimilar  and  equal  in 
number,  neceffarily  require  that  the  whole  Altitudes  of  fimilar 
Polyedrous  Solid-,  as  well  as  fimilar  Pa-rallelepipedons,  by  Con - 
Q8.  2.  Prop.  34*  fhould  be  in  lubduplicare  Proportion  of  their 
Bales,  and  fo  thefe  being  like  wile  divided  in  C  and  C  (Fir.  y6. 
ISf0  1.)  the  parts  of  their  heigths  GC  and  (DC,  will  be  in  the 
tame  Proportion:  Whence,  e.  ? .  2  Pyramids  itanding  on  fimi- 
jar  Bafes  ABDEF  and  and  having  like  Altitudes 

GC  and  (DC,  will  neceflarily  be  like  or  fimilar-  and  the  fame 
thing  maybe  likewile  judged  of  others. 

Or  yet, to  (hew  it  more  evidently,  the  Polyedrous  Solids  may  be 
refolved  into  like  Triangular  Prilms;  for/.£.  each  of  the  Trian¬ 
gles  of  their  fimilar  Bales  ABDEF  and  StjDSDCjfp  ( ]Sf°  2 ,  ) 
ire  fimilar,  vi%.  &  fa  f  and  abf \  0)15  JF  and  ABF,  by  the  pre« 
ceding  Prop.  NQ  2.  The  Planes  0)15&&  and  A Bba,  alfo  03fJF 
&nd  AafF,  are  fimilar  by  the  Hy pot n.  and  confequently  allb 
:he  Planes  HSfofJf  and  B//F  (  ft)  is  to  fjltl  as  fb  to  ba ,  and  alfo  in 
I  he  one  ro  m,  as  ba  to  bB  in  the  other  ^  therefore  ex  epuo 
is  f  i)  to  m  lo  fb  to  bB,  &c .)  and  fo  the  whole  Triangular 
Prifms  will  be  fimilar,  by  Definit.  3  y.  and  fb  of  others.  There- 
:ore  fimilar  Polyedrous  Solids  will  be  in  the  fame  Proportion  as 
omilar  Pyramids,  or  Triangular  Prifms,  i.  e.  by 
he  firft  of  this  in  Triplicate  Proportion  of  their  (&)  Fuel. prop. 


Sides, 

3.  Spheres  are  as  the  Cubes  of  their  Diame¬ 
ters  (5)  by  Confeft.  3.  Prof.  32.  Therefore  they 
ire  by  the  firft  of  this,  as  af>  to  e^a'K  Therefore 
(fimilar  or  like  Solids  are  in  Triplicate  Proportion 
pf  their  Homologous  Sides*  %  E.  D> 


I  2.  Ub.  I  2. 
of  Cones  and 
Cylinders . 

C  $)EucJ.  18, 
Ub*  12. 


k 


1 


CHAP.  VI. 


1 14  Ma  thefts  Enucleata  :  Or# 


CHAP.  vr. 

Of  the  Proportions  of  Magnitudes  of  divers  forts  con 
pared  together • 


Propofition  XXXVII- 


THE  Parallelogram  ABCD  ( Fig®  77.  N*  I.)  is  to  the  Triang 
BCD  upcn  the  fame  bafe  DC,  and  of  the  fame  heigbth  as  z 
1.  This  has  been  already  Deraonftrated  in  ConfeEl .  3. 

»*>-  i  2«  Here  we  (hall  give  you  another 


£>emonfftatf0it 


Suppofe,  1.  the  whole  Bale  CD  divided  into  four  equ: 
parrs  by  the  tranfverfe  Parallel  Lines  EG,  HK,  LN,  then  wi 
fby  reafon  of  the  fimilitude  of  the  AA  DGF,  DK1,  DNAf 
DCB  )  GF  be  1,  KI  2,  NM  3,  CB4;  and  having  furthei 
more  continually  Btle&ed  the  Parts  of  the  Bale,  the  Indivifiblr 
or  rhe  Portions  of  the  Lines  drawn  tranf/erfly  thro?  the  Triar 
gle  will  be  1,  2,  3,  4,  5 ',6,  7,  8,  ad  infinitum ,  all  £ 
long  in  an  Arithmetical  Progreffion,  beginning  from  the  Poit 
D,  as  o ;  to  which  the  I  ke  number  of  Jndivifibles  always  at 
fwer  in  the  Parallelogram  equal  to  the  greateft,  vi%*  the  Lir 
BC.  Wherefore  by  the  4th  Confett*  of  Prop,  I  A.  all  the  Ind 
vifibles  of  the  Triangle,  to  all  thofe  of  the  Parallelogram  take 
together,  t.  e the  Triangle  it  felf  to  the  Parallelogram,  is  as 
to  2.  Q.  E„  D* 


SCHOLIUM. 

OW  if  any  one  fhould  doubt  whether  the  Triangle  c 
__  _  Parallelogram  may  be  rightly  Laid  to  conhft  of  an  ini 

mte  number  of  Indivifible  Lines;  he  may,  with  Dr0  TValh 

inftea 
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snllead  of  Lines,  conceive  infinitely  little  Parallelograms  of  the 
fame  infinitely  little  Heighth,  and  it  will  do  as  well.  For  ha¬ 
ving  cut  the  Bafe  (  N°  z)  into  4  equal  parts  by  tranfverfe  Pa¬ 
rallels,  there  will  be  circumlcribed  about  the  Triangle  fo  many 
Parallelograms  of  equal  heighth,  being  in  the  fame  Proportion 
as  their  Bales,  by  Prop*  28.  i.  e.  increafing  in  Arithmetical 
Pr ogrelfion,  In  the  following  Bile&ion,  there  will  arife  8  fuch 
Parallelograms  approaching  nearer  to  the  Triangle,  in  the  next 
16 ,  fo  that  at  length  infinite  fuch  Parallelograms  of  in¬ 
finitely  lefs  heighth,  and  ending  in  the  Triangle  itfelf,  will 
conftitute  or  make  an  infinite  Series  of  Arithmetical  Propor¬ 
tionals,  beginning  not  from  o  but  1  ;  to  which  there  will  an- 
fwer  in  the  Parallelogram  infinite  little  Parallel  grams  of  the 
fame  heighth,  equal  to  the  g-'eatefi.  Whence  it  again  follows, 
by  Confeft.  9.  Prop .  21.  that  the  one  Series  is  to  the  other,/.  e» 
the  Triangle  to  the  Parallelogram  as  1  to  z;  which  being 
here  thus  once  explained,  may  be  the  more  eafily  applied  to 
Cafes  of  the  like  nature  hereafter. 

CONSECTARYS,, 

4 

L  ^Ince  in  like  manner  in  the  Circle  (jpig»  79°)  the  Periphe^ 

^3  rys  at  equal  intervals  from  one  another,  as  fo  many  Ele¬ 
ments  of  the  Circle,  increafe  in  Arithmetical  Progrdfion*,  the 
Sum  of  thefe  Elements,  L  e .  the  Circle  it  (elf  will  be  to  the  Sum 
pf  as  many  Terms  equal  to  the  greareft  Periphery,  u  e.  to  a 
Cylindrical  Surface,  whole  Bale  is  the  greateft  Periphery,  and 
its  Altitude  the  Semidiameter,  as  1  to  2. 

II.  Hence  the  Curve  Surface  of  a  Cylinder  circumfcribed  a» 
bout  a  Sphere,  i.  e>  whofe  Altitude  is  equal  to  the  Diameter,  is 
Quadruple  to  its  Bafe, 

III;  Alfo  the  Sedlor  of  the  Circle  bacy  to  a  Cylindrical  Sur¬ 
face,  whole  Bafe  is  the  Arch  b  c9  but  its  Altitude  the  Semidia¬ 
meter  a  Cy  is  as  1  t0  2, 

IV.  And  becaUfe  the  Surface  of  the  Cone  BCD  is  to  its  cir¬ 
cular  Bafe,  asBC  to  CA,  i.e’o  as  the  Vi  to  1,  by  SchoL  Prop a 
tj,  the  Cylindrical  Surface*  the  G  mical'Surface  and  the  Gir- 

I  %  cular 
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cuiar  one  we  have  hitherto  made  life  of  will  be  as  zy  yT 
i,  and  confequently  continually  Proportional. 


S  C  HO  L  IUM 


ALL  which  may  alfo  abundantly  appear  this  way  , 

by  purring  for  the  Diameter  of  the  Circle  4,  for  the 
Semidiameter  \  a  and  for  the  Circumference  ea,  you  1  have  the 
Area  of  the  Circle  \  eaa  by  ConfePi.  1  Definit.  31.  and  Multi¬ 
ply  ing  he  heighth  ot  the  Cylinder  AB  ue.  \  a  by  the  Periphry 
ea  yo  i’l  have  the  Cylindrical  Surface  |  eaa  by  Confect.  6.  Definit , 
18*  as  now  is  evident  alfo  by  ConfePi.  i,  z  and  3.  Now  if  you 
would  alfo  have  the  Suffice  of  the  Cone,  fince  it’s  fide  by  the 
PythagoncfiTheorem  is  \/~aa  and  the  half  of  that  |  V+aa  i.  e.  (by 
N°  z  of  SchoL  Prop.  zzf)  \  and  this  half  being  multi¬ 

plied  by  the  Periphery  of  the  Bate *4,  you!  have  (by  virtue  of 
ConfePi./ 4.  Definit .  I  8.)  the  Surf  ceot  the  Cone  ea  y\aa  i»  e.  (by 
the  SchoL  juft  now  cited)  'f\eaa4t  :  So  that  now  appears  alfo  the 
4 tb  ConfePt.  of  this*.,  becaufe  the  Redfangle  of  thofe  Extremes  | 
taa  and  {  eaa  is  \  eaa 4  as  well  as  the  fquare  of  the  mean. 


Proportion  XXXVIII. 


A  Parallelepiped  (a)  BF  ( Fig.  77.  N°  3.)  is  to  a  Pyramid 
ABCDE  upon  the  fame  Bafe  BD  and  of  the  fame  heighth  ,  as 
^  to  I.  This  was  D  monftrated  in  ConfePt.  3.  Definit .  [7.  but 
here  we  (hall  give  you  another. 

Demon®  ration. 


Suppofe  1  the  whole  A1  irude  BE  divided  into  3  equal  Part?, 
by  tra.nfverfe  Plains  Parallel  to  the  Bafe,  then  will  (bv  reafon  of 

the  Similitude  of  rhe  Pyramids  abed  E 
(etj  Euclid.  and  ABCDEjthe  Bales  sbcd.^lB^lD  ^d  ABCD 
Prop  7  Coroll'  be  by  ConfePt.  2.  Prop.  34.  and  GQnfeEt.  3.  Definit. 
lib.  12.  17  in  duplicate  Proportion  of  the  Altitudes, 

i.  t.  in  duplicate  Arithmetical  Progreffion  1,4, 
y ,  moreover  2,  bifc&ing  the  parts  of  the 'Altitude,  the  qua¬ 
drangular  St df ions  now  double  in  Number  (as  the  Indivihbles  or 
Elements  of  the  propoftd  Pyramid)  will  be  as  1,  4,  9,  x6, 


\ 


-( 


/ 


/ 


{ 


\ 

0 


t 
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ad  Infinitum,  all  along  in  a  duplicate  Arithmetical  Pro¬ 
portion  ;  while  in  the  mean  time  there  anl'wer  to  them  as 
many  Elements  in  the  Parallelepiped  equil  to  the  greattfl 
ABCD,  wherefore  by  Confeft-  io.  Prop.  21.  all  the  Indivisibles  of 
the  Pyramid  taken  together  will  be  to  all  the  Indivisibles  of  the 
Parallelepiped  alio  taken  together,  i  e.  the  Pyramid  it  felf  to 
the  Parallelepiped,  as  I  to  3.  Q,  £.  D. 

CONSECTARY, 


T 


Plis  Dtmonllration  may  be  eahly  accommodated  to  all  other 
Pyramids  and  Prifms,  ard  alfo  Cones  and  Cylinders,  (a) 
fwce  here  alfo  (F/g.  78J  the  circular  Planes  ba, 

0133,  and  BA  are  as  thefquares  of  the  Dhmerers, 
and  fo  as  1 ,  4,  t).  and  to  like w ile  all  the  other 
Elements  of  the  Cone  by  continual  bifedlion  are  in 
duplicate  Arithmetical  Progrefhon  ;  when  in  the 
mean  rime  there  anfwer  to  them  in  the  Cylinder  as  many  Ele 
menrs  equal  to  the  greateft  BA  &c. 


(o')  Euclid. 
Prop .  1  o.  lib. 
I  2. 


Propofition  XXXIX* 

Cylinder  is  to  a  Sphere  inferibed  in  it  i.  e.  of  the  Jams  Safe  and 
Altitude  as  3  to  2. 


Demon  Station* 


Suppofe  1  (F/g.  So)  the  half  Altitude  GH  ( tor  the  fame  pro* 
portion  which  will  hold  when  di  monftrated  of  the  half  Cylinder 
AK  and  Hemifphere  AGB,  will  alfo  hold  the  fame  of  the 
[whole  Cylinder  to  the  whole  Spherey  to  be  divided  into  3  equal 
parrs.,  then  will  AH.Ci,  E  2,  be  mean  proportionals  between  the 
Segments  of  the  Diameter  by  Prof.^^SchokZ  N°  g^ardfoby  Prop . 
1  7.  the  Re&angles  LHG,  Li  G,  L2G  t  qua!  to  the  Squan  s  \H, 
,E2, being  in  order  as  9  8  and  7, and  al!o  id/y^having  bifetbd 
the  former  parts  of  thebeighth,  the  fix  Squares  cutting  (he  Sphere 
Crolsways  will  be  found  to  be  as  36,  37,  32,  27,  20,  1  I.  &c. 
m  the  progreflion  we  have  fhewn  at  large  in  Confeti.  1  2.  Prop. 2  \ . 
Whertfoie  hnce  all  the  Indivifibles  of  the  Hemifphf re?  vi*.  the 
circular  Planes  anfwering  to  thefquares  of  the  laid  ranlvtrfe 

I  3  D;  mete  s 
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Diameters  have  the  fame  proportion  of  Progreffion,  by  Prop. 
32.  and  there  anfwerto  them  the  like  number  of  Elements  in 
the  Cylinder  equal  to  the  greateft  AH  :  All  thefe 
thefe  taken  together  will  be  to  all  the  other  taken 
together  i.  e ,  the  whole  Cylinder  AK  to  the  whole 
Hemifphere  AGB  by  vertue  of  the  aforelaid  Con - 
Jed:.  1 2*  as  5  to  2  («t)  Q  E.  D» 


(  a  )  Achim 
32  (af  3  i • ) 


beer. 
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/ 

HOnora'w  Fabri  elegantly  deduces  this  Prop,  a  priori,  in  a  ge« 
nerick  Mahod  in  his  Synopfis  Geom*  318.  (which  alfo 
Caroivs  ^enaJdmw  performs  from  the  fame  common  Foundation  in 
hb.  1.  de  Compof  and  E{efoL  p.  50 1,  and  the  following, but  after 
£l  more  obfeure  way  and  from  a  demonftration  further  fetch’d) 
Fahi* s  is  after  this  Method  :  The  whole  Figure  (8  1)  AL  being 
turned  round  about  BZ,  the  Quadrant  ADLBA  will  deferibe  an 
Hemifphere,  the  Square  AZ  a  Cylinder  and  the  triangle  BML 
a  Cone  all  of  the  fame  Bafe  and  Altitude*  Since  therefore  Circles 
are  as  the  (quares  of  their  Diameters  by  hop.  52.  and  the  Square 
of  GE  ~  to  the  Squares  of  GD  and  GF  taken  together  (for 
the  Square  of  GF  1.  e „  GB  x  □  GD  is  =  □  BD  or  BA  or  GE 
by  the  Pythag.  Theor .)  and  fb  the  Circle  deferibed  by  GE  will 
be  ~  to  x  Circles  deferibed  by  GD  and  GF  taken  together; 
then  taking  away  the  Common  Circle  deferibed  by  GF  there  will 
remain  the  circle  deferibed  by  GF  within  the  Cone  equal  to 
the  Annulus  or  Ring  deferibed  by  DE  about  the  Sphere.  And 
iince  this  may  be  demonllrared  after  the  fame  way  in  any  other 
cafe,  vi that  a  circle  deferibed  by  gft  will  be  equal  to  an  An- 
Tiulus  deferibed  by  d  e  *,  it  will  follow,  that  all  Rings  or  Annuli 
deferibed  by  the  Lines  DE  or  de  (i.  e  all  that  Solid  that  is 
conceived  to  6e  deferibed  by  the  trilinear  Figure  ADLM  turned 
round)  will  be  equal  to  all  the  Circles  deferibed  by  GF  or gf  (»>«, 
to  the  Cone  generated  by  the  Tdangle  BLM  *,)  and  fo  as  the: 
Cone  1  |  part  of  the  Cylinder  generated  by  AL,  by  the  Co«- 
fed.  of  Prop .  gg.  fo  alfo  the  Solid  made  by  the  Trilinear 
ADLM  the  Excefs  of  the  Cylinder  above  the  Sphere ) 
will  be  |  of  the  Cylinder,  and  confequently  the  Hemifphere  §. 

(*«  £L.  Do 
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CONSECTAYS. 

\  T  TEnce  you  have  a  further  Confirmation  of  ConfeSl.  2.  Prop . 

32.  and  Prop,  36.  N.  3. 

II.  Hence  alio  naturally  flows  a  Confirmation  of  ConfeSl.  2. 

Definit .  10.  and  confequently  the  Dimenfion  of  the  Sphere 
both  as  to  its  folidity  and  5urtace.  For  putiing  a  for  the  Dia¬ 
meter  of  the  Sphere  and  eircumfcribed  Cylinder,  and  Ea  for  the 
Circumference,  the  Bafis  of  the  greateft  Circle  will  be  \  eaa,  and 
that  multiplied  by  the  Alt:rude,  gives  \  ea>  for  the  Cylinder, 
Therefore  by  the  prefcnt  Propolition,  \  ea'  gives  the  Solidity 
of  the  Sphere  (  by  making  as  3  to  2  10  ~  to  |  )  This  divided 
by  |  a9  will  give, by  venue  of  ConfeEl.  I .  of  the  atorefaid  Def.  10, 
and  3.  Definit.  17.  the  Surface  of  the  Sphere  eaa. 

« 

III.  Therefore  the  (a)  Surface  of  the  Spheres,  is  manifefF 
1  y  Quadruple  of  the  greateft  Circle  \  eaa* 

IV.  The  Surface  of  the  Cylinder,  without  the  Bafes,  made 
by  multiplying  the  Altitude  a  by  the  Circular  Periphery  of  the 
Bafe  ea ,  will  be  eea9  equal  to  the  Surface  of  the  Sphere. 

V.  Adding  therefore  the  z  Bafes,  each  whereof  is  \eaa% 
the  whole  Surface  of  the  Cylinder  1  \  eaay  will  be  to  the  Sur¬ 
face  of  the  Sphere  eaa  as  3  to  2. 

VI.  The  Square  of  the  Diameter  aa  to  the  Area  of  the  Cir¬ 
cle  l  eaa ,  is  as  a  to  \  ea,  1.  e.  as  the  Diameter  to  the  4th  part  of 
the  circumference. 

VII.  A  Cone  of  the  lame  Bate  and  Altitude  with  the  Sphe  e 
and  Cylinder,  will  be  by  ConfeSl.  2.  of  this,  Prop,  and  the  Coir- 
fett.  of  Prop.  38.  f2  <?43,  and  of  the  Cylinder?  ~  or  J  ea 3.  The  re- 
fore  a  Cone,  sphere,  and  Cylinder,  of  the  fame  heighth  and  dia¬ 
meter,  are  as  1,  2,  3*  The  C  me  therefore 

(et)  Archim.  is  equal  to  the  Excefs  of  the  Cylnder  above  the 
Itb.  1,  de  Spb.  Sphere*  as  is  otherwife  evident  in  Scholium  1. 

Cylind.  of  this. 

Propel  1.  fa),  jo).  I  4 


And 
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SC  HO  L  IUM  II. 

ND  thus  we  have  briefly  and*  dire£Hy  demonftrated  the 
chief  Propofiiions  of  Archimedes ,  in  his  I.  Book  deSphcer.. 
&'  c;>  dnd.  which  he  has  deduced  by  a  tedious  Apparatus^  and: 
c.^'  mdire&Jy.  And  now  if  you  have  a  mind  co  Survey  the 
nd  more  perplext  way  of  Archimedes ,and  compare  it  with 
thus  (horrer  cur  we  have  given  you ;  take  it  thus;  Archimedes 
thought  it  neceflary  fir  ft  of  all  to  premife  this  Lemma  *  That 
all  the  Conical  Surfaces  of  the  Conical  Budy  made  by  Circum¬ 
volution  of  the  Polygon,  or  many-angled  Figure  A>B,C,D}E# 
CL.  {Fig.  81.)  infcribed  in  a  Circle,  according  to  Definit.  19. 

I  fay,  thofe  Conical  Surfaces  taken  all  together,  will  be  equal  : 
to  a  Cncle,  whofe  Rad’us  is  a  mean  Proportional  between  the 
Diameter  AS  and  a  tranfverfe  Line  BE,  drawn  from  one  ex¬ 
tremity  of  the  Diameter  E  to  the  end  of  the  fide  AB  next  to 
the  other  extremity.  This  we  will  thus  demonftrate  by  the  help 
of  fptcious  Arithmetlck:  Since  BN,  BN  are  the  Right  Sines  of 
equal  Arches,  CK  and  CK  whole  Sines,  &c.  and  the  Lines  i 
BH,  GC,  &c.  parallel  5  having  drawn  obliquely  the  tranfverfe  ! 
Lines  HC  ,  GD,  ail  the  angles  at  H,  C,  G,  D,  &c.  will  be  i 
equal  by  ConfiSt.  1,  Definit.  1 1.  and  confequently  all  the  Tri¬ 
angles  BN  A,  HN/,  ICK,  equiangular,  both  among  them- 
f  Ives,  and  to  the  A  ABE  *3  fince  the  angle  at  B  is  a  Right  one, 
by  ConfiH ,  1  Prop.  33,  and  the  angle  at  A  common  with  the 


A  BN  A.  Wherefore  as  BN  to  NA 


fo 


CK  to  CL 


and 


or  HN  to  NI  &  GK  toKL. 
DM  to  ML 


and  fo 


fo  lu  fo  EB  to  BA  5 
FM  to  ME  '  3 

by  making  BN  ,  HN  ,  DM ,  FM  =  4  CK  and  GK  =  b, 

ES~c,  for  NA,  NI,  ML  and  ME,  you  may  rightly  pur  e  a 

for  III  and  KL  e  b  for  AB,  e  c.  Which  being  done  you  may 

eafily  obtain  the  Conical  Surfaces  of  the  infer  ib’d  Solid,  and  the 

Area  of  a  Circle  whole  Radius  (hall  be  a  mean  Proportional 

between  AE  and  FB,  and  it  will  be  evidently  manifefl,  that 

thefe  two  are  equal.  For,  u  (for  Conical  Surfaces)  the  Diameter 

oChe  Bile  BH  ~  i  a ,  and  rhe  fide  of  the  Cone  AB  —  ec  i 

J  here  fore  (  making  here  o  the  name  of  the  Reafon  between  the 

Diameter  and  Circumference)  the  circuirference  will  be'zoa 

•which 
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which  multiplied  by  half  the  fide  £  e  c,  gives  the  Conical  Surface 
ttaec,  by  Confe8..4>.  Definit.  I  8.  And  fmce  the  Circumference 
£H  is  as  before  xoa,  and  the  circumference  CG  =  2  oh,  half 
of  the  fum  2  oa  2  0  b ,*  0  a  0  b  is  the  equated  Circum¬ 

ference:  which  multiplied  by  the  Side  BC  —  ec  gives  the  Sur^ 
face  of  the  truncated  Cone  BHGC~oaec — 0  b  e  c,  by  Con- 
feH  5'.  of  the  aforefaid  Defi  fince,Iaftly,the  Surface  of  the  truncated 
Cone  DFGC  is  equal  to  one,and  likewife  the  conical  Surface  EDF 
to  the  other, by  adding  you!  have  the  Sum  of  all  4 oaec  —j—  2obec 
2.  (for  the  Area  of  the  Circle)  the  Diameter  AE  is  =  4  «*  4 
.  2  e  b,  and  BE  —  c:  the  Redangle  of  thefe  is  =zr  4  eac  -|- 

2  e  be  ~  (which  alfo  is  evidently  equal  to  the  Redangle  of 
all  the  tranfverfe  Lines  BH,  CG,  DF  into  the  fide  AB,  as  Ar» 
chime de:  propofesin  the  matter)  =  to  the  Square  of  the  Radius 
in  the  Circle  fought,- becaufe  the  Radius  is  a  mean  Proportion 

nal  between  AE  and  JSE,  and  fo  equal  to  V  4  e  a  c  +  2  e  b  c% 
io  that  the  whole  Diameter  is  l  4  eac-f-zebc.  There¬ 
fore,  2.  the  circumference  of  this  Circle  will  be  20  V  4  e  a  c 
-[-2  ebc,  i.  e.  \/  l  600  eac  +  80 oebci  which  mulfiplyed 
by  half  the  Semidiameter,  i.  e.  by  \  V  4  e  a  c  +  *  ebc,  1.  e. 
^777+]T b  c  gives  the  Area  of  the  Circle  fought  V  1  600 

a  a  e  e  c  c 1 600  e  e  abc  c  -j~  4°°  e  e  bhc  c.  Bat  this  Root 
extraded  is  40  a  e  c  j—  2  o  0  e  c  ,  equal  10  the  fuperiour  Sum 

of  the  conical  Surfaces.  Q.E  D. 

Having  thus  demonftrated  the  Lemma,  we  will  eafily  demon- 
ftrate  with  Archimedes  (rho  not  after  his  way)  That  toe  ^ Sur¬ 
face  of  any  Sphere,  is  Quadruple  of  the  greated  Lucie  in  it, 
which  is  already  evident  from  the  3d  Confect.  l  or  fmce  all  the 
conical  Surfaces  of  the  inferibed  Solid  taken  together,  by  foe 
preceding  Lemma,  are  equal  to  the  Area  of  a  Circle  whole  Ra¬ 
dius  is  a  mean  Proportional  between  the  Diameter  AE  ana  the 
Tranfverfe  E B  •,  and  this  mean  Proportional  approaches  aiways 
fo  much  nearer  to  the  Diameter  AE  ,  ‘and  thofe  Surfaces  fo 
much  nearer  to  the  Surface  of  the  Sphere,  by  how  many  the 
more  fades  the  infer ibed  Figure  is  conceived  to  have,  by  C iv> 
feB.  i  and  2.  Def.  I  8.  if  you  conceive  in  your  mind  the  B:~ 
ledion  of  fhe  Arches  A B,  BC)  &c.  to  be  continued  i»  Infinitum, 
it  will  neccffarily  follow,  that  all  rhofe  conical  Surfaces  will  at 

kpgth  end  in  the  Surface  of  the  Sphere  it  feif,  and  that  mean 
!  h  Pro* 
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portional  in  the  diameter  AE,  and  fo  the  Surface  of  the  Sphere 
will  be  equal  to  a  Circle,  whole  Radius  is  the  Diameter  AE? 
But  that  Circle  would  be  Quadruple  of  the  greateft  Circle  in 
the  prelent  Sphere,  by  Prop,  3^,  Therefore  the  Surface  of  the 
Sphere  is  Quadruple  of  that  Circle  alia,  Q.  E.  D. 

Hence  alio  it  would  be  very  ealie  to  deduce  with  Archime¬ 
des  (cho  again  after  another  way)  that  celebrated  Propofition, 
which  we  have  already  demonftrated  from  another  Principle  in 
the  Prop*  of  this  Schoh  vi%.  That  a  Cylinder  is  to  a  Sphere  of 
the  fame  Diameter  and  Altitude,  as  3  to  2.  For  by  putting 
4  for  the  Diameter  and  Altitude,  and  e  a  for  the  Circumference, 
the  Area  of  the  Circle,  will  be  \e  a  a  z,  and  this  Area  being 
multiplied  by  the  Altitude  4,  gives  \  e  a*  for  the  Cylinder,  by 
Confeft.  5.  Definite  16.  and  the  lame  Quadruple,  i .  e.  e  a  a  mul¬ 
tiplied  by  |  a  gives  \  erf  for  the  Sphere^  by  ConfeEt.  1 .  Definiu 
ao»  and  Confeb.  3.  Definit.  17.  Wherefore  the  Cylinder  will 
be  to  the  Sphere  as  {  to  i.  e.  in  the  fame  Denominator  as  4  to 
4,  i.  e,  as  6  to  4,  or  3  to  2.  Q.E.D. 

Whence  it  is  evident,  that  the  Dimenfion  of  the  Sphere 
would  be  every  ways  abloiute  if  the  Proportion  of  the  Diame¬ 
ter  to  the  Circumference  were  known  ,  which  now  with  Ar« 
skimedes  we  will  endeavour  to  Inveftigate. 

Propofition  XL* 

THE  Proportion  of  the  Periphery  of  a  Circle  (<t )  to  the  Diame¬ 
ter  ,  is  lefs  than  3 1  or  to  1.  and  greater  than  3?,  to  1  * 

Demonttratfam 

■  s  *' 

The  whole  force  of  this  Propofition  confilts  in  thefe,  that,  i« 
Any  Figure  circumferibed  about  a  Circle,  has  a  greater  Peri¬ 
phery  than  the  Circle,  botany  inferib’done  a  lels.  2.  The  Pe¬ 
riphery  of  a  circumferibed  Figure  of  9 6  fides,  has  a  leli  Pro¬ 
portion  to  the  Diameter,  than  3^  to  1. 

To  demenftrate  this  lecond,  we  will  enquire 
{P)  Arc  him.  3.  the  Proportion  of  one  fide  of  fuch  a  Figure, 
'fiyciom.  prop!  whether  circumferibed  or  inlcribed  afier  the  fol¬ 
lowing  way* 


For 


\ 
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For  the  firft  fart  of  the  Prof  option < 

t 

Suppofe  the  Arch  2?C  ( Fig .  84.  N.  I.)  of  go  degrees,  and 
its  Tangent  JSC  making  with  the  Radius  AC  a  Right  Angle,, 
to  make  the  Triangle  ABC  half  of  an  Equilateral  one,  fo  that: 
AB  (hall  be  to  BC  in  double  Realbn,  vi%*  as  1000  to  500  5 
which  being  fuppofed,  AC  will  be  the  Root  of  the  Difference 
of  the  Squares  BCand  AB,  i.  e.  a  little  greater  than  86£,  bus 
not  quite  15§. 

Then  continually  Bife&ing  the  Angles  BAC  by  AG.  GAG 
by  AH,  HAC  by  AK,  KAC  by  AL,  BG  is  half  the  fide  of 
a  circumfcribed  Hexagon,  GC  the  half  fide  of  a  Dodecagon  (or 
1  x  fided  Figure)  HC  of  a  Polygon  of  24  fide?,  KC  of  one 
of  48  5  laftly,  LC  of  one  of  9 6  fides ;  and  joy  N.  g.  Schol .  g0 
Prop.  g4-  GC  will  be  to  AC  as  BC  to  BA*-]—  AC,  and  alfo 
HC  to  AC  as  GC  to  GA  -J-  AC,  &c.  Whierefore 

In  the  firft  Bife&ion,  of  what  parts  GC  is  5: 00,  of  the  fame 
will  AC  be  1866  and  a  little  more,  and  AG  (which  is  the 
Root  of  the  Sum  of  the  Q  Q  GC  and  AG)  19311! 

In  the  fecond  Bife&ion,  of  what  parts  HC  is  500,  of  the 
feme  will  AG  be  found  to  be  g797  J  -f-  and  AH  g8goxJ-}”o 

In  the  third  Bife&ion,  of  what  parts  KL  is  500  of  the  lame 
will  AC  be  7628  t|  -f-  and  AK  7644  T|  -j-. 

In  the  4th  Bifc6fion,  ot  what  parts  LC  is  500  of  the  fame 
will  AC  be  15272^-^-0 

Now  therefore  LC  taken  96  times,  will  give  48000  the 
Semi-periphery  of  the  Polygon,  which  has  the  fame  Proportion 
to  the  Semi-diameter  AC  1 52724  as  the  whole  Periphery  to 
the  whole  Diameter.  But  48000  contains  152724,  g  tinier 
and  moreover  2181 4  remaining  parts,  which  are  Ids  than  § 
part  of  the  divifion,  tor  multiplied  by  7  they  give  only  1 52 6? 
15  +• 

Therefore  it  is  evident,  that  the  Periphery  of  this  Polygon 
( and  much  more  the  Periphery  of  a  left  Circle  than  that  ) 
will  have  a  lefs  Proportion  to  the  Diameter, than  to  1;  Which 
is  one  thing  we  were  to  decnonftrate. 

\  .  r  *  (  i.  ■' 

For 

t  & 
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For  the  2d  Part  of  the  Prop, 

SUppofe  the  Arch  BC  to  be  (N°  2.)  of  60  Degr.  that  19 
the  Angle  BAG  at  the  Periphery  of  go  Since  the  Angle  at 
B  is  a  right  one  by  ConfePt .  Prof*  gg.  the  Triangle  ABC  will, 

be  again  half  an  Equilateral  one,  and  BG  the  whole  fide  of  an 
Hexagon,  and  GC  of  a  Dodecagon,  &c.  So  that  putting  for 
BG  1  coo  (as  before  we  put  yc©  for  the  fide  of  the  Hexagon) 

let  AC  be  2CCO  and  AB  the  Root  of  the  difference  of  the 

* 

Squares  BC  and  AC  i,  e .  lefs  than  1732-5  vi%.  1  732  and  not 
quite  fgg. 

Then  bifedling  continually  the  Angles  RAC,  GAC,  &c.  fince 
the  Angles  at  the  Periphery  BAG,  GAC,  GCB,  (landing  on 
equal  Arches  BGand  GC*  are  equal  by  Prop,  g  g,  and  the  Angie 
at  C,  (common  to  the  Triangles  GCF  and  GCA)  and  the  o~ 
fhers  at  H,  K,  L  are  all  right  ones  by  ConfePl,  1 .  of  the  afore- 
(aid  Prop,  thefe  2  Triangles  CGF  and  CGA  are  equiangular 
and  confequently  by  Prof .  54.  the  Perpendicular  GC  in  the  one 
will  be  to  the  Perpendicular  GA  in  the  other  as  the  Hypothenufs 
CF  in  the  one  to  the  Hypoth.  AC  in  the  other  i.  e .  (by  the  foun¬ 
dation  we  have  laid  in  the  former  part  of  the  Demonftration  of 
N°  g,  SchoL  g.  Prof.  34.)  as  BC  to  AB-fAC  5  and  in  like  man¬ 
ner  in  the  following  HC  will  be  £0  HA  as  GC  to  AG-fAC,  &c* 
Wherefore, 

In  the  hrd  Bifeclion,  of  what  parrs  GC  is  1 000  of  the  fame 
AG  will  be  a  little  lefs  then  3732*5  ;  and  AC  (which  is  the 
Root  of  the  Sum  of  the- CD  AG  and  GC)  will  be  a  little  lefs 
then  gS6gf5. 

In  the  fecond  Bifc&ion,  of  what  parts  GC  is  iooo  of  the 
fume  will  AH  be  a  little  lefs  then  yyqslo  and  AG  a  little  lefs 
then  7  66  Go* 

In  the  third  Bi  feci  I  on,  of  what  parts  RC  is  ioco  of  the 
fame  will  AK  be  a  little  lefs  then  1 5-25715  and  AG  a  little  lefs 

15290^5. 

In' the  fourth  Blfedfion,  of  what  parts  LC  is  1000  of  the 
lame  will  AL  be  a 'little  Ids  then  ?0)47|5|  and  AC  a  iirtle  !e!s 
then  30564,  and  consequently  if  LC  be  put  5 00, AC  will  be 
lefs  then  1  5-282, 

Now 
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Now  therefore  LC  taken  9 6  times  will  give  48000  for  the 
Periphery  of  the  infcrib  d  Polygon,  and  17282  and  a  little  lefs 
for  the  Diameter  AG.  But  48000  contains  1  7232  thrice,  and 
moreover  a  remainder  of  21  5*4  parts,  which  are  more  then  ^  of 
the  Divilor ;  for  of  this  number  makes  zi  and  fo  makes 
2170b7?  t-e-  1152%  Therefore  it  is  evident  that  the  Peri¬ 
phery  of  this  Infcribed  Polygon  (and  much  more  the  Periphery 
of  a  Circle  greater  then  that)  will  be  to  it’s  Diameter  in  a 
greater  proportion  then  3^  to  1,  which  is  the  lathing. 

SC  HO  LIU  M 

IF  any  one  had  rather  make  ufe  of  the  fmall  numbers  of 
Archimedes  ,  which  he  chofe  for  this  purpofe,  by  putting  in 
the  firft  part  of  the  Dcmonff  ration,  for  AB  306  and  for  BG 
15-3,  in  the  ffcond  for  AG  1760  and  for  BG  78 o,  by  the 
like  procefs  of  Demonffrarion,  he  may  infer  the  fame  with 
Archimedes.  We  like  our  Numbers  beff3  tho5  fomewhat  JarPe 
becaufe'  they  may  be  remember'd,  and  are  more  proportionate 
to  things,  and  make  alfo  the  latter  part  of  our  Demonffraiion 
like  the  former.  The  Proportion, in  the  mean  while  of  the  Dk* 
meter  to  the  Periphery  of  the  Circle  by  the  Archimedean  way  is 
included  within  fuch  narrow  Limits,  that  they  only  differ  from 
one  another  fa  or  parts  5  for  Subtracted  from  %  leave 
2 if  ®r  ?!  3  7°  or  75  ^  fbey  are  reduced  to  the  fame  Deoo* 

mination  make  on  the  one  hand  on  the  other  Hence 

it  would  be  eafy,  having  divided  the  difference  ^  into  z  Parts, 
to  exprefs  a  middle  proportion  of  the  Periphery  to  the  Diameter  be¬ 
tween  the  z  Archimt dean  and  Extreme  ones  as  in  thefe  Number? 
1761104970,  for  by  dividing  both  ffdes  by  7)  as  3123  to 
994,  or  (dividing  both  fides  by  7)  as  446^  to  142,  or  fby 
dividing  again  by  1)  as  22  3  {5  to  7  I,  &c. 

While  thefe  Numbers  become  as  fit  for  ufe  as  thofe  of  Archi¬ 
medes^  which  we  therefore  ufe  before  any  other,  particularly  in 
Dimenfions  that  donr  require  an  exatff  Nicenefs  •  where  they  do 
thofe  may  be  made  ufe  of  exhibited  by  Ptolomey  Vista,  Ludolphm  a 
Cenlea ,  Metius,  Snellius ,  Lambergius ,  Hugeus ,  &CC.  as  if 

The  Diameter  be . .  .  T  he  Circumference  will  be 

IO,  OOO,  COO  31,416,  666 .  Ptolomey* 

10  000,000,000 . 3  1,  41  7,  926^  7  3  7.  Vie  to. 

100,000,000,000,000,000  oco  .  .  .  .  314,  379,267, 

3  5^>  979>  d<c.  Ludolph,  aCeu'en.  Pup, 

I* 
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Proposition  XLI. 

'  i'1' He  Area  of  s  Circle  has  the  fame  proportion  to  the  Square  of  its 
A  Diameter  t  m  the  4th  part  qf  the  Circumference  to  the  Dia - 
meter* 

Mtonittatioii, 


Though  we  have  before  Demonftrated  this  Truth  in  ConfeSt .  60 
prop.  yet  here  we  will  give  it  you  again  after  another  way » 
Since  therefore  the  Circumference  is  a  little  lefs  then  3*,  and  a 
little  more  than  3  Diameters,  for  this  excels  putting  z  if  the 
Diameter  be  I  w,e  will  call  the  Circumference  3-f-z  therefore  the 


41  $h  Part  of  it  will  be  *  And  the  Area  of  the  Circle  (bj 


Multiplying  the  half  Semidiameter)  i.  e»  \  by  the  Circumfe¬ 


rence,  you!  have  both  and  the  fquare  o£  the  Diameter 

4 

Q.  E*  D* 


\ 


CONSECTARY. 


THerefote  if  the  (a)  Proportion  of  Archimedes  be  near  e- 
nough  truth  to  be  made  ufe  of,  vi%.  2%  to  7  the  Area 
of  the  Circle  will  Be  to  the  Square  of  the  Diameter  as  i  1  to  14, 
becaufe  the  quarter  part  of  Xx,  i,  e.  5!  or  to  the  Diarm  7 0 
■li  is  in  the  fame  Proportion, 


Tropofition  XLII. 


THE  Diameter  (@)  of  a  Square  AC  (F#^Sg«)  is  incorn- 
menfurable  to  the  fide  AB  (and  confequently  alfb  to  the 
whole  Periphery)  i»  e .  it  bears  a  Proportion  to  it 
(&)  Arc  him  a  that  cannot  be  exa&ly  expreffed  by  Numbers 

Prop,  2®  0“  y.  , 

dome  Demondtatton, 

(fi )  Eucl.  iafl 

Prop  Jib*  1O0  For,  if  for  AB  you  put  t,  BC  will  be  alfe 

J  t. 
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i,  and  by  the  Pythagorick.  Theorem  AC  will  be  :zz\/2.  There¬ 
fore  by  Confer.  4.  Definite  30*  AC  is  incommcnfarable  to  the 
fide  AB,  ire,  Q,.E.Di 

CONSECTARY  I. 


IT  is  notwithftanding  Commenfurable  in  Power^  for  its  Square 
is  to  the  Sqnare  of  the  Side  as  z  to  1. 


CONSECTARY  II. 


NOW  if  the  Proportion  of  the  fide  or  whole  Periphery 
ABCDA,  to  the  Diam.  AC  is  to  be  expreffed  by  Num¬ 
bers  fome  what  near,  as  we  have  done  in  the  Diameter  and  Cir¬ 
cumference  of  a  Circle  3  then  making  the  fide  AB^Io©^  the 
Diameter  is  greater  than  141,11  ,  lefs  than  141,1!* 


Proportion  XLIIL 

T™  Area  of  a  Circle  is  Incommenftthhk  to  the  Square  of  the  Diet* 
w  meter-, 

SDemonfftatMti* 

For  dividing  the  Semidiameter  CD  (Flirts  y«)  into  two  equal 
Parts  (and  confequently  the  Diameter  DF  into  4 )  AC  will  be 
2,  4/4  and  V  3,  by  Schol .  2.  Prof,  34*  N.  3*  the  funs 

V4 4-V3,  and  the  lum  of  as  many  equal  to  the  greateft  AC  4* 
Having  moreover  Bifefled  the  Parts  of  the  Semidiameter,  AC 
will  =4  or  the  V16,  ac=V  1  y,  $C  =  Vi2,  3C  =  Vy  5 
the  fum  Vi 6-]- Vi  y-]-Vi2-}-V 7  ;  and  the  fum  of  as  many  e- 
quaJ  to  the  greateft  AC  is  =:  1 6,  And  thus  the  laft 
fum9  will  be  the  Square  Numbers  increafing  in  Quadruple  Pro« 
portionjbut  the  former  Sums  will  be  always  compofed  of  the  Ra¬ 
tional  Root  of  every  fuch  Square3  and  of  teveral  other  irrational 
Roots  of  Numbers  unevenly  decreafing-  fo  that  it  will  be  im~ 
poflible  to  exprefs  thofe  former  Sums  by  any  Rational  Number* 
by  what  we  have  faid  in  SchoL  2.  Definite  30.  Wherefore  all 
the  Indivifibles  of  the  Quadrant  ADC  are  to  as  many  ©f  the 
Square  ACDE  equal  to  the  greateft.,  i,  #.  the  Quadrant  it  felf 

ADC 


ix'8  Math  efts  Emcleata  :  Or, 

ADC  to  the  Square  ACDE  (  and  confcquemly  the  whofe 
Area  of  the  Circle  to  this  circumfcrib'd  Square)  will  be  as  a 
S  ird  Quantity  to  a  true  and  truly  Square  Number,  e.  the 
Area  of  the  Circle  will  be  Incommenfurable  to  the  Square  of  the 
Diameter,  by  Confeci •  4®  of  the  (aid  Definit .  Q.  E.  D, 


C  ONSECTARY. 


1  A  ND  becaufe  the  fourth  part  of  the  Circumference  has 
Jr\^  the  fame  Proportion  to  the  Diameter,  as  the  Area  of 
the  Circle  to  the  Square  of  the  Diameter,  by  Prop.  41.  There¬ 
fore  alfo  that  will  be  Incommenfurable  to  this,  and  coniequently 
the  whole  Circumference  will  be  fo  to  the  Diameter* 


SCHOLIUM. 

^  1^|THerefore  it  is  fomewhat  Wonderful,  which  G.G.Leih - 
§/  f  nitius  (a)  tells  us*  that  the  Square  of  the  Diameter  be¬ 
ing  1, 'the  Area  of  the  Circle  will  be  1 — — )~\~i — i1!-}* 
i\  (3c  ad  Infinitum,  u  e.  by  adding  1  ,J  —  3  and-j-^- — j 
to  |  |-3|— |— (3c.  i.  e.  to  the  Sum  of  infinite  FradHons  whofe 
common  Numerator  is  But  their  Denominators  Squares  lef- 
fen’d  by  Unity,  and  taken  out  of  the  Series  of  the  Squares  of 
Natural  Numbers  by  every  fourth,  omitting  the  Intermediate 
ones :  Which  Sum  might  (eem  expreffible  in 
(a)  Atta  E-  Numbers,  fince  all  its  parts  are  Fradtions  redu- 
rudit .  Ann *  cible  to  a  common  Denominaton  ;  while  notwith- 

82.  p.  44  (3  (landing  Leihnitius  himfelf confeffo,  that  the  Cir- 
the  following,  cle  is  not  Comrhenfurable  to  the  Square,  nor  ex- 

preffible  by  any  Number, 


CHAR  VII 
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CHAP.  VII. 

Of  the  Powers  of  the  Sides  of  Triangles,  and  ether 
Regular  figures,  &c. 

Phopofition  XL  IV. 

IN  Right-angled  Triangles  (T)  (ABC,  Fig.  86.)  the  Square  of 
the  Side  (SC)  rAi*  fuhtends  the  Right-angle,  is  equal  to  the 
Squares  of  the  other  Sides  ( AB  and  AC)  taken  together* 

Demanfftatiom 

Though  we  have  demonffrated  this  Truth  more  than  once  In 
the  foregoing  Propofition  ^  yet  here  we  will  confirm  it  again  as 
follows.  Having  deicribed  on 'each  fide  of  the  Square  BE  a  Se¬ 
micircle,  which  will  all  neceffarily  touch  one  another  in  one  poinra 
and  be  equal  ro  the  Semicircle,  BAG,  if  you  conceive  as  many 
Triangles'  infcribed  alfo  equal  to  BAG  ;  it  will  be  evident  that 
the  Square  BE  will  contain  the  Lid  4  I  riangles  *,  and  beiides  the 
little  Square  FGHI,  whole  fide  FI,  v,  g.  is  the  difference  be¬ 
tween  the  greater  fide  of  the  1  rmngie  Cl,  and  the  lefs  Ch , 
(for  becaufe  the  lefs  fide  CF  ~BA,  lying  in  the 
firft  Semicircle,  if  it  be  continued  to  I  in  the  fe-  if)  Euc.  47® 
cond  Semicircle  makes  Cl™  C  A  the  greater  lide  Lib.  1 a 
of  the  other  Triangle,  and  fo  in  the  others,  from  thence  it  is 
evident.  That  as  the  Angles  ABC,  and  ACB  together  make 
one  right  one  •  fo  likewife  BCF  (  ™ CB  A  )  and  ECh  make  alfo 
one  right  one  ^  and  confequently  ECk  ACB,  and  the  Arch 
and  the  Line  Eizzto  the  Arch  and  the  Line  AB,  &c.  )  Where* 
fore,  if  the  greateff  lids  of  the  given  Triangle  BC  or  BD,  &(<> 
be  called  a,  and  AC,  b  and  the  leaft  AG,  or  ,  See*  Be  called 
c  $  the  of  the  fideBC,  will  kerzaa,  and  the  Area  or  each 
Triangle  f  b  c  :  and  fo  the  4  Triangles  together  2  b.c:  but 
the  fide  of  the  middle  little  Square  will  be  b—  c,  and  its  Square 
hb  f  c  c — :i  h  c  :  Wherefore  if  you1  add  to  this  the  4  I  nan- 

K  4  •  gle* 


I  jo  Mat  he  fa  Enucleata  :  Or, 

The  Sum  of  *.  e .  the  whole  Square  BE  will  be  bb  -J- 

to  zzz  tta,  Ch  E*  D* 


CONSECTARY  S. 


I.  W  f  Ence  having  the  Tides  that  comprehend  the  Right-angle 

JtX  given,  AC~b  and  AB— <?,  the  Hypothenuie  or  Bale 
that  fubtends  the  Right- angle  BC  will  be  bb\cc. 

II.  But  if  BC  be  given  —  a  and  AC— and  you  are  to 
find  AB— a:  \  becaufe  xxfabb^aa  j  you’l  have  (  taking  away 
from  both  fides  bb)  xx  ~  aa — bb:  therefore  x9  i.  e .  AS  — 
V da — bb * 

III.  If  %  Right-angled  Triangles  have  their  HypothenuiVs 
and  one  Leg  equal,  the  •iher  will  alfb  be  equal. 

Profofitm  XLV* 

i 

I  N  Obtufe- angled  Triangles  (Fig.  87.  N,  I.  the  Square  of  the  Baft 
or  great efl  Side  BC  that  fubtends  the  Obtufe-  angle  BAC9  m  equa\ 
to  the  Squares  of  (&)  the  other  2  Sides  ( AB  and  AC)  takgn  together 

and  alfo  to  2  PgBangles  ( CAD )  made  by  one  °f 
( a) End. prop*  Sides  which  contain  the  Obtufe-  angle  (.AC)  and  it, 
12.  lib .  2.  continuation  AD  to  the  Perpendicular  BD  let  fall  fron 
the  other  fide* 

s  1  >  •  £  ,J. 

Vmmfmuau 


If  BC  be  called  a9  AB— c,  AC~b,  AD— x9  CD  will  bi 
Therefore  □  BD—cc—xx9  by  Confect.  2-  of  the  pre 
ceding  Prop,  In  like  manner  if  E3  CD— bb-\-lbx-\-xx  be  fiib 
traded  from  the  O  RC— aa9  you*l  have  aa — bb—zbx — xx~ 
to  the  fame  Q  BD.  Therefore 

cc — -xx^naa,—bb — 2bx~—xx , 


i.  e.  (adding  on  both  fides  xx) 

ccfaaa—bb’^zbx. 

:  %\ 

i.e.  (adding  on  both  fides  bb  and  zbx) 

•  )> ' 

cG“\~bbAqm7.bxz^aa,  Q*  E*  D» 

• 

r  .  • 

1 

CON 

Mat  hefts  Emicleata :  Or, 

CONSECTARY. 


1 3i 


IF  in  this  lad  Equation  you  fubrrad  from  borh  Sides  cc-\-bb 
then  will  zbx~aa—bb—*cc  and  (  if  you  moreover  divide 

i  x'cxzaa—bb — cc : 

both  Sides  by  z  b')  you'i  have  - - - - —  Which  is  the 

Rule,  when  you  have  the  Sides  of  an  Obfilfe-angled  Triangle 
given,  ro  find  the  Segment  AD,  and  confequently  the  Perpen¬ 
dicular  BD. 

Propofition  XLVL 

IN  Acute-angled  Triangles  (at)  the  Square  of  any  fide  (e.g.B.CFi’gi 
87.  N.  7.)  fub  tending  any  of  the  Angle  s,  as  A  is  equal  to  the 
Squares  of  the  other  2  fides  ^AB  and  AC )  taken  together ,  lefs  z  Beci- 
angles  (CAD')  made  by  one  fide ,  containing  the  Acute -angle  (j CA ) 
and  its  Segment  AD  reaching  from  the  Acute-  angle  (a)  to  the  Perpen¬ 
dicular  (BE)  let  fall  from  the  other  fide. 


Make  again  RC=4,  AC ~b,  AB— AD— x  ;  then  will 
CD—b—x.  Therefore  cc — xx □  BD,and  aa—bbftzbbx 
— (z.  e.  □  BC — OCDJ  will  alfo  be  — ^BD. 

Therefore  cc — xx~aa — -bb-\-zbx—~ -xx* 
i.  e.  (adding  to  both  Tides  xx ) 
cC^zaa-—bb~\~2bx9 

i.  e.  (adding  on  both  fides  bb0  and  fubtradling  zbx) 
cc-ftbb -]—  z  bx  —  aa.  Qf  E.  D. 

CONSECTARY  S. 

IF  in  the  laft  Equation,  except  one,  you 

addon  both  Tides  bb9  andfubtradf  aa,  you’i  ft)  End. 
rmveceft-bb — ^4~=i2^x,  and,  if  moreover  you  Prop.i^.l.zi 
divide  hoth  Tides  by  zb ,  yoifihave 

- ^ Which  is  the  Rule,  having  5 

ides  given  in  an  Acute-angled  Triangle,  to  find  the  Segment 
&D;  and  confequently  the  Perpendicnlar  BD.  know* 

K.  z 
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Knowing  therefore  the  Segments  AD  and  CD,  and  i\(o  tl 
Perpendicular  BD  in  Oblique-angled  Triangles,  whether  O 
rufe-angkd  or  Acute-angled,  when  moreover  the  (ides  BC  ar 
AR  are  like  wile  given,  the  Angles  of  either  Right-angled  Tr 
angles  or  Oblique-angled  ones,  will  be  known  ^  fo  that  the  la 
Cafe  oi  Plane  Trigonometry,  which  we  defer r  d  from  Prop,  ^ 
to  this  place,  may  hence  receive  its  folution. 

Proportion  XLVIL 

THE  Square  of  the  Tangent  of  a  (a.)  Circle ,  is  equal  to  a  fe  clang 
contain  d  under  the  whole  Secant  DAy  and  that  part  of  it  whh 
is  without  the  Circle  DE3  whether  the  Secant  pafs  thro  the  Centre  t 
not* 

Detwnff  ration..  "  '  J 


For  in  the  fir  ft.  Cafe,  if  CR  and  CE  are—  x 

DErr  then  will  CD—  h  +  &  AD—  .)*'  hucL  T 

2  h  x  :  therefore  .  1  ‘  3' 

□  ADE  ==  2.  h  x  -j-  xx  8C  □  CD  =  hh  —  i hx  ~]~  xx*  there 
fore,  it  from  the  □  CD  you  fubftrafi  □  GB—bb  the  remaindc 
will  be  2  b  x  xx  —  □  BD—  □  ADE.  Q,  E.  D. 

In  the  fecond  Cate,  fhe  lines  remaining  as  before,  make  Di 
jy,  FE  or  FA  —  Z  :  therefore  the  □  ADE  will  be  =  2  ^ 


-} - y  y,  but  the  □  FC  equal  to  the  a  EC— qFE  *=  bb~  Q 
i.  e.  2  b  x  x  x  K  T  But  l^iQ  ^R]e  Square  FD  h~  j 
4-  2  x  j  -j -y  y.  Wherefore  takingaway  from  thefe  equal  Square 
r I,e  common  one  you!  have  2  Z^y  -]-y  z  b  x  x  . 
t.  e.  pr.  1  ft  Cad—  □  BD.  Q.  E.  D« 


C  ONS  TCT.AR  ys. 

\  ■  '  .0.." 

J.  HT' Here  fore  the  Re£langl.es  of  diverfe  lecants  (as  of  ADI 
A  &  a  de  in  Fig .  88,  n.  I.)  which  are  equal  to  the  (am 
Square.  BD,  are  equal  alfb  to  one  another  ;  which  the  iai 
Equation  in  our  Demooftration  (2  Z^y y  y~.  z  b  x‘~\- xx 
is  an  ocular  proof  oft 

b  ’  0  ^  .  '  . '  •*<?  r;W 


II.  There 
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II.  Therefore  by  Prop.  19.  as  a  D  to  AD  fa  is  reciprocally 
DE  to  D  e  in  the  Fig.'  of  the  2  Cafe. 


III.  Tangents  to  the  fame  Circle  from  the  fame  Point,  a?  Dli 
Sc  D  b  (n.  3.)  are  equal  3  becaufe  the  Square  of  each  is  equal  to 
the  fame  Re&angle. 


IV.  Nor  can  there  be  more  Tangents  drawn  from  the  fame 
point  then  two  :  For  if  behdes  DB  Sc  D  b,  D?  could  alfo  touch 
the  Circle,  then  it  would  be  equal  to  them.  By  Conf.  2.  but 
that  is  abfurd  by  Conf.  3.  Def.  7. 

SCHOLIUM  I, 

HEnce  is  evident,  the  O  iginal  of  the  Geometrical  Conflru- 
dhion?,  which  Cartes  makes  ufe  of,  p.  and  7.  in  revi¬ 
ving  chefe  3  Equations,  %ffjzza%\~bb,  bb,  Sc  UH 

a  Tj^zbb.  For  in  the  Firlt  cafe,  fince  he  makes  N  O  or  N  L 
(  Fig.  89.  11.  1. )  or  N  P  2  a ,  and  the  Tangenr  7^  M  b,  mike 
MNO  through  the  Cenrer  wx  wilfe  Z  the  quantity  fought  ; 
which  thus  appears  .*  Making  MO~Z,  NM  will=Z  £  a,  and 
its  □  ZZ  — >a  Z-p  l  act.  But  the  q  OMP  (which  is  by  the 
pre^nt  Prop.  — OLM,  i.  e.  bh  )  together  with  the  □  N  L 
or  NP  z.  e.  \  aa  *s  ~q  NM  by  the  Pathagor .  Theor.  'Therefore 
ZZ  —  a  Z  "|-  \  a*  —  bb  4-  4l  aa.  i  e.  (  taking  away  from 
both  fides  -4-  aa  )  ZZ  —a  Z  —  bb  i.  e.  (  by  adding  on  both  Tides 
*  TT)  ZZ  —a  Z  -f-  bb :  Which  is  the  Equation  propofed*  In 
the  Second  Cafe,  if  you  make  PM— Z  (as  Canes  makes  it) 
you’ll  have  qNM-^ZZ  -j-  a  Z  -j-  f  aa,  and  ro  this  again  as 
beiore  you  l  have  ~  bb  -p  7  aa.  Therefore  ZZ-J-^Z  ~hb  :  • 
1  herefore  ZZ— — ■  aL-\-bb:  Which  is  the  very  Equation  of  the 
fecond  Cafe.  In  the  third  Cafe,  whether  you  make  the  w  ole 
Secant  RM  (N.2)orthat  part  of  it  without  the  Circle  QM ~Z, 
the  Root  foughtyhere  will  come  out  on  both  Tides  the  fame  Equa¬ 
tion  of  the  third  Cife^and  To  it  is  manifeft,  that  this  Equation  has 
thofe  2  Roots.  For  if  RM  be— Z(adding-j-  to  the  Fig  of  Carte  s 
the  Line  NO  which  Ihall  bifedt  QR,  and  makes  OM—  LN  ) 
OR  or  OQ_will  be  — Z— 74,  and  fo  the  □  OQ=ZZ— . *Z«h  T. 
iJaa,  and  this  together  with  the  q  RMQ.  (which  is  by  verrue 
of  the  pref.  Prop.  =  □  LM )  =  qNQ.,  i.  e.  OM;  i.  e.  TIL— 

K  3  tfZ-[- 


134  Elements  of  the  Mathematicks • 

*Z-f~  i  aa,  i  e.  (by  adding  aL  and  raking  away 

I44)  ZZ-| -bb—aX)  i.  e>  (raking  away  bb)  7IL~aL — bb : 
Which  is  the  the  very  Equation  of  the  third  Gale,  Bur  if  QM 
be  made  — Z9  OQ.  or  OR  will  —  Z,  and  its  D  —~aa— 
aLf-TIL)  as  well  as  the  former*  and  foall  the  ref!.  Q.  E.  O. 

SCHOLIUM .  IL 


\TOW  if  you  would  immediately  deduce  thefe  Rules  by 

x\l  '■  ~  ^  ~ '  ' ‘ ' 


the  prefent  Propofition,  without  the'  Pythetgoric^Theorem^ 
it  may  (e.  g,  in  the  hr  ft  Cafe)  be  done  much  (horter  thus  :  If 
MO  “Zand NO-  of  NPZI  ias  then  will  PM=Z «:  There  J 


fore  Q  OMP— ZZ— bb9  or  rhe  QLM,6y  the  pref  Pro- 
pofirion  ;  by  adding  therefore  to  bo  h  Tides  aL,  you *1  have  7H~=z 
JI-\-bb,  which  is  the  very  Equation  of  the  fir  ft:  Cafe.  In 
the  Ifccond  Cafe,  if  MR  be  Z,  QM  or  PR  will  ~a~rj4  : 
Therefore  C3  RMP^Z — ' ZZ—  bb  ,  u  e.  aZ*~bb-\-'ZIL ,  i.  e «, 
*Z—bb~ ZZ-,  but  if  QM  =  Z,  RM  will  —  a  —  Z>  There, 
fore  ORMP  aL — ZZZZ^,  as  before, 


5C/70  LIUM  III. 


FRom  the  i  Confetfh  of  the  prefent  Propofition,  flows  ano¬ 
ther  Rule  for  folving  the  laft  Cafe  of  Plain  Trigonometry , 
which  we  fblved  in  the  Cinfedl.  of  the  foregoing  Prop.  yi%.  If  I 
you  have  all  the  three  fides  of  the  Oblique-angled  Triangle 
BCD  (Fig.  9b )  given,  if  from  the  Center  C,  at  the  diftance  of 
the  leffer  fide  CB  you  defcribe  a  Circle,  then  will ,  by  ConfecE 
n.  of  the  prefent  Propofition,  BD  the  Bafe  of  the  Triangle 
(here  we  call  the  greateft  fide  of  the  Triangle  the  Bafe,  or  in 
an  Equicrural  Triangle,  one  of  the  greateft)  will  be  to  AD9 
(rhe  Turn  of  the  Sides  DC-j-CB)  as  DE  the  differenceof  the  j 
£:des,  to  DF  the  Segment  of  the  Bafe  without  the  Ciecle ; 
which  being  found,  if  the  remainder  of  the  Bafe  within  the 
Circle  be  divided  into  two  equal  parts,  you  l  have  both  FG  and 
GB,  as  alfo  DG^  which  being  given,  by  help  of  the  Right- 
angled  aa  GRC  and  GDC  all  the  Angles  required  may  be 
found* 


MatheJjs  Enucleata  i  Or,  ny 

Proportion  XLYIII 

IN  any  Quadrilateral  Figure  (eft)  ABCD  (Fig.  91.  N.  I.  )  in¬ 
ferred  in  a  Circle ,  the  C2  0/  the  Diagonals  AC  and  BD  is  equal 
rL  the  two  Rectangles  of  the  oppofite  fides  AB  into  CD,  and  AD  inn 
B  . 

2)emonfftattoii. 

Having  drawn  AE  fo  chat  the  Angie  BAE  {hall  be  equal  to  the 
Angle  CAD,  the  Triangles  thereby  formed  (for  they  have  the 
other  Angles  EBA  and  ACD  in  the  fame  Segment  equal,  by  ver- 
tue  ofConfeCL  i.Prop.  33.)  will  be  Equiangular  one  to  another 
and  confequently  (by  Prop.  34)  as  AC  to  AD 
(at)  PtolJih.  1 .  fo  AB  to  BE.  Wherefore  by  making  AC=<* 
Almagefh .  and  CD  ~  e  a,  and  AB  =  b,  BE  will  be  ~e  b. 

In  like  manner  when  in  the  A  A  B AC  and  EAD, 
therefpe£Hve  Angles  are  equal  (vi%.  adding  the  common  part 
EAF  to  BAE  and  CAD,  equal  by  Conltr.)  and  befides  the  an¬ 
gles  $C  A  and  EDA  in  the  lame  Segment  are  alD  equal  3  thtle 
Triangles  will  alio  be  Equiangular,  and  AD  will  be  to  DE  as 
AC  to  CB  •,  wherefore  by  putting,  as  before,  a  for  AC,  and 
0  a  for  CB ,  and  c  for  AD,  DE  will  =  0  c.  Therefore  the 
whole  BD  —  eb-\-o  c ,  The  Redlangle  therefore  of  AC  into 
BD  will  "  the  Re6f angle  of  AB  into  CD 

~  e  b  a  -j-  □  of  AD  into  B C  —  0  a  c.  Q_  E,  LX 

SCHOLIUM 

IN  Squares  and  Rectangles  (N.  z.)  the  thing  is  felf-eviden^ 
For  in  Squares  if  the  fade  be  a ,  the  Diagonals  AC  and  I?D 
will  be  V 2aa,  and  fo  their  ReCtangle  ZIB2.aa  will  be  manifeftly 
equal  to  the  two  ReCHngles  of  the  oppofite  fide?.  In  Oblongs, 
if  the  two  oppofite  fides  are  a  and  the  others  b ,  the  Diago¬ 
nals  will  be  V aa-^-bbi  and  their  Rectangle  aaA^bb  manifeftly 
equal  to  the  two  ReCtangles  of  the  oppofite  Side?. 

•I;-  -  ■"  /  Proportion  XLIX, 

1[He  fide  ( AB )  of  an  Equilateral  Triangle  (ABC,  Fig.  91.  N.  I.) 

infer ibed  in  a  (a)  Circle ,  is  in  Power  triple  of  the  Radius  (. AD ) 
l  e.  of  the  □  of  AD. 

K  4 
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Demonttrattoiit 


MAkc  AD  or  VD~a^  and  fa  its  Square  a  a.  Since  There¬ 
fore,  having  drawn  Df  thro’  the  middle  of  A B,  or 
the  middle  of  the  Arch  AFB,  let  DEbe  ~  5-  a  *  for  the  angles 
at  E  are  right  ones,  by CcnftEk,  y.  Definit.  8.  and  the  Hypothe- 
nufes  AD,  AF,  are  equal,  by  Schol.  of  Definition  i  y*  but  the 
fide  AE  is  eommon.  Therrefore  the  other  Sides  FE  and 
Ed  are  equal  by  ,  by  ConfeH.  3.  Prop.  43.  )  and  the  □ 
of  the  latter  which  fabtra&ed  from  a  a  leaves  §  a  a  fur 

the  □  of  AE.  Therefore  the  line  AE  is  V  *  a  a,  and  confe- 

quendy  AB  z  *.  c.  V1%aa,  t.  e.  aa>  therefore  □  A B 

~  1  a  a*  Q.  E.  D. 


CON  SECTARYS. 

L  IF  the  Radius  of  a  Circle  be  :r~  4,  the  fide  of  an  I  rife  ri  bed" 

X  Regular  Triangle  will  be  ViTJ,  e.  g,  if  AD  be  10, 
A 2?  will  be  V 3 go  v  and  if  AD  be  Io,  ooo,  cod,  A B  will  be 
V300,  000,  ©00 3  000,  000,  i.  e.  17310508*  and  the  Perpen¬ 
dicular  DE  50003  000. 

IF  Hence  it  is  evident,  that  in  the  genefis  of  *  Tetraedrum  pro¬ 
ofed  in  Def,  thaqthe  elevation  CE  (Fig.  44,  N.  i>)  is  to 
the  remaining  part  of  the  Diameter  of  the  Sphere  CF  as  z  to. 

1  *5  for  making  the  Radius  CB^za  and  its  Oj  aa9  the .  O  of  AB 
or  BE  will  3  <z  a9  by  the  prefent  Proportion.  Therefore 
the  n  of  CB  being  fubtraffed  from  the  Q  ©f  BD  or  BE,  there 
remains  the  P  of  CE  =  %  a  a.  But  fince  CE, 

CB,  CF,  are  continual  Proportionals,  by  N.  3.  (a)  Eucl.  \% 

Schol.  z*  Prop.  34.  CE  will  be  to  CF  as  the  □  lib,  n. 
of  CE  to  the  Square  of  CB,  by  vertue  of  Prop* 

3  y»  1.  e.  as  z  to  1 . 


S.C  Ho  L  IUM. 


HfEnce  you  have  the  Euclidean  way  of  generating  (T)  a  Te» 
[  traedrum ,  and  infaibing  it  in  a  given  Sphere,  when  he 
bids  you  divide  the  Diameter  EF  of  a  given  Sphere  fo  that  EC 
{hall  be  z  and  CF  1,  and  then  at  EF  to  erebt  the  Perpendicular 
CA  ,  and  by  means  thereof  to  deferiberhe  Circle  ABD,  and  tc 
irilcribe  {herein  an  Equilateral  Triangle^  &c, 

'  '  1  1  *  Proposition 


Mathefis  Enucleata :  Or, 


For  having  drawn  the  Diameter  AC  and  AD,  the  Triangle 
AO A  is  Right-angled,  and  corsfequently,  by  che  Pjrhagoricl^ Theo¬ 
rem,  if  the  □  of  AO  and  AO  be  made  equal  to  a  a 5  then  will 
the  □  of  AA=r iaa,  Qs  E.  D, 

CONSECTARY. 

'^THerefore  when  the  Radius  of  the  Crcle  AO  is  made  —  a, 
the  fide  of  the  □  A B  will  —  V  2  aay  e.  g.  if  AO  be  1  o , 
AB  will  be  V200 ;  and  if  AO  be  10,  000,  ooo ,  A B  will  be 
'V 200,  000,  000,  000,  ooq,  A  e.  14x4x136”. 

Proportion  LL 

THE  fide  AB  of  a  Regular  Pentagon  (a)  ( ABCDE J  (  Fig.  q  3* 
N*  I . )  is  equal  m  Power  to  the  fde  of  an  Hexagon  and  Deca~ 
gon  infcnbed  in  the  fame  Circle ,  i.  e.  the  F3  of  AB  is  equal  to  the 
Squares  AF  and  AO  taken  together. 

Demcmffcation. 

Make  AO~<?  and  A  F  —b,  A  B  ~x  1 
( of) Eu cl.  Prop.  We  are  to  demonflrate  that  xx—aa 

1  3*  1 3-  which  tnajf  be  done  by  finding  the  fide  A B  by 

(a )  EucLProp.  the  parts  AH  and  HA,  after  the  following  way: 
10.  lib .  13.  Firft  of  all  the  angle  AOA  is  72°,  and  the  0- 

thers  in  that  Triangle  at  A  and  A  54°.  Ant 
JBGG  is  alfo  y4°5  as  fubtending  the  Decagonal  Arch  AF  of  36% 
and  alfo  one  half  of  it  FG  of  1  8°.  Therefore  the  aa  AAQ 
and  HAO  are  Equiangular,  and  you’l  have 


As 


14° 
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As  AB  to  BO  fo  BO  to  BH 

1  a  a 

x  ™  a  — '  a  —  ~ 


x 


Secondly9  in  the  Triangle  I?FA  the  Angles  at  B  and  A  are  e- 
qual  by  N.  g.  ConfeH .  ^/*  B.  and  by  vertueof  the  lame  alio 

ihe  Angles  at  F  and  A  in  the  aFHA  are  fo  too.  Wherefore 
the  A  A  2?FA  and  FFA  are  Equiangular,  and  you  l  have 

As  BA  to  AF  fo  AF  to  AH 
x  to  b  * —  b  —  ~ 


Therefore  the  whole  line  A B  (becaufe  the  po/t  AH  h  found 
zzz  ™  and  BH  =  tS\  will  be  4  4  ^  which  w:ts  firft  made 

X  X  J  X 

—  x  5  io  that  now  4  ai-~  is  ™  and  multiplying  both  fidei 

X 

by  Xj  a  a  -J-  b  b  —x  x.  Q.  E.  D. 


CONSECT  ARY  I. 


\ 


THerefore  if  the  Radius  of  a  Circle  be  (a)  the  fide  of  a  Pen¬ 
tagon  AB  will  be  V'a~a  'Abb. 

CON-SECTARY  II. 

THerefore  the  □  AI~  and  □  OI— □  OA — O  AI 

A 

Therefore  01=\lfaa—bk 


aa 


a  a 


b  b  .  2  a  a —  b  b 

— i.e.-2— — _ — 


Which  yet  may  be  exprefled  otherwife,  vi%  OI 

,  .  '  .  ,  "  ■  \- 

.  Demonflration, 


 4~\~  b. 


Make  (a)  OA  or  OF  (iV.2.)  as  before  ~ 
(et)  BucL  Prop.  AF~b,  and  FI  now  —xm9  then  will  01—4—^ 
i  •  lib.  14.  and  having  drawn  the  Arch  FK  at  the  Interval 

AF,  fo  that  AK  may  be  equal  to  this,  and  FI=: 

IK 
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IK— jc  then  will  the  angle  IKA~  F720.  Therefore  the  an¬ 
gle  AKO=  108  ;  and  fmce  KOA  is  36°,  KAO  will  be  alfb 
'3  6°,  and  fo  KA—KO— AF— b.  Wherefore  OI  is  ~b-\-xy 
which  was  above  a — at.  Therefore  2Q\ZZL4-mTX-\-b-^-xy  i.  c* 

a-\-b.  Therefore  OI~— 

CONSECTARY  III. 


^Herefore  the  difference  between  the  Perpendicular  of  the 
Triangle  DE  {fig.  92  and  93.  N.  1.)  and  the  Perpen¬ 
dicular  of  the  Pentagon  OI  is  Z2  \  by  vertue  of  ConfiH.  2.  of 
this  and  cf  the  Demonftrat.  of  Prop.  49. 


CONSECTARY  IV. 


HEnce  is  alfb  evidently  the  prefent  Propofition^that  which  in 
Fabn  s  Genefis  of  an  Icofaedr .  Def.  2  2.  we  faid,^.  that  (  See 
Ptg*  4 6.)  B  a  is  equal  to  the  fide  of  a  Pentagon  B A,  becaufe, 
F a  is  “  to  the  Semidiameter  OB ,  and  BF  is  the  fide  of  a 
Decagon. 


Fropofition  LIE 

/  x  * 

THE  fide  of  an  Hexagon  is  in  Power  equal  to  the  Radius,  aj  being 
it  felf  equal  to  it  by  N*  f.  Schol.Def.  I  g. 

Proportion  LIIL 

T"£  fide  of  a  Regular  OElagon  ( ABCD ,  Sc C.  Fig .  94*)  is  equal  in 
Power  to  haf  the  fide  of  the  Square ,  and  the  difference  ( PB )  of 
half  fide  from  the  Radius 3  together . 

•  /  :  1 

»  •  * 

DemonftrattoiT 

For  that  the  □  of  AB  is  ZZ  to  the  □  of  AP  -f-Q  BP,  is 
evident  from  the  Pytbag.Theor.  But  that  PO  is  IZPA  half  the 
fide  of  the  Square,  is  evident  from  the  equality  of  the  Angles 
PAO  and  POA,  fince  each  is  a  half  right  one  0^.5-°.  Where- 


1 
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fore  the  fide  of  the  Octagon  is  equal  in  Power  to  half  the  fide 
of  the  Square,  &c.  QJE.D. 

CONSECTARY. 

Therefore,  if  the  Radius  be  da,  AP  will  be,  by  vertue  of 
the  Pythaz*  Theor .  dV  f  a  a  and  P Bda—V  \  a  a  of  that 
D|  a  a  \  and  of  this  O  i  ~  a  a  V  2.  Therefore  the  Sum. of 
,D  AB  a.  a.— ~  V~.  Therefore  the  fide  of  the  Offagon 

~V 2. a yPT.  <?.  g.  If  AO  be  10, AB  will  be  V100-— 

Vxoooo  ,  and  if  the  Radius  AO  roooooQQ  AB  will  he 

v\/'LOO.^  OOO^  000,  000,  COO  m'~~*  vTqoooooogoogoooo.oo 

oooooopoooV  by  vettue  of  the  prefent  Confi  or  from  the  Prop: 
It  felf3  if  AO  be  10000000,  AP  will  be  vertue  of  the  C  >nfi  of 
Prop,  50.  =  7071008,  and  consequently  B?  =2918952 
The  Squares  of  tbefe  added  together  give  the  □  AB,  and  the 
Root  thence  extracted  AB  =  7 Ay  5  66  8 « 

v  r 


►—sHE  fide  of  a  Regular  Decagon  (=t)  is  equal  in  Power  to  the  greatefi 
A  «/  the  fide  of  an  Hexagon  cut  in  mean  and  extreme  Reafcn. 

Demonttratfan*  . 

•  *  ■  \  ....  .  * 

Suppofe  BD  (Fi&  97O  divided  in  mean  and 
End.  9.  extreme  Reafon  in  E,  and  BA  to  be  joined  to  it 
til.  j  Coral,  long  ways  =  to  the  fide  of  a  Decagon  irffcribed 

in  the  fame  Circle,  whole  Radius  is  BC  or  AG — 
RD.  Now  we  are  to  demonftrate  that  Dij  the  greatcft  part  or 
th@  de  of  the  Hexagon  BD  divided  in  mean  and  extreme  Rea- 
fbn,  is  equal  to  the  fide  of  a  Decagon  BA,  and  the  Power  of  the 
one  equal  to  the  Power  of  the  other.  Becaufe  the  Angle  AC B 
is  26°,  ABC  and  A720,  and  consequently  CBD  io8%  BCD 
and  D  will  be  each  36°,  and  fo  the  whole  ACD  72°.  (that  fo 
CD  may  pafs  precifely  thro’  the  other  end  of  the  fide  of  the  Pen. 

tagon 


;  Mathefis  Enucleata  :  Or,  143 

tagon  AF.J  Wherefore  the  A  A  ABC  and  ADC  are  Equi¬ 
angular  ,  and 


AlJ  l°e.  CD  ^  Z.  BD  itoAR  Therefore  the  whole 

line  AD  is  divided  in  mean  and  extreme  Reafon.  But  BD  is  al- 
ib  divided  in  the  fame  Reafon  by  Hyp.  Wherefore 


As  AD  to  DB  and  DB  to  BA, 
So  DB  to  DE  and  DE  to  E B. 


Therefore  DB  is  in  the  fame  Proportion  to  DE  as  DB  to  BA, 
Therefore  DE  is  —BA,  and  the  Power  of  the  one  to  the  Power 
of  the  other.  Q.  E.  D. 

•  '  CONSECTARYS. 

"Here fore,  if  the  Radius  of  the  fide  of  the  Hexagon  is  a 
the  fide  of  the  Decagon  will  be  V\  a  a  —  \  a ,  by  Schol.z. 
Prop.  2 7.  ejp.  if  the  Radius  be  io,  the  fide  of  the  Decagon 
will  be  \/ 125 — C,  and  if  the  Radids  be  put  10  000  000, 

the  fide  of  the  Decagon  will  be=r  V'ny  000  000  000  o@o 
—  5000  coo,  vi%.  by  adding  the  Square  of  the  Radius  and 
the  Square  of  hall  the  Radius  into  one  Sum  5  whence  you’l  have 
the  fide  of  the  Decagon  61 80340^  the  half  whereof 
30901 70  gives  the  difference  between  the  Perpendiculars  of 
the  Triangle  and  the  Pentagon,  by  Corf.  3.  Prop.  51. 


II.  The  fide  therefore  of  the  Pentagon  is  by  Prop.  ^ 

—  V  %A 4 ;  for  the  Square  of  the  Hexagon  is  *a  a  or  §  a  43  the 
□  of  the  Decagon  \  a  a  — ■  V  j  .*  the  Root  extra&ed  out  of 

Sum  of  thefe  is  the  fide  of  the  Pentagon,  viq. 
e*  &%  ^  the  Radius  be  1  o,  the  fide  of  the  Pentagon  will  be 

Vz$o  1/125-000,  and  if  the  Radius  be  put  10  coo  000, 
fince  the  fide  of  the  Hexagon  is  equal  to  it,  and  the  fide  of  the 
Decagon  6180340,  their  Squares  being  added  into  one  Sum, 
the  Root  extracted  out  of  that  Sum  will  give  the  fide  of  the 
Pentagon,  i/y  57°4  nearly  5  and  the  fides  being  collected  into 
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one  fum,  the  half  of  it  8090170  will  give  the  Perpendicular  in 
the  Pentagon  OI,  by  Confeft.  2.  Prop.  y 1 . 

SCHOLIUM  I. 

TO  illuftrate  what  we  have  deduced  in  the  Confe&arys  of 
Prop.  5  i,  you  may  take  the  following  Notes.  If  a  be  put 
=  10  or  ’gs,  the  fide  of  the  Decagon  will  be  rrVIT;  — y,  i.e. 
fl|  nearly  —b  j  therefore  the  Oaa  =  l§ggs  and  the  □  b  b 


sTolll  •  therefore  aa-\-b  ^  or  the  □  AB  =  ,  the  Perpen 

dicular  OI  — 


— -a  ^  1  ^ 1  ^  •  divided  by  2,  that  is,--0.?. 


aw 


2  100  "  '  100 

the  □  of  AI  is  l  of  the  □  AB~3|g§§  the  DOI  ==  — 

!  4* 

- — Now  if  you  add  the  U  AI  and  the  D  OI,  the  fum 

lab— \-ibb  a  a  — p  'Lab  —\~  b  b 

will  be  —  O  A  O  — 


Z.  €.- 


4  *  "v  2 

- — 9| |  q99^  or  near  100,  Thus  likewife,  fince  the  Perpendicular 
above  found  OI,  in  ConfeU .  1.  may  be  alfo  determined  by 

■v'saa—bk  fince  4  4  b  _  and  3  44  3 ST,  fubtra£Ung 


looooco 

10030 


from  it  bb~3\o£>t  the  Remainder  will  be  and  this  be¬ 

ing  divided  bv  4,  you  1  have  the  □  OI  =  ?£g§-.  and  the  Root  of 
it  cxtra&ed  t3>  nearly  j  fo  that  thole  two  different  quantities  in 
Confetf.  1 .  will  rightly  exprefs  the  fame  Perpendicular  OI. 

SCHOLIUM  II. 

VfoW  therefore  as  we  have  Practical  Rules  to  determine  A- 
^  rithmetically  the  Tides  of  the  Pentagon  and  Decagon,  fb 
alfo  they  may  be  found  Geometrically  by  what  we  have  demon- 
ftrared.  For  if  the  Semldiamerer  C B  {Fig*  96.  N.  1 .)  be  divided 
into  2  part?,  EG  will  —  and  creeling  perpendicularly  the 

Radius  CD=^DE  will  ™  V'^aa _ Moreover  if  you  cut  off 

EF  equal  to  it,  EG  will  be  —  V  %aa  * —  i  a  ~  to  the  fide  of 
the  Decagon,  by  ConfeH*  1.  Having  therefore  drawn  DF,  which 
is  equal  in  Power  to  the  Radius  or  Side  of  the  Hexagon  DC, 
and  the  fide  of  the  Decagon  FC  together,  by  the  Pjthag,  Theorem 


4 


0h' 
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it  will  be  the  fide  of  the  Pentagon  (ought;  Much  to  the  fame 
purpofe  is  alio  this  other  new  Cocl^rudion  of  the  fame 
Problem,  wherein  BG  (  'Numb,  2.  )  is  the  fide  of  ,  the 
Hexagon  B D  the  fide  of  the  Square,  to  which  GF  is  made 
equal,  fo  that  FC  is  that  fide  of  the  Decagon  ,  and  DF 
of  the  Pentagon  which  we  thus  demonftrare  after  our  wav: 
Having  bifeded  GHthe  fide  of  an  Equil.  Triangle,  the  Square 

I  ,  [  1  a  a 

ofGE  will  be - ,  by  Prop.  48.  which  being  fabtraded  from 

4  , 

the  Square  of  GF=  x  a  a,  vi%.  I  a  a,  by  Prop.  45.  there  will 

remain  for  the  Square  of  EF  \  a  a ,  and  for  the  line  EF  y 
and  for  FC  / 1  a  a  —  fa,  which  is  the  fide  of  the  Decagon,  as 
DF  of  the  Pentagon,  after  the  fame  way  as  before. 


Proposition  LV« 

fide  of  a  JQuindecagon  (or  if  fided  Figure)  is  equal  in  Power 
to  the  half  Difference  between  the  fide  of  the  Equil.  Triangle  and 
the  fide  of  the  Pentagon ,  &  moreover  to  the  Difference  of  the  Perpendi¬ 
culars  let  fall  on  both  fides  taken  together . 

HDcmonffratfott 


For  if  AB  (Fig,  97.)  be  the  fide  of  an  Infcribed  Triangfe§ 
and  De  the  fide  of  a  Pentagon  parallel  to  it  ^  AD  will  be  the 
fide  of  the  Quindecagon  to  be  infcribed,  b yConfeU,  4.  Def.  15, 
But  this  fide  AD  in  the  little  Right-angled  Triangle,  is  equal  in 
Power  to  the  fide  AH  (which  is  the  half  Difference  between 
AB  and  DE)  and  the  fide  HD  (  which  is  the  difference  be¬ 
tween  the  Perpendiculars  CF  and  CG)  taken  together  by  the 
P)thag.  Theor,  Q.  E«  D. 


CON: 
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CONSECXARY. 


Ence  if  we  call  the  Side  A B  of  the  Equil.  A  c,  and  make 
the  fide  of  the  Pentagon  DE —d9  AH  will 


z 


HD  is  ~lk  by  ConfeSt.  g.  of  Prop.  5*1,  Since  therefore  the 
AH  is  =  cc~~ 2  c  x d  d-  and  the  A  H  D  =  the  a  AD  will 


4 

c  c- — 2  c  dxb  h 

HI  ■  ■"H— 1-  n  r-- 1 


Therefore  the  fide  of  the  Jshtindecagon  —  V  a  -2.  c  d  x  d  d  x  bb 

'  '  •  4- 

that  is,  Collefting  the  Square  of  the  half  difference  of  the  fides 
of  the  Triangle  and  Pentagon,  and  the  Square  of  the  difference 
of  the  Perpendiculars  into  one  Sum,  and  then  Extracting  the 
Square  Root  of  that  Sum,  you’l  have  the  fide  of  the  Qjiindeca- 
gon  (ought.  E>  9.  if  rhe  Radius  Cl  he  made  10030600  the 
difference  0/ the  fides  ofthe  Triangle  17  310508, and  of  the  fide 
of  the  Pentagon  n  757704  will  be  5564804,  and  the  half  of 
this  1781401;  but  the  difference  of  the  Perpendicular  CF 
from  the  Perpendicular  CG,  is  3090 170. 


The  Squares  therefore  of  thefe  Two.  laft  Numbers  being 
Colle&ed  into  one  Sum  ,  r.nd  the  Root  Extracted  will  give  the 
fide  of  the  Quindecagon  41 58134  neatly. 


SCHOLIUM. 

H  Ere  we  will  {hew  the  Excellent  ufe  of  thefe  laft  Propofuions 
in  making  the  Tables  of  Signs.  For  having  found  above?, 
fuppofing  the  Radius  of  icoooooo  parts,  the  fides  of  the 
chief  Regular  Figures ,  if  they  are  Bifccfed  ,  you  will  have  i 
f0  many  PrimarySines ;  vi%.  from  the  fide  of  the  Triangle  the 
fide  of  60  Degrees  86607547  from'  the  S'de  of  the  Square,  : 
the  Sine  of  45  0  707  to  68  ;  from  the  Side  of  the  Pentagon, 
the  Sine  of  3 6°  5877853  ;  from  the  Side  of  the  Hexa¬ 
gon,  the  Sine  of  30°  5000000  ;  from  the  Side  of  _the 

Ocffgon  ,  the  Sine  of  110  30  3816843  ;  from  the  side  > 
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of  the  Decagon  the  fine  of  1 8°  3090170 ,  from  the  fide 

of  the  quindecagon  laftly  the  fine  of  iz°  20791 1  7.  From 
thefe  feven  primary  fines  you  may  find  afterwards  the  reft, 
and  confequently  all  the  Tangents  and  Secants  according  to 
the  Rule  we  have  deduc'd,  n.  3.  Schol.  y.  Prop.  34.  and 
which  Vh.  Lansbergius  illuftrates  in  a  prolix  Example  in  his 
Geom.  of  Triangles  Lib.  z  p.  7.  and  the  following.  But  af¬ 
ter  what  way,  having  found  thefe  greater  numbers  of  fines. 
Tangents,  &c.  Logarithms  have  been  of  late  accommodated 
to  them,  remains  now  to  be  (hewn,  which  in  brief  is  thus  ; 
viz,.  the  Logarithms  of  fines,  &c.  might  immediately  be  had 
from  the  Logarithms  of  vulgar  numbers,  if  the  tables  of  vul¬ 
gar  numbers  were  extended  fe  far,  as  to  contain  (uch  large 
numbers ;  and  thus  the  fine  e.  g.  of  o.  gr.  34.  which  is  98900 
the  Logarithm  in  the  Chiliads  of  Vlacquus  is  4995  19619 16. 
But  becaufe  the  other  fines  which  are  greater  than  this  are  not 
to  be  found  among  vulgar  numbers  (for  they  afeend  not  be¬ 
yond  iooooo,  others  only  reaching  to  10000  or  20000) 
there  is  a  way  found  of  finding  the  Logarithms  of  greater  num- 
bers,  than  what  are  contained  in  the  Tables.  Eg.  if  the 
Logarithm  of  the  fine  of  45*°  whfeh  is  7071068  is  to  be  found, 
now  this  whole  number  is  not  to  be  found  in  any  vulgar  Ta¬ 
bles,  yet  its  firfh  four  notes  7071  are  to  be  found  in  the  vul¬ 
gar  Tables  of  Strauchws  with  the  correfpondent  Logarithm 
3.  8494808,  and  the.five  firft  707  IQ  in  tfie  Tables  of  Vlac- 
c[um  with  the  Log.  4.  8494808372.  Ope  of  thefe  Loga¬ 
rithms,  e  g  the  latter,  is  taken  out,  only  by  augmenting  the 
Charafferiftick  with  (b  many  units,  as  there  remain  notes  out 
of  the  number  propofed,  which  are  not  found  in  the  Tables, 
fo  that  the  Log.  taken,  thus  out  will  be  6.  8494808372. 
Then  multiply  the  remaining  notes  of  the  propoied  number 
by  the  difference  of  this  Logarithm  from  the  next  following, 
(which  for  that  purpofe  is  every  where  added  in  the  Vlacquian 
Chiliads,  and  is  in  this  cafe  61419)  and  from  the  hrodudt 
4176492*  calf  away  as  many  notes  as  adhere  to  the  propo- 
fed  number  beyond  the  tabular  ones,  in  this  cafe  2 \  for 
ot  the  remainder  41764,  if  they  are  added  to  the  Logarithm 
before  taken  out,  there  will  come  the  Logarithm  requi¬ 
red  6.  8494850136,  viz,,  according  to  the  Tables  of  Vlac - 
wnerein  for  the  Log.  of  ip  you  have  10,  qoqp  000, 

L  ©coy 
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000  j  but  according  to  thole  of  Strauchius  which  have  for 
the  Logarithm  of  10  only  10,  000,  000,  you  mult  cut  oft 
the  three  lalt  notes,  that  the  Logarithm  of  the  given  fine 
may  be  6  8494850  ;  as  is  found  in  the  Strauchian  and  other 
tables  of  fines ,  except  that  inftead  of  the  Chara&eriftick  6 
there  precedes  the  Charadteriftick  9,  whereof  we  will  add  this 
reafbn  :  If  the  Charadterifticks  had  been  kept,  as  they  were 
found  by  the  rule  juft:  now  given,  the  Logarithm  of  the  whole 
fine  (which  is  in  the  Strauchian  Tables  10,  coo,  000)  would 
have  come  out  70,  000,  000,  incongruous  enough  in  Trigo¬ 
nometrical  Operations.  Wherefore  that  Log.  of  the  whole 
fine  might  begin  from  1,  for  the  eafinefs  of  Multiplication 
and  Divifion  they  have  aflumed  100,  000,  000 }  the  Cha- 
radleriftick  being  augmented  by  three,  wherewith  it  was  con- 
iequently  neceflary  to  augment  alio  all  the  antecedent  ones ; 
and  hence  e.  g.  the  Logarithm  of  the  leaft  fine  2.909  begins 
from  the  Charadteriftick  6,  which  otherwife  according  to  the 
Tables  of  vulgar  numbers  would  have  been  3. 

Having  found  after  this  way  the  Logarithms  of  all  the  fines 
( altho’  here  allb  if  you  have  found  the  Logarithms  of  the 
figns  of  450  and  moreover  the  Logarithm  of  30,  the  Loga¬ 
rithms  of  all  the  reft  may  be  compendioufly  found  by  addition 
and  fubftradUon  from  a  new  principle  which  now  we  Ihali 
omit)  the  Logarithms  of  the  Tangents  and  Secants  may  eafi- 
ly  be  bund  alfo,  only  by  working,  but  now  Logarithm  ically: 
according  to  the  Rules  of  Schol.  5.  Prop.  34.  n.  5.  and  6. 

Fropofition  LVI. 


(  & )  Eucl. 
*3-  lib.  *3- 


THE  fide  of  a  Tetraedrum  (&)  or  equil 
Pyramid  is  in  power  to  the  Diameter  °j 
a  circumfcribed  Sphere ,  as  l  to  3. 


^emonSfoattoit. 


For  becaufe  by  the  genefis  of  the  Tetraedrum  Deft  22 
(fee  its  Fig.  44  n.  1.)  and  Schol.  Prop.  49.  OC  is  \  of  the  le 
midiameter  OB,  which  we  will  call  a  the  □  of  CB  will  b 
\aa  by  the  Pythag.  Theor.  and  fo  the  power  (or  Sq.)  o 
the  fide  of  the  Tetraedrum  a  2)aa  by  Prop.  49.  but  the  pow 
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cr  of  the  Diam.  na  or  \  a  is  3t>aa.  Therefore  the  power  of  the 
fide  of  the  7 etra'edrum  is  to  the  power  of  the  Diam.  as  24  to 
36.  i.  e.  (dividing  each  fide  by  129  as  2  to  3.  Q,  E.  D. 

Or  more  fliort. 


The  □  of  CB  is  S  2  by  Schol  of  Prop .  49  and  the  □  o{ 
EC  k  4.  Therefore  the  □  EB  3  6.  Bat  the  □  EF  is  £9. 
Therefore  the  □  of  EB  is  to  the  □  of  EF  as  6  to  9,  re.  as  2 
to  3.  Q.  E.  D.  . 

CONSECT  ARY. 


Herefore  if  the  Diam.  EF  be  made 
be  K  V  3  jfcg. 


a9  the  fide  EB  will 


Proportion  LVII. 


THE  fide  of  the  OB ae  drum  (*)  is  in  power 
one  half  of  the  Diameter  of  the  circum- 
ferihed  Sphere . 


(ct)  2?«6’7. 

14.  /ii>.  13. 


^emonStatfotr. 


For  fince  by  the  genefis  of  the  OB  ae  drum  Def  22.  (fee 
Fig,  44.  n.  2.)  CA,  CB,  CF,  are  fo  many  radii  of 
great  circles,  if  for  Radius  you  put  a9  the  fquare  of  AF  will 
be  £3  zaa  by  the  Pythag.  Theor.  But  the  fquare  of  the  Diam. 
FG  S3  za  is  4^^.  Therefore  the  power  of  the  fide  is  to  the 
power  of  the  Diam  as  2  to  4,  i,  e.  as  1  to  2,  Q_E.  D. 

More  fort. 

Becaufe  AF  is  alfo  the  fide  of  a  fquare  inferibed  in  the  grea- 
teft  circle  by  the  gen.  of  the  OBaedrum  \  the  □  of  AF  will  be 
by  Prop.  50.  to  the  □  of  FC  as  2  to  1  :  Therefore  to  the 
fquare  of  FG  as  2  to  4,  by  Prop.  35.  Q.  E  D. 

L  2 


CON- 
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CONSECTAR  Y. 


T^Herefore  if  the  Diam.  of  the  fphere  bs  made  (a)  the  fide 
-r*  of  the  OB  ae  drum  AF  will  be  T  J  aa. 

i  1  -  1 

Proportion  LVIIL 

THE  (ide  of  the  Hexaedrum  or  Cube  (a)  is 
in  Power  fubtr ip le  of  the  diameter  of  the 
1  ^  ilc'  1  ^  *  circiimfcribed  fphere. 

^emonflratfon, 

r  i  l  :  §  i  - 

Making  a  the  fide  of  the  inferibed  cube  GF  or  FE  (i%. 
98  )  the  fquare  of  the  diagonal  GE  of  the  bale  of  the  cube 
will  be  laa  by  the  Pjthag.  Theor.  and  by  the  fame  Reafon  the 
fquare  of  the  diam  of  the  cube  and  the  circumfcribed  fphere 

QD  will  be  K  to  the  fquare  of  GE  "j*  □  DE  |zj  $aa*  Q  E.  D. 

'  *  *  ■  »  '  * 

<  : 

CONSECTARYS. 

'  \ 

1  Herefore  if  the  diameter  of  the  fphere  be  made  {zj  a9 

the  fide  of  the  cube  AB  will  be  T  laa. 

1L  The  diameter  of  the  fphere  is  equal  in  power  to  the 
fide  of  the  Tctraednm  and  cube  taken  together.  For  if  the 
power  of  the  diam„  of  the  fphere  be  made  aa  the  power  of 
the  fide  of  the  7  e  true  drum  wiilbe  \aa  by  Confect  Prop.  56.  and 
the  power  of  the  fide  cf  the  cube  laa  by  the  prefi  Confeft.  1. 
Wherefore  thefe  two  powers  jointly  make  aa.  Q^E.D, 


(a) 

Covjhil.  i  .Prop* 


j  j  1  n  T  0 

it  j  u  i  ►  l'  o  l 


P  repo  ft  ion  LIX. 

B  E  fide  of  the  Dode  cat  drum  (a)  is  equal 
in  power  to  the  greater  part  of  the  fide  of 

the  cube  divided  m  mean  and  extreme  reajen. 

y  IT  .  .  1. 


Benton* 
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J^emonttratfotr* 

For  if  to  the  fide  of  the  cube  AB  (vid.  Fig.  45*.  n.  1.)  and 
to  its  upper  bale  ABCD  you  conceive  to  be  accommodated  or 
fitted  a  regular  Pentagon  according  to  the  genefis  of  a  Dodeca- 
cdrum  laid  down  mDef  22,  and  at  the  interval  Be  you  make 
the  arch  ef  the  A  A  ABe  and  A ef  will  be  equiangular  ;  (Tor 
the  angles  at  A  and  B  being  36°,  and  A«?B  108,  having 
drawn  ef  the  angles  B ef  and  Bfe  are  each  7  2°  ;  therefore 
A  ef  the  remaining  angle  will  be  3  6°)  wherefore  as  AB  to  Be 
(i.  e.  B f)  (o  Ae  (i.  e.Be  or  Bf)  to  A  f  Therefore  the  fide  of 
the  cube  AB  is  divided  in  mean  and  extream  reafon  in  f  and 
Be  the  fide  of  the  Dodecaedrum  is  K  to  the  greater  part  Bf 
CL  E  D.  ' 

S  C  H  0  L  I  V  M. 

HEnce  would  arile  a  new  method  of  dividing  a  given  line 
in  mean  and  extream  reafon,  ‘viz,,  if  you  apply  to  the 
given  line  a  part  of  the  equilateral  Pentagon-  by  means  of  the 
angles  A  and  B  36°,  and  at  the  interval  Be  you  cut  off  Bf 
This  angle  may  be  had  geometrically,  if  another  regular  Pen¬ 
tagon  be  infcribed  in  a  circle,  and  having  drawn  alfo  a  like 
fiibtenfe,  if  the  angles  at  the  fubtenfe  are  made  at  A  and  B 
equal,  by  Eucl.  23.  lib.  1. 

Propofition  LX. 

THE  fide  of  an  Icofaedrum  (f)  is  equal  in 

power  to  the  fide  of  a  Pentagon  in  a  circle  ^  C  A ^ 
containing  only  five  fides  of  the  Icofaedrum  ;  and  ^ 

the  Jemi  diameter  oj  this  circle  is  in  power  fitb- 
quintuple  of  the  Diam.  of  the  fiphere  of  the  circumficribed  Icofa - 
s  dr  urn. 

^emonff  ration. 

/  ’ 

Both  thefe  are  evident  from  the  genefis  of  the  Icofaedrum  in 
Defi  22.  The  firit  immediately  hence,  becauie  all  the  other 

I  ,  fides 
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fides  of  the  triangles  (  Fig.  99  )  Aat  B<z,  &c.  are  made  equal 
to  the  fide  of  the  Pentagon  AB  by  Confeffi.  4.  Prop.  51.  The 
latter  from  this  inference  ;  if  for  QA  the  radius  of  the  circle 
you  put  a  {fince  the  fide  of  the  Pentagon,  which  here  is  aifo 
the  fide  of  the  Icofaedrum ,  it  will  be  equal  in  power  to  the 
radius  and  fide  of  the  Decagon  taken  together  by  the  aforefaid 
Prop .}  the  altitude  OG  will  be  the  fide  of  the  Decagon  R 

T  \aa- — \a  by  Confeft.  1.  Prop.  54.  to  which  the  equal  in¬ 
ferior  part  0H  being  added,  and  the  intermediate  altitude  O0 
R  a9  you’l  have  the  whole  diameter  of  the  circumfcribed 

fphere  GH  R  a  f  z T \aa — \ a  t.  e.  i  e.  T  4° aa  i.e, 

T  paa  and  fb  the  fquare  of  the  diameter  of  the  fphere  will  be 
spaa  :  Therefore  the  (quare  of  the  diameter  of  the  fphere  is  to 
the  fquare  of  the  femi  diam.  of  the  circle  containing  the  five 
fides  of  the  Icofaedrum  as  $  to  1.  Q,  E.  D. 

V  C  /-  *  *  X  '  >  '  <  *  r 

S  C  H  0  L  1  V  M. 

IT  .  is  alfo  evident  that  a  fphere  defcribed  on  the  diameter 
GH  will  pafs  thro’  the  other  angles  of  this  Icofaedrum  ;  for 
affuming  the  center  between  O  and  0  the  radius  FG  will  be 

R  T  \aa.  But  FA  is  alfo  R  for  the  D  of  FO  is 

and  the  O  AO  R  aa  :  Therefore  the  fitm  is  R  {aa 

R  □  FA,  Q.  E.  P.  . , 

GONSECT  AR  Y  I. 


Herefore,  if  the  radius  of  the  circle  ABODE  remain  a9 
youl  have  the  altitude  OG  V  {aa- — \a9  and  the  fide 


of  the  Icofaedrum  T  \aa— T  \a*y  by  Conf  1.  and  z.  Prop j 

54.  and  the  diam  of  the  circumfcribed  Sphere  z  T  \  aa9  as  is 
evident  from  the  Demon  fixation. 


C  O  N- 
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CONSECTARY  II. 


Being  a  general  one  of  the  five  lafi  Tropofittons. 

IF  AB  (Fig.  i  oo  )  be  the  diameter  of  a  fpherc 
(a)  divided  in  D  fo  that  AD  fhall  be  3  AB, 
d1611  ( having  erebled  the  perpendicular  DF ) 
*  1  BF  will  be  the  fide  of  the  Tetraedrum  by  Trop . 
5 '6.  and  AF  the  fide  of  the  He xae drum  by  Trop.  53.  Confi% . 
and  BE  or  AE  (erebHng  from  the  center  the  perpendicular 
CE)  will  be  the  fide  of  the  Otlaedrum  by  Trop.  57.  Now  if 
AF  be  cut  in  mean  and  extreme  reafbn  in  0>  you’l  have 
AO  the  fide  of  the  Dodecdedrum  by  Trop.  5*9.  Laftly,  if  you 
erebf  BG  double  of  CB,  HI  will  be  double  of  Cl,  and  the 
□  of  HI  S  4  Q  of  Cl ;  coniequently  the  □  CH  or  CB  H  5  □ 
Cl;  Therefore  the  □  of  AB  (double  of  CH )  is  alfo  K  to 
5  □  of  HI  (which  is  double  of  Cl )  therefore  HI  is  the  radius 
of  the  circle  circumfcribing  the  Pentagon  of  the  Icofaedrum , 
and  IB  the  fide  of  the  Decagon  inscribed  in  the  fame  circle, 
and  HB  the  fide  of  the  Tenpagont  and  alfo  the  fide  of  the  ko~ 
fide  drum ,  by  Trop.  6  o. 


The  End  0 f  the  firjl  'Book: 
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THE 

SECOND  BOOK, 

_ _ _  ■  \  j  r  —■ _ 

SECTION  I. 

Containing 

:  -  DEFINITIONS. 

Definition  I. 

IF  a  Cone  ABC  {Fig.  ioi.)  be  conceived  to  be  cut  by  a 
plane  at  right  angles  to  the  fide  of  the  cone,  e.  g.  BA  , 
the  Plane  EFGHE  arifing  by  this  fe&ion,  and  terminated  on 
the  external  furface  of  the  cone  by  the  curve  line  HtG, 
was  anciently  by  Euclid ,  Archimedes ,  &c.  called  the  Conick 
SeBion  •  and  if  the  iides  of  the  cone  AB  and  BC  made  a  right 
angle  at  B,  as  n.  i.  the  fecfion  was  particularly  called  the  Se¬ 
ction  of  a  right-angled  Cone-,  but  if  it  made  an  obtule  angle, 
as  n.  a.,  it  was  called  the  SeBion  of  an  obtufe- angled  Cone  j 
if,  laftly,  it  made  an  acute  one,  as  nurn.  g.  it  was  called  (%-) 
the  SeBion  of  an  acute-angled  Cone. 

Definition  II. 

BUT  afterwards  their  Succeffors,  particularly  AfoUonim 
Yergaus,  found  from  the  properties  ot  thele  Curves, 
which  their  Predeceffors  had  happily  dilcovered,  tharthe  fame 
fall  of  them )  might  be  generated  in  one  and  the  fame  cone 
whether  right-angled,  obtufe-angled,  or  acute-angled,  if  the 
feclion  EF  (Fig.  102:)  is  made  in  the  firft  cale  parallel  to 
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'  *  v  *  ■' 

the  oppofite  fide  BC  ;  in  the  fecond  cafe,  if  it  meet  that  fide 
produced  upwards ;  for  the  third,  when  it  meets  downwards 
with  the  diameter  of  the  bafe  AC  produced  to  D.  And  to 
give  new  names  ( for  the  old  ones  would  do  no  more  nowj  t.o 
thefe  Sedfions,  to  diflinguifh  them  one  from  another,  nomi¬ 
nating  them  from  their  Properties  hereafter  demonftrated,  they . 
called  the  firfl:  a  Parabola,  the  fecond  an  Hyperbola,  the  third 
an  Ellipfis . 

Definition  III. 

k  I  r  „  ■  \ 

But  it  is  evident,  that  only  the  plane  making  the  fedK-; 

on  of  the  fecond  cafe,  being  according  to  the  line  FED 
produced  or  carried  on,  (Eig.  103.)  will  fall  upon  the  verti¬ 
cal  Cone  aBc  comprehended  under  the  fides  AB,  CB, 
continued  onwards,  and  there  produce  another  Section  oppo- 
fire  to  the  former ;  whence  thefe,  viz,.  GEHG  and  gehg  are 
called  oppofite  Sections. 

Definition  IV. 

\  A  •  •  ■  .  ••  ?■  ••  4 

BEfide^  thefe  names  of  the  fedfions,  there  are  feveral  others 
made  ufe  of  to  denote  various  lines  drawn  and  confidered 
both  within  and  without  thofe  fedtions,  the  chief  whereof  we. 
fhall  here  explain.  And  firft  of  all,  in  general  the  line  3JF  ld> , 
let  fall  thro’  the  middle  of  the  feclion  from  its  top  E  (which  , 
is  called  the  Vertex  of  the  fedtion)  to  the  diameter  of  the , 
bale  of  the  Cone  AC  (produced  ifoccafion  be)  that  it  fhall 
bifedt  the  line  GPI  and  all  others  parallel  to  it,  is  called  the  Di¬ 
ameter  of  that  Sebhon  ;  and  particularly  it  is  called  the  Axis  of: 
the  Seffion  if  it  cuts  them  at  right  angles  or  perpendicularly  ; 
as  alfo  they  name  thofe  lines  GH,  KN,  &c.  which  are  cut  in¬ 
differently  by  the  diameters,  but  at  right  angles  by  the  Axis, ' 
thole,  I  fay,  they  call  Ordinates,  or  Ordinate  Applicates ,  and  . 
their  halves,  FG,  IK,  &c.  Semiordinates ,  (or  ionic  alfo  call 
the  latter  Ordinates ,  and  the  former  double  Ordinates)  and  the 
parts  of  the  Ax  or  Diameter  Ef,  El,  (Ac.  are  called  Abjcif 
(a  4  (by  fome  intercepted  axes  and  diameters  ) 


J 
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Definition  V. 


PArticularly  in  the  hyperbola  they  call  the  continuation  ot 
the  ax  or  diameter  ED  ’till  it  meet  the  oppofite  fide  cB, 
i.  e.  to  the  vertex  of  the  oppofite  fe&ion,  the  Latus  tranfiuer - 
fum  of  the  Hyperbola,  to  which  there  anfwers  in  the  Ellipfis 
the  axis  or  longed  diameter,  and  lb  by  latter  Authors  is  called 
by  the  fame  name,  but  by  Apollonius  the  tranfverfe  Ax  or  the 
tranfverfe  Diameter ,  as  alfo  the  fhorteft  ax  or  diameter  is  cal¬ 
led  the  Conjugate ,  and  its  middle  point  O  is  called  the  Center- 
of  the  Seffion  or  of  the  oppofite  Sections. 


Definition  VI. 


r 


T Hey  called  alfo  a  certain  line  EL  (Fig.  io't.)  by  the 
name  of  Latus  Reffum,  which  is  particularly  to  be 
found  in  all  the  fedlions,  as  we  fhall  hereafter  fliew :  And  be¬ 
cause  this  Latus  Re  Bum  is  a  fort  of  a  Rule  or  Meafure,  ac¬ 
cording  to  which  the  fquares  or  powers  of  the  ordinates  ufed 
to  be  eftimated  or  valued  ( as  we  will  fhew  in  its  proper  place) 
therefore  the  Ancients  ufed  to  call  it  by  a  Periphrafis  Linea  fe - 
cundum  quam  pojjunt  Qrdinatim  applicates ,  Or  the  meafure  of 
the  powers  of  the  Ordinates ;  by  lome  latter  Authors  it  is  cal¬ 
led  the  Parameter.  Now  a  mean  proportional  PQ_ found  be¬ 
tween  this  Latus  Rectum  and  the  Latus  Tranfiverfum  (Fig* 
1 04  n.  1.  and  2  )  (fee  alio  hereafter  ConfeCt .  2.  Prop.  8.) 
and  drawn  thro’  the  centre  O  parallel  to  the  Ordinates  is  cal¬ 
led  the  fecond  Axis  or  Diameter ,  or  the  Conjugate  of  the  Hy¬ 


perbola. 


Definition  VII. 


O  W  if  we  conceive  the  diameter  or  conjugate  ax  PQ 
X  brought  down  to  the  Hyperbola  fo  that  its  middle  point 
‘O  (hall  touch  its  vertex  in  E,  and  from  the  center  O  you  draw 
the  right  lines  OR]  OS,  thro*  the  ends  of  this  tangent  line  p 
and  theie  are  the  lines  which  Apollonius ,  Prop.  1.  lib.  2,  de¬ 
ni  on  it  rates,  that  tho’  by  being  continued,  they  always  ap¬ 
proach  nearer  and  nearer  to  the  curve  GEH,  and  come  fo 
(•  much 


/ 


i 
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much  the  nearer  by  how  much  the  farther  they  are  continued, 
yet  they  will  never  concur  with  it  or  touch  it,  for  which  rea- 
fon  they  are  called  Afymptotes  or  non-coincident  lines ;  and 
by  fbme  the  IntaEia.  Which  non-coincidency  appears  moft 
manifeftly  where  the  hyperbolical  fedfion  of  the  cone  is  made 
parallel  to  the  triangular  fedlion  thro’  the  axis  of  the  cone  ABC 
yn.  %.)  along  the  line  e.  f  parallel  to  the  ax  BF.  For  if  we 
conceive  the  hyperbola  geh  to  move  forwards  always  pa¬ 
rallel  to  it  (elf,  according  to  the  diredfion  of  the  equal  and  pa¬ 
rallel  lines  gG,  /F,and  ^H, ’till  it  {lands  in  the  pofition  GEH  ; 
it  is  manifeft  that  the  curve  line  GEH  is  diftant  on  both  fides 
from  the  right  lines  BC,  BA,  the  length  of  the  verfed  fine  of 
the  equal  arches  hC  and  gA  in  the  circumference  of  the  circu¬ 
lar  bale,  while  in  the  mean  time  it  is  evident  that  they  ap¬ 
proach  nearer  and  nearer  to  them.  So  that  hence  there  flow 
the  following 

CONSECTARYS. 


1.  TN  this  cafe  the  (ides  of  the  cone  are  the  Afymptotes  of 
JL  the  hyperbola,  while  it  is  manifeft,  that  the  point  B  is 

its  centre,  and  EB  half  the  tranfverfe  diameter  ;  which  appears 
from  n  1.  and  2.  of  the  pref  Fig.  for  the  fedfion  ef  being 
made  parallel  to  the  the  ax  of  the  cone  DF  by  def.  y.  d  e 
(which  in  the  cafe  n.  3.  would  coincide  with  dq)  is  the  tranf¬ 
verfe  diameter,  but  the  triangles  dpq  and  OpE  are  equiangular, 
and  confequently  as  pE  is  to  l pq,  fo  is  OE  to  \dq. 

II.  The  lines  AG  and  HC  ( num .  3  )  are  equal,  as  being 
the  verfed  fines  of  equal  arches;  afid  in  like  manner  (n.  1 .  and 

2. )  RG  and  HS  are  equal,  fince  FR  and  FS  as  well  as  E p 
and  Eq  are  fb  alfo  (for 

a*  GE  to^Ep ,  f0  OE  ^j^^and  the  femiordinates  FG  and 
:  FH  are  alfo  equal. 

Ill-  Confequently  lC  [Zj  of  RG  into  GS  and  of  HS  into 
HR  are  equal,  &c.  all  which  hereafter  we  will  more  univer- 
fally  demonftrare. 


Def 
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Definition  VIII. 


TF  a  parabolick  plane  (<*>)  HEGFH  (Fig. 

de^cJoit'd  IO?‘  >0  together  with  a  triangle  HEG 
Syker.  Def .  i.  micribed  m  it,  and  a  rectangle  riL  circurrucn-' 

bed  about  it,  be  conceived  to  be  moved  round 
about  the  ax  EF  on  the  point  F ;  it  will  be  evident  that  by 
the  triangle  there  will  be  generated  a  cone,  by  the  re&angle  a 
cylinder,  and  by  the  parabola  a  parabolick  (olid,  which  with 
the  comprehended  cone,  and  the  comprehending  cylinder, 
will  have  the  common  bale  HIGK  and  the  fame  altitude  EF, 
and  was  by  Archimedes  named  a  Tarabolick  Conoid, 


Definition  IX. 


IF  moreover  an  (a. )  hyperbolick  plane 
HEGFH  (n.  )  with  the  inferibed  trian- 


(et)  Archim, 

SpknVcf,  ^  gk  HEG,  and  another  cireumfcribed  one  ROS 

made  by  the  Afymptotes  OR,  OS,  be  concei¬ 
ved  to  be  turned  about  the  common  ax  OEF  on  the  point  F ; 
will  be  evident  that  there  will  be  deferibed  by  the  inferibed 


triangle  a  cone  comprehended  within  fide,  and  by  the  hyper¬ 
bola  an  Hyperbolical  Conoid  upon  the  fame  bale  HIGK  and  of 
the  fameheighth  £F ,  and  by  the  A  ROS  another  cone  which 
Archimedes  calls  the  comprehending  cone,  whole  bale  is 
RTSV,  and  its  altitude  compofed  of  the  axis  of  the  hyperbo¬ 
la  EF  and  half  the  tranfverfe  ax  OE  (which  Archimedes  cal¬ 
led  the  additament  ol  the  ax  oF  the  hyperbola )  and  which  we 
may  commodioufly  divide  into  two  parts,  viz,  into  the  cone 
0PMQL,  whole  bale  has  for  its  diameter  the  conjugate  ax 
PQ,  and  its  altitude  equal  to  half  the  tranfverfe  ax  ;  and  into 
a  C uni-cone  or  detruncated  cone  terminated  by  the  two  bales 
PMQL  and  RTSV,  but  anfwering  in  altitude  to  the  conoid 
&nd  inferibed  cone:  From  which,  as  comprehending  it,  if  you 
takeaway  the  included  conoid,  there  will  remain  the  hollow 
curticone  terminated  below  by  the  Annulus  or  ringRGIVHSKT 
and  above  by  the  circular  bafe  PMQL,  and  generated  in  the 
circumvolution  by  the  intermediate  lines  EP,  GR,  &c.  or  the 
fcnixtilinear  plane  EGRP,  Now  if  we  foppofe  inllead  of 
;  •  this 
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this  comprehending  cone  a  circumfcribed  cylinder  on  the  fame 
bale  and  of  the  fame  altitude-  with  the  conoid  and  included 
cone,  you’l  have  every  thing  like  as  in  Def  8, 

CONSECTARYS. 

NOW  if  we  fuppofe  the  1 .  cafe  of  Def.  9 .  to  be  expref- 
fed  by  the  Fig .  of  Def.  7.  n.  g.  and  conceive  the  pre- 
fent  figure  brought  thence  to  be  turned  round  about  the  ax 
BEF  ( Fig.  106J  we  may  deduce  thefe  following  things  in 
the  room  of  Conledtarys  fpr  the  foundation  of  our  future  de- 
monftrations. 

I.  The  lines  EQ_,  RS,  HC,  &c.  of  the  mixtilinear  {pace 
comprehended  between  the  hyperbola  and  the  Alymptotes 
( viz,,  the  excels  of  the  ordinates J  altho’  they  are  unequal,  and 
by  defending  always  growlels,  yet  in  this  circumvolution  they 
will  defcribe  equal  circular  fpaces,  viz,.  EQ.a  whole  circle, 
for  circular  plane)  but  RS  and  HC,  &c.  circular  Annuli  or 
rings  all  of  the  fame  bignels  ;  which  will  thus  appear  to  any 
one  who  compares  this  figure  with  the  former  :  Since  the  fpa-. 
ces  generated  by  the  lines  EQ_,  FC,  &c.  are  as  the  fquares 
of  thole  lines,  and  the  □  of  Fh  or  FC  exceeds  the  Iquare  of 
fh  or  FH  by  the  excels  of  the  fquare  Ff  or  Ee  or  EQ^  conle- 
quently  the  quantity  generated  by  FC  will  exceed  that  gene¬ 
rated  by  FH  the  excels  of  that  generated  by  EQj  and  alio 
that  generated  by  FH  by  the  excels  of  that  generated  by  HC; 
it  is  manifeft  that  the  circle  generated  by  EQ_will  be  equal  to 
the  annular  fpace  generated  by  HC  ;  and  the  lame  will  in  like 
manner  be  evident  of  any  fpaces  produced  by  RS. 

II.  Therefore  the  hollow  detruncated  cone  generated  by  the 
fpace  EHCQ^according  to  Def  9.  will  be  equal  to  a  cylinder 
generated  by  the  redbngle  Fl^E  ;  for  all  the  indivifibles  of 
the  one,  are  equal  to  all  the  indivifibles  of  the  other  by  Con * 
[eft.  1 .  ’ 


Def 


J6o 


n 
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IF,  laftly,  (*)  an  elliptical  plane  be  turned 
about  either  of  the  axes,  viz,,  either  the  Ion- 

SpfarTpj.  6.  Seft  DE  ( FlS- °7-  »•  i )  or  the  (hotter  AR 

(n.x.)  there  will  be  thence  formed  an  elliptical 
(olid,  called  by  Archimedes  a  fpheroid  ;  which  in  the  firftcafe 
will  be  an  oblong  or  ered  one,  in  the  other  a  flac  or  depref- 
fcd  one  :  And  it  is  felf  evident,  that  if  before  this  circumvolu¬ 
tion  of  the  ellipfis,  there  be  infcribed  in  one  of  its  halves  a 
triangle,  and  a l(o  a  redangle  circumfcribed  about  it,  having 
the  fame  altitudes  and  bafes  with  the  femi  ellipfe,  there  will  af¬ 
terwards  in  the  circumvolution  be  defcribed  by  the  triangle  a 
cone,  by  the  redangle  a  cylinder,  to  which  afterwards  we 
will  alfo  compare  the  half  ipheroid  j  as  alfo  both  the  conoids 
with  their  infcribed  and  circumfcribed  cones  and  cylinders. 

Definition  XI. 

o 

IF  upon  the  right  line  AE  (Fig.  18.)  you  conceive  a  wheel 
or  circle  to  rowl,  until  its  point  A,  with  which  it  touches 
the  (aid  line,  come  to  touch  it  again  in  E ;  the  circle  wil  mea- 
fure  out  the  line  AE  equal  to  its  periphery  ;  but  the  point  A 
by  its  motion  wil!  defcribe  the  curve  line  AFE,  which  is  cal¬ 
led  a  Trochoid  or  Cycloid  ;  and  the  area  which  this  curve  with 
the  fubtenfe  AE  comprehends,  is  named  the  Cycloidal  Spacer 
and  the  circle  by  whole  motion  they  are  determined  is  called 
the  generating  Circle . 

C  O  NSEC  T  A  R  Y. 

tT  is  evident  from  the  genelis  of  this  curve  that  the  defcri- 
bing  point  a  will  always  be  as  much  di’ftant  in  the  circle 
from  the  point  of  contact  cl  or  c,  as  the  point  A  in  the  right 
line  paikd- over  AE,  is  from  the  fame  point  of  contad,  i.  e,  if 
the  point  d  is  diftant  from  A  the  fourth  part  of  the  line  AE, 
the  arch  da  will  alfo  be  the  fourth  part  of  the  circle  confidered 
in  this  iecond  ftation  }  and  the  point  c  being  diifant  from  A 
h.tif  of  the  interval  AE,  the  arch  ca  will  be  alfo  half  of  the 

circle. 


% 


r 
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circle,  and  fo  the  point  a  coincide  in  the  curve  with  F  :  And 
when  the  point  e  is  diftant  from  E  only  an  eighth  part  of  the 
whole  line  AE,  the  arch  ea  will  alio  be  the  eighth  part  of  the 
whole  circle. 

Definition  XII. 

IF  the  right  line  BA  (num.  i.  109.J  one  end  at  B  remain¬ 
ing  fixed,  be  moved  round  at  the  other  end  with  an  equal 
motion  from  A  thro’  C,  D,  E  to  A  Back  again,  and  in  the 
mean  while,  there  be  conceived  another  moveable  point  in  it 
to  move  with  an  equal  motion  along  the  line  BA  from  B  to  A,fo 
that  in  the  fame  moment  wherein  the  moveable  point  A  abfolves 
one  revolution,  the  other  moveable  point  {hall  alfo  have  paffed 
thro’  its  right  lined  way,  coinciding  with  the  point  A  retur¬ 
ned  to  its  firft  fituation  ;  this  extremity  A  by  its  revolution 
will  deferibe  "the  circle  ACDEA,  and  that  other  moveable 
point  another  curve  B,  i,  2,  3,  4,  &c.  which  with  Archi¬ 
medes  we  will  call  a  Helix  or  fpiral  Line,  and  the  plane  (pace 
comprehended  under  this  fpiral  line  and  the  right  line  BA.  in 
the  firft  ftation  is  called  a  fpiral  [pace.  Now  if  we  fuppofe, 
e.g.  the  right  lined  motion  of  the  point  moving  along  BA 
to  be  twice  flower  than  in  the  former  cafe,  fo  that  ffee  num. 
2.)  in  the  fame  time  that  the  point  A  makes  one  whole  Re¬ 
volution,  the  other  moveable  point  fhall  come  to  F,  making 
half  the  way  BA,  and  then  at  length  fhall  concur  or  meet 
with  the  extremity,  when  that  fhall  have  performed  the  other 
revolution;  and  fo  there  will  be  deferibed  a  double  fpiral  line, 
whole  parts  with  Archmedes  we  will  fo  diftinguifh,  that  as 
he  calls  the  part  of  the  right  line  BF,  palled  over  in  the  firft 
revolution,  limply  th t  firft  line,  and  the  circle  made  by  the 
right  line  BF  th Q  firft  Circle  ;  fo  we  will  call  that  part  of  the 
curve  which  is  ddcribed  in  that  time  or  revolution  B  1  3  6  9  12 
thefrji  Helix  or  the  firft  Spiral  and  the  area  comprehended  un¬ 
der  it  the  firft  fpiral  face  ;  And,  as  the  other  part  of  the  right 
line  FA  palled  over  in  the  other  revolution  is  called  the  fecund 
line ,  and  the  circle  marked  out  by  the  whole  line  BA  the  ft - 
cond  Circle  ;  fo  the  curve  ddcribed  in  the  mean  while  1  2,  1  5, 
1 8,  24,  may  be  called  the  ftcpjid  fpiral  line,  and  the  i pace 

compre- 
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comprehended  under  it  the  fecond  jfiiral  Jfeace,  and  fo  onwards 

From  thefe  Definitions  there  flow  the  following 

\ 

CONSECTARYS. 

I.  np  HE  lines  B  n,  B  1 1,  B  io,  &c.  drawn  out,  and 
JL  making  equal  angles  to  the  firft  or  fecond  fpiral  (and 
after  the  fame  manner  (a.)  Bit,  B  io,  B  8, 
(a,)  Arc  him.  Gr  B  ia,  69,  B  6,  &c.)  are  arithmetic 

Spiral  °  '  cally  proportional  ,as  is  evident 

II.  The  lines  drawn  out  to  the  firft  fpiral  as  B  7,  B  10, 
&c„  are  one  among  another  as  the  arches  of  the  circles  inter¬ 
cepted  between  BA  and  the  laid  lines  (fij  B  7, 
(fi)  Archim*  B  io,  &c.  which  is  a lfo  evident  to  any  one 
roP'  who  confiders  what  we  did  fuppofe ;  for  in  the 

fame  time  as  the  end  A  pafles  over  feven  parts  of  the  circle, 
the  other  moveable  point  will  alfo  run  over  feven  parts  of  the 
right  line  BA*  &c» 

III.  Laftly,  The  right  lines  drawn  from  the 
Tro^\*C^m*  *n*r*a^  point  (y)  B  to  the  fecond  fpiral  e.  g, 
ro^  1 B  19  and  B  zz  (num.  z.)  will  be  one  to  ano¬ 
ther  as  the  aforefaid  arches  together  with  the  whole  periphery 
added  to  both  Tides :  for  at  the  fame  time  the  extremity  A  runs 
thro’  the  whole  circle  or  12  parts  and  moreover  7  parts  (i,  e. 
in  all  19  parts,)  in  the  fame  time  the  other  moveable  point 
pafles  through  jz  parts  of  the  right  line  BA  (in  this  cafe  di¬ 
vided  into  2,4  parts )  and  moreover  7  parts,  that  is,  in  all 
1 9  ;  and  fo  in  the  others. 

Definition  XIII. 

,  !  1  I  •  ;  ' 

IF  a  right  line  BAF  be  conceived  fo  to  move  within  the 
right  angles  ADC,  CD£,  that  on  the  one  hand  a  certain 
point  C  fixed  in  one  leg  of  the  Norma  or  ruler  may  alv/ays 
glide  along,  and  on  the  other  hand  a  certain  moveable 
point  A  may  always  run  along  the  other  fide  of  the  Norma 
(which  complicated  motion  of  the  defcribing  rule  BAF,  after 
what  way  it  may  be  organically  procured,  may  be  feen  by 
,  *  the 


V 
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the  1 10 th.  Figure  ;)  by  the  extreme  point  of  the  moveable 
line  B  there  will  be  delcribed  a  curve  called  by  its  Inventor 
Nicomedes  the  firfi  Conchoid ,  whereof  this  is  a  property,  that 
the  right  lines  CB,  Cb,  drawn  from  its  centre  G  to  its  Ambi¬ 
tus  or  curvity  are  not  themlelves,  as  in  the  circle,  equal,  but 
yet  have  all  the  parts,  AB,  ab ,  intercepted  between  the  curve, 
and  the  diredr ix  AE  are  equal ;  as  is  evident  from  its  genefis. 

Definition  XIV. 

Jr 

t  '  >  '  ('!  . 

IF, the  diameters  of  a  circle  being  AB  and  CD  ( Fig.  1 1 1 .  n. 

1.)  cutting  one  another  at  right  angles,  you  take  BE  or  Be 
and  BF  or  Bf  equal  arches,  and  from  E  or  e  you  draw  the 
perpendiculars  EG  or  Eg,  and  through  thefe  from  D  to  F  or  f 
you  draw  the  tranfverfe  lines  DF  or  E )fi\  the  leveral  points  of 
interfedion  H,  h>  &c.  decently  conneded  together  will  exhi¬ 
bit  the  curve  line  Dh,  H£B  ( which  may  be  continued  allq 
without  the  circle  if  you  pleale,  and)  which  is  commonly  at¬ 
tributed  to  Diodes ,  and  called  a  CiJJoid . 

1  \ 

4 

Definition  XV. 

.  ;  v  •  i  **  -?,.v 

IF,  having  divided  the  right  line  AE  (Fig.  iii.)  into  the, 
equal  parts  AB,  BC,  from  the  points  of  the  divifion 
A,  B,  C,  &c.  you  draw  the  parallel  lines  Aa ,  B b9  C c, 
in  geometrical  progrellion  fas  e.g.  let  A  a  be  1,  B^  4,  C  c  16, 
DJ,  64,  &c.  or  B b  10,  C c  ico,  DJ1000,  Ee  \pooo,&'c.) 
and  further  bileding  AB,  BC,  Jf,  (B,  3?  you  let  fall  ( 

mean  proportionals  between  the  next  Collaterals 
&c.  and  continue  to  do  lb  till  the  parallels  are  brought  near 
to  on*  another;  the  curve  line  drawn  thro’  the  extremities  of  f 
thele  lines  at,  b$,  d),  die,  will  be  the  logarithmical  line  oi  the 
moderns,  whole  properties  and  ules  are  very  excellent. 


S  C  HO  L  IV'  M. 

i  „  .  *  •  *  m*S 

«  If  ’ 

A Mong  thole  ules,  that  is  none  of  the  leaf:,  from  which 
this  curve  borrows  its  name,  viz,,  in  fhewing  the  na¬ 
ture  and  invention  of  Logarithms.  Fcr,  e  g.  1.  if  thisdine 
was  accurately  delineated  in  a  large  fpace,  the  parts  AB,  # 

N  *  BC  n 
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BC,  &c.  being  taken  fb  big,  that  they  might  be  fiibdivided 
not  only  into  100  or  1000  but  into  10000 or  100000  parts; 
making  AB  10000O  (and  (o  A  coooo)  AC  would  be 
200000,  AD  300000,  &c.  while  in  the  mean  while  there 
anfwer  to  thefe  as  primary  Logarithms  in  arithmetical  pro- 
grefllon  the  geometrical  proportional  numbers,  Aa  1,  Bb  10, 
Cc  100,  Dd  iooo,  Ee  10000,  &c .  Whence,  2.  Its  Loga-» 
rithm  may  be  aflignM  to  any  given  intermediate  number,  e.g. 
to  the  number  982,  for  having  cut  off  this  number  from  D d 
by  a  geometrical  fcale  on  the  line  DM,  if  you  draw  M n  pa¬ 
rallel  to  AD,  and  «N  parallel  to  DM,  it  will  give  AN  on  the 
lame  fcale,  viz*  the  Logarithm  fought,  and  reciprocally.  But 
if,  3.  it  feem  difficult  to  delineate  a  Figure  fb  large,  yet  at  leaf! 
the  clear  conception  of  fuch  a  delineation  evidently  {hews  the 
arithmetical  method,  which  thofe  ingenious  Men  have  made 
1  ufe  of,  who  have  made  the  tables  of  Logarithms  with  a  great 
ex  pence  of  Labour  and  pains,  'viz.  by  finding  continual  mean 
proportionals,  arithmetical  ones  between  any  two  Logarithms 
already  known,  and  geometrical  ones  between  two  vulgar 
numbers  anfwering  to  them,  &c.  by  comparing  what  we 
have  noted  in  Sc  hoi.  2.  Prof .  20.  Lib.  1.  And  we  will  note, 
4  out  of  Tardies ,  that,  fince  the  Logarithms  of  numbers  di- 
ffant  from  one  another  by  a  decuple  proportion,  differ  by  the 
number  100c 00,  having  found  the  Logarithms  of  all  the 
numbers  from  1000  to  10200  you  will  at  the  fame  time 
have  all  the  Logarithms  of  all  the  other  numbers 
that  are  between  loo  and  ieoo,  between  10  and  100, 
and  between  1  and  10,  only  changing  the  chara&eri- 
flick,  and  leffening  it  in  the  firfl:  cafe  by  unity,  in  the  fecond 
by  2,  in  the  third  by  3  ;  as  e.g,  if  oi  the  number  9,  900  yot* 
had  found  the  Logarithm  359,  563,  the  Logarithm  of  the 
fubdecuple  number  990  would  be  (viz.  fubftra&ing  from  the 
former  100000J  299,  3.  and  the  Logarithm  again  of 

this  fubdecuple  of  this  99  would  be  199,  5^63,  &c.  Thus 
in  the  Chiliads  of  Briggs  to  the  number 

99000  Anfw.  4,  995*63,  5*1946 

9900  -  3,  99563,  51946 

99o  -  2,  99563,  51946  v 

99  Lilly —  1,  99563,  5*946: 

But: 


) 
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But  there  will  not  arife  fach  advantage  for  making  Loga¬ 
rithms  by  this  obfervation  as  it  may  at  firft  fight  feem  to  pro¬ 
mile,  becaufe  there  are  9000  numbers  between  1000  and 
1 0000  whole  Logarithms  mult  be  found  alio,  and  but  900 
between  100  and  1000,  and  but  90  between  10  and  ioo, 
and  but  9  between  1  and  10,  and  lo  in  all  999,  which  is  not 
the  ninth  part  of  the  former. 

Definition  XVI. 

IF  the  radius  AD  (Fig.  t  15.)  be  conceived  to  move  equal¬ 
ly  about  the  point  A  through  the  periphery  of  the  quadrant 
DB,  while  in  the  mean  time  the  fide  of  the  fquare  DC  re¬ 
maining  always  parallel  to  it  lelf,  defcends  alio  with  an  equal 
motion  thro’  DA,  fo  that  in  the  fame  moment  the  radius  AD 
and  the  aforefaid  fide  DC  (hall  fall  upon  the  bale  AB  \  or  (if 
any  one  Ihould  think  that  this  way  the  proportion  of  a  right 
line  to  a  circular  one  is  foppoled  by  a  fort  of  Vetitio  Vrincipii 
or  begging  the  queftion)  the  right  line  DA  as  well  as  the 
quadrant  DB  being  divided  into  as  many  equal  parts  as  you 
pieale  (e.g  here  both  of  them  into  8)  and  drawing  thro* 
thefe  from  the  center  A  fo  many  Radii  and  thro'  them  paral¬ 
lel  lines ;  the  points  of  interle&ion  being  orderly  connected  to¬ 
gether  will  exhibit  a  curve  line,  whole  invention  is  attributed 
to  Dtnoflratus  and  Nicomedes  in  the  fourth  Book  of  Pappzts  A- 
lexandrinus ,  and  which  from  its  ule  is  called  a  Quudratnx , 
it  having  among  the  reft  this  property,  that  from  AB  it  cuts 
oft  a  part  AE,  which  is  a  third  proportional  to  the  quadrant 
DB  and  its  radius  DA ;  which  hereafter  we  will  demonftrate. 
In  the  mean  while  from  this  defcription  of  it,  you  have  thele 

CON  SECTARY  S. 

I.  TF  thro’  any  point  H  affumed  in  the  Quadratrixy ou  draw 
X  the  radius  A  HI,  and  from  die  fame  point  the  perpendi¬ 
culars  H h  and  He,  the  whole  arch  DB  will  always  be  to  the 
part  JB  cut  off,  as  the  whole  line  DA  to  the  part  hh  cut  off, 
or  He  tqual  to  it. 

N  i 


I L  Con  - 


1 66 


Mathefs  EnucleaU ;  Or, 


II.  Confequently  therefore  any  given  arch  or  angle  of  the 
quadrant  e.  g.  IB  or  I AB  may  by  help  of  the  quadratrix  be 
divided  into  three  equal  parts  or  as  many  as  you  pleafe,  or  in 
what  proportion  foever  you  will  ;  while  having  drawn  the 
radius  AI,  the  perpendicular  H a  let  fall  from  the  point  of  the 
quadratrix  H,  maybe  divided  into  three  or  as  many  equal 
parts  as  you  pleafe,  or  in  any  proportion  whatfbever,  and  thro5 
thefe  fe&ions  radius’s  drawn  to  divide  the  arch. 

t 
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SECTION  IL 

r 

CHAP.  I. 

Of  the  chief  Properties  of  the  Conick  Sections. 

»  f-m.  t 

■  1,  ' 

Prof  oft  ten  I. 

N  tie  Farabola  (GKEH  Fig  114)  the  (*) 
fjuare  of  the  femi-  ordinate  (IK)  is  equal  to 
the  re  ft  angle  IL  made  by  the  Latus  Return 
EL  and  the  abfcijfa  EL 


'  .  »  ■  c 

(a)  I.  Pro- 
perty  of  the  Fa- 
rab.^poU.Frop, 
1 1 .  Lib,  1. 


^eroottttrattotr. 

.  -  *  '* 

MAke  the  hdes  of  the  cone  that  is  iuppqfed  to  be  cut,  AB 
—  a,  BC  £3  b ,  and  moreover  EB  33  oa,  and  Ei  33  eb , 
a‘nd  AC  33  c ;  therefore  NI  will  be  33  ecy  by  realon  of  the  fi- 
militude  of  the  A  A  BCA  and  EIN  ;  and  EP  or  IO  33  ocy 
by  reafon  of  the  fimilitude  of  the  A  A  ABC  and  EBP.  There¬ 
fore  l~ZI]  MO  ~  oecc  rr  □  IK  by  the  Sobol.  of  Frop  34. 
(; h .  3  )  and  Vrop  1  7  Lib.  1.  Now  if  a  line  be  fought  which 

with  the  abfeiffa  Ei  fhall  make  the  r _ ._J  IL  33  O  IK  you  will 

have 


1 


The  Elements  of  the  Mathematicks.  167 

have  it  by  dividing  the  (aid  fquare  by  the  Abfciffa  El.  'viz*, 
oecc  i.  e.  occ  EL.  And  this  is  called  the  Latus  ReBum^ 

eb  b 

viz*,  in  relation  to  the  Abfciffa  El  with  which  it  makes  that 
rectangle,  which,  it’s  evident,  is  K  □  IK,  and  from  this 
equality  the  fe£tion  has  the  name  of  Parabola,  in  Apollo¬ 
nius. 


CONSECTARYS. 

V  I  /  ‘  4 


I. 


THis  Latus  Return,  expreffed  by  the  quantity  occ, 

~  b 


may  be  found  out  after  a  fhorter  way,  if  you  make  as  b  to  c 
(the  fide  of  the  cone  parallel  to  the  fection  BC  at  the  Diame¬ 
ter  of  the  bale  AC)  fo  oc  (the  fide  EP  called  by  fome  th eLatus 
Vrimarium )  to  a  fourth. 

II.  But  if  any  one,  with  Apollonius ,  had  rather  exprefs  this 
by  meer  data  in  the  cone  it  ielf  as  cut  (becaufe  oc  or  that  La¬ 
tus  Vrimarium  EP  is  not  a  line  belonging  to  the  cone  it  felf ) 
he  may  eafily  perceive,  if  the  quantity  of  the  Latus  ReBum 
found  above,  be  multiplyed  by  the  other  fide  of  the  cone  a , 
thqfe  will  be  produc’d  the  equivalent  oacc  which  inftead  of  the 


ab 


proportion  above  will  furnifh  us  with  this  other, 

as  ab — — to  cc - fo  oa\ 

f  I  .CAT}  -  A-  -EB j 


•to  a 


fourth  ; 


of  AB  into  BC— □  AC  -  _ 

which  is  the  very  proportion  of  Apollonius  in  Frop.  9.  Lib.  1. 
and  confirms  our  former. 


v  S  C  H  0  L  IV  M  L 

HEnce  you  have  an  eafie  and  plain  way  of  deferibing  a, 
Parabola,  having  the  top  of  the  ax  and  the  Latus  Re¬ 
ctum  given,  rviz>.  by  drawing  feveral  femiordinates  whole 
extreme  points  connected  together  will  exhibit  the  curvity  of 
the  Parabola.  But  you  may  find  as  many  femiordinates  as 
you  pleafe,  if  having  cut  off  as  many  parts  of  the  Ax  as  you 
pleafe,  you  find  as  many  mean  proportionals  between  the 

Latus 


1 68  Mathefis  Emicleata  :  Or, 

Latus  Rectum  and  each  of  thofe  parts  or  AbfcfflfaV 
and  3.  Fig.  47.  Intro  duff,  to  Specious  Analjjis. 

5  C  HO  L  IV  M  II. 


See  n. 


z: 


HEnce  alfb  we  have  a  new  genefis  of  the  parabola  in  Plano 
from  the  fpculations  of  De  Witte ,  viz,,  if  the  rectiline¬ 
ar  angle  HBG  (Fig.  ny.)  conceived  to  be  moveable  about 
the  fixed  point  B  be  conceived  fo  to  move  out  of  its  firft  fitu- 
ation  with  its  other  leg  BH  along  the  immoveable  rule  EF, 
that  it  may  at  the  fame  time  move  alfb  the  ruler  HG,  from 
its  firft  fituation  DK,  all  along  parallel  to  it  felf,  and  with 
the  other  leg  BG  let  it  all  along  cut  the  laid  ruler  HG,and  with 
this  point  of  its  interfediion  continually  moving  from  B  to¬ 
wards  G  it  will  defcribe  a  curve.  That  this  curve  will  be  the 
paraboli  of  the  antients  is  hence  manifeft,  becaufe  it  will  have 
this  fame  firft  property  of  the  parabola.  For,  I.  if  the  an¬ 
gle  HBG  (n.  1 .)  be  fuppofed  to  be  a  right  one,  and  BD  or 
HI  E \  a,  Bi  or  KG  ft  b  (viz,,  in  that  ftation  of  the  angle 
and  rule  HG  by  which  they  denote  the  point  G  in  the  inter- 
fedtion)  you’l  have  by  reafbn  of  the  right  angle  at  B,  Bf, 
i.  e.  b  a  mean  proportional  Between  Hi  i.  e.  a ,  and  1G  or 
BK,and  fb  this  as  an  abfciffa  ft  hb.  Wherefore  if  BK  u  bb 


a  a 

be  multiplyed  by  BD  ft  the  redlangle  DBK  will  be  ft  bb 
ft  □  KG  ;  which  is  the  firft  property  of  the  parabola:  So 
that  it  follows,  lince  the  fame  inference  may  be  made  of  any 
other  point  in  this  curve,  that  this  curve  will  be  the  parabo¬ 
la,  BD  or  HI  its  Latus  Reffum ,  KG  a  femiordinate,  and  BK 
its  axis,  C b*c.  2.  If  the  angle  HBG  be  an  oblique  one  (num. 
z  )  it  may  be  eafily  (hewn  from  what  we  have  fuppofed  that 
the  A  A  OBH  and  BKG  will  be  equiangular  :  Therefore  as 
BD  (i.  e  a)  to  DH  fc.  Bl  (i  e.  b)  fo  KG  fc  Bl  (l  e.  b) 
to  BK  (i.  e.  bb.)  Therefore  again  the  uZj  DBK  ft  bb  □ 


a 


KG.  Q^E  D. 

Confeff.  5.  It  is  alfb  evident  in  this  fecond  cafe,  that  BK 
drawn  parallel  to  the  ax*  but  not  thro’  the  middle  of  the  par- 

rabola 


V 


( 
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rabola,  will  be  a  diameter  which  will  have  for  its  vertex  B, 
its  Latus  Rectum  BD,  and  lemiordinate  GK,  &c. 

Confett.  4.  Therefore  you  may  find  the  Latus  Rettum  in 
a  given  parabola  geometrically,  if  you  draw  any  lemiordinate 
whatfoever  IK  (&g.  116.)  and  make  the  abfcifta  EF  equal 
to  ir,  and  from  F  draw  a  parallel  to  the  lemiordinate  IK, 
and  from  E  draw  the  right  line  EK  thro’  K  cutting  off  FH 
the  Latus  Rectum  lought  ■  fince  as  El  to  IK  fo  is  EF  (i.  e . 
IK)  to  FH  by  Prop  34*  hb.  1.  wherefore  having  the  ab- 
fciffa  and  femiordinate  given  arithmetically,  the  Latus  Re¬ 
ctum  will  be  a  third  proportional. 

Confett.  y.  Since  therefore  the  Latus  Rethtm  found  above 
is  occ,  if  you  conceive  it  to  be  applyed  to  the  parabola  in  LM, 

b  ' 

fo  that  N  fhall  be  that  point  which  is  called  the  Focus,  LN 
will  be  occ  and  its  Iquare  00c *  and  this  divided  by  the  Latus 

zb  4  bb 

Rettum  occ  will  give  occ  for  the  abfciffa  EN  ;  So  that  the 

....  T 

diftance  of  the  Focus  from  the  Vertex  will  be  4  of  the  Latus  Re¬ 

ctum. 

Confett.  6.  Since  therefore  EN  is  occ ,  if  for  EF  you  put 

4  b 

ib ,  NF  will  be  H  ib- — occ,  whole  Iquare  will  be  found  to  be 

- .  —  -  _  *  * 

4  b 

i2b2 — oicc  f  o2c 4  to  which  if  there  be  added  □  GF  S  Vice, 
z  16b2 

by  Prop.  1.  the  fquare  of  NG  will  be  tn  Pb2  f  oicc  f  ozc * 

2  1 6bz 

whole  root  (as  the  extraction  of  it  and,  without  that,  the  ana¬ 
logy  of  the  Iquare  NF  with  the  Iquare  NG  manifeftly  fhewsj 
will  be  ib  f  occ  •  lo  that  a  right  line  drawn  from  the  Focus  to 

the  end  of  the  ordinate,  will  always  be  equal  to  the  abfcilfa  EF 

|EN 
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f  EN  i.  e.  (if  EO  be  made  equal  to  EN)  to  the  compounded 
line  FO.  '  '  ; 

S  C  HO  L  IV  M  III. 

J 

HEnce  you  have  an  eafier  way  of  defcribing  the  parabola 
in  Plano  from  the  given  Focus  and  Vertex ,  z riz,.  (Fig: 
1 17.)  the  axis  being  prolonged  thro  the  vertex  E  to  O,  fo 
that  EO  (hall  H  EN,  if  a  ruler  HI  be  lo  moved  by  the  hand 
G,  according  to  PQ,  from  OF  to  HI,  that  putting  in  a  ftyle 
or  pin,  it  (hall  always  keep  the  part  of  the  Thred  NGI 
(which  muft  be  of  the  lame  length  with  the  rule  HI)  as  fall 
as  if  it  were  glued  to  it  (which  perhaps  might  alio  be  done 
with  the  Compaffes  by  an  artifice  which  we  will  hereafter  al- 
fo  accommodate  to  the  hyperbola)  and  at  the  fame  time  it  will 
defcribe  in  Plano  the  part  of  the  line  EGR.  That  this  will 
be  a  parabola  is  evident  from  the  foregoing  Confedh  becaufe 
as  the  whole  thred  is  always  EJ  to  the  ruler  IH  ;  fo  the  part 
GN  is  always  neceflarily  equal  to  the  part  GH,  i.  e.  to  the 
line  FO.  Moreover  from  the  fame  fixth  Confedl.  and  Fig, 
11 6.  may  be  drawn  another  eafie  way  of  defcribing  the  para¬ 
bola  in  Plano  from  the  Focus  and  Vertex  given  thro’  innume¬ 
rable  points  G  to  be  found  after  the  fame  way  ;  •viz,.  If  from 
any  allumed  point  in  the  ax  F  you  draw  to  the  ax  a  perpendi¬ 
cular,  and  at  the  integral  FO  from  the  Focus  N  you  make  an 
interfe&ion  in  G.  Which  innumerable  points  G  will  be  de¬ 
termined  with  the  fame  facility,  having  given  only,  or  affii- 
med  the  axis  and  Latus  ReFtum,  by  vertue  of  the  prefent 
Propofidon.  For  if,  having  aflumed  at  pleafure  the  point  F 
in  the  axis,  you  find  a  mean  proportional  between  the  Latus 
Return  and  the  abfcllTa  EF,  a  femiordinate  FG  made  e- 
qual  to  it,  will  denote  or  mark  the  point  G  in  the  parabola 
fought, 

Vrtipo- 

i 
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IN  the  hyperbola  (GKEH  Fig  i  iS  )  (a)  the 
fquare  of  the  femiordinate  (IK)  is  equal  to 
the  reft  angle  (IL)  made  of  the  Latus  Reftum 
(EL)  and  the  abfctfjd  (El)  together  with  ano¬ 
ther  reft  angle  LS  of  the  [aid  abfcijfa  ( El  or 
LR )  and  RS  a  fourth  proportional  to  DE  the  Latus  Tranfver 
jum ,  (EL)  the  Latus  Reft umy  and  El  the  Abfcijfa. 


(a.)  I.  Frt- 
pzriy  of  the  Hy- 
pert 7.  j4poll. 

Prop.i2.Lib.\, 


Vernon  ft  ration. 

Suppofe  the  fide  of  the  cone  AB  here  alfo  S3  a ,  and  BM 
parallel  to  the  fedlion  33  b,  and  the  intercepted  line  AM  c9 
and  El  K  eb  ;  all  according  to  the  analogy  we  have  obferved 
in  the  parabola ;  and  N  l  will  be  as  there  33  ec.  Making 
moreover  MC  33  d  and  the  Latus  Tranfuerfum  DE  ob}  fo 
that  DI  fhall  be  33  ob  f  eb  \  then  will  (by  reafon  of  the  fimi- 
litude  of  the  A  A  BMC,  DEP,  and  DIO)  EP  be  a  od, 
and  IO  33  od  f  ed ,  and  fo  QO  33  ed.  Therefore  □  N:0 
will  be  33  oecd  f  eecd  33  □  IK.  But  this  fquare  divided  by 
the  Abfcijfifa  El  33  eb  gives  oecd  *(■  eecd  or  ocd  ecd  for  the 

eb  b 

line  IS  which  with  theabfciffa  would  make  the  rediangle  ES 
33  to  the  faid  fquare  IK.  Now  therefore,  if  here  alfo  we  call 
a  Line  the  Latus  Reftum  found  after  the  lame  w<  y  as  in  the 
parabola,  viz,  by  making 

as  b -  to  c -  fo  od  to  a  fourth  ode 

b 

(as  a  line  parallel  to  the  heron  — -  to  the  intercepted  diam. 
fo  the  Latus  Fnmarium,  but. diet  die  other  part  ecd  will  be  a 

b 

fourth  proportional  to  be  and  ed  or  to  eb,  ec  and  ed,  or  (to 
(peak  with  Apollonius  as  we  have  do*ne  in  the  Prop.)  to  ob , 
ecd  and  eb  (lor  in  thefe  three  cales  you  1  have  the  fame  fourth 

b  ' 

ecd.)  Wherefore  now  it  is  evident  that  the  fquare  of  the  fo* 

T 


O 


miordinare 
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miordinate  oecd  eecd  is  equal  to  the  redlangle  IL  (made  by 
the  Latus  ReBum  oed  into  the  abfeiffa  eb  oecd )  together 

T 

vyith  UU  LS  of  this  fourth  proportional  ecj  into  the  lame  ab- 

~ 

feifla  E£,  which  is  ~  eecd.  1  Which  was  to  be  found  and  de- 
monilrated. 

C  O  N8ECTARY  S. 


1 .  If  IT  Ence  you  have  in  the  firfl:  plaice  the  reafbn  why  Apol- 
.O.  lonius  called  this  Sedlion  an  Hyperbola;  viz.  becaufe 
the  fquare  of  the  ordinate  IK  exceeds  or  is  greater  than  the 
retfcangle  of  the  Latus  ReBum  and  the  Abfciffa. 

If.  Since  therefore  the  Latus  ReBum  here  alfo  as  well  as  in 

the  parabola  is  found  by  making  as  b  to  c  fo  0 d  to  ode  (i.e.  as 
v  ~ 

the  paral'el  to  the  fedfion  BM  is  to  the  intercepted  Diam.  AM 
fo  is  the  Latus  Vrimarium  EP  to  a  fourth  EL.)  If  any  one 
had  rather  exprefs  this  Latus  ReBum  after  Ayollomuss  way, 
he  will  eafily  perceive,  this  quantity  being  found  and  multi¬ 
ply  ed  both  Numerator  and  Denominator  by  b  the  parallel  to 
the  fedtion,  there  will  come  out  the  equivalent  quantity  obed 

bb 


which  gives  us  in  (lead  of  the  foriper  proportion  this  other, 
as  bb — — *  to  cd  -  fo  cb  7  r  % 

□  BM——*  ‘ — j  AMC — Latus  Tranter  fumy0  a  °Ur  1 5 


which  is  that  of  Apollonius  in  Prop  12.  Lib.  1 .  and  coniequent- 
ly  herein  confirms  our  former. 


Ill.  You  may  alfo  have  this  Latus  ReBum  geometrically, 
by  finding  a  third  proportional  fas  we  have  done  in  the  pa¬ 
rabola  ConfeB.  4.  Prop  I.)  to  the  abfeifia  El  {Fig.  1 19.)  and 
the  jfemiordinate  IK  (zz  EF  j)  and  then  find  a  fourth  pro¬ 
portional  EL  to  D1  (the  fum  of  the  Latus  Tranfoerfum  and 
abfeiffa)  and  FH  already  found,  or  IS  equal  to  it,  and  DE 
(the  Latus  Jranfverfum )  and  that  will  be  the  Latus  ReBum 
fought. 


S  C  %  Q- 
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FRom  this  third  Confedhry,  we  may  reciprocally  from  the 
Latus  Return  and  tranfverfe  given,  find  out  and  apply 
as  many  fetniordinates  to  the  ax  as  you  pleafe,  and  fo  delcribe 
the  hyperbola  thro’  their  (ends  or)  infinite  points :  viz,,  if 
affuming  any  part  of  the  abfciffa  El,  you  make  as  DE  to  EL 
fo  Dl  to  IS  ;  and  then  find  a  mean  proportional  IK  between 
IS  and  the  abfciffa  El,  and  that  will  be  the  femiordinate, 
fought:  And  both  this  praxis  and  the  Confect  may  be  abun¬ 
dantly  proved  by  fetting  it  down  in,  and  making  ufe  of,  the 
literal  Calculus. 


(&)  T.  Pro¬ 
per  t,  of  (Joe  El - 
iipfi  of  Apoll, 
PrGp.i$.hb.l, 


Proportion  ill. 

IN  the  Edipfts  ( KDEK ,  Fig.  i  20  J  the  (a) 
fquare  of  the  femiordinate  (IK)  is  equal  to 
the  re tt angle  ( IL )  of  the  Latus  Reffium  (EL) 
and  the  abfiijfa  (El)  (left  or)  taking  fir  ft  out 
another  reBangle  ( LS)  of  the  fame  ahjcijja  (LI 
or  Li?)  and  RS  a  fourth  pr  portional  to  ( DE)  the  Latus 
Tranfiverftum  (EL)  the  Latus  Rett  urn  and  (El)  the  abfcifta. 

I?  ; 

^ewonftratton, 

Suppofe  the  fide  of  the  cone  to  be  AB  here  alfo  ZZ  a  and 
BM  parallel  to  the  fedfion  zz  h  and  the  intercepted  AM  zz 
c9  and  El  ZZ  eb  ;  and  NI  will  be  again  ccy  all  as  in 
the  hyperbola.  And  male  ng  alfo  here  as  in  the  hyper- . 
bola  MC  £3  dy  and  the  Latus  * Tranfiverfum  DE  K  oby  fb 
■•■that  DI  will  be  ob—eby  then  will  fby  reafon  of  the  fimili- 
tude  of  the  A  A  BMC,  DEP  and  DIO )  EP  be  H  od ,  and 

IO  ZZ  od - - ed.  Therefore  C_J  of  NIO  will  be  K  oecd  — — 

- 1 

eecd  K  O  IK.  But  this  fquare  divided  by  the  abfciffa  El  zr  eb 
gives  oecd — eecd  or  oed - -  ecd  lor  that  line  IS  which  with 

eb  ,  b 

the  abfciffa  would  make  the  redlangle  ES  ^  to  the  fa  id  fquare 
IK.  Now  therefore  if  we  call  the  Latus  Re  Bum  a  right  line 
found  after  the  fame  way  as  in  the  parabola,  by  making  ac¬ 
cording  to  Conft  i.  Prop.  i.  O  2  as 
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as  b  to  c — -  fb  od < —  to  a  fourth  ocd  i/e.  as  the  line  pa- 

/'  b 

rallel  to  the  feefion  —  to  the  intercepted  diameter  —  fb 
the  Latus  Frtmanum,  &c.  It  is  manifeft  that  the  Laws  Re- 
Bum  is  one  part  of  the  line  juft  now  found  ;  and  the  other 
part  ecd  is  a  fourth  proportional  to  b ,  c  and  ed,  or  (to  fpeak 

b 

with  Apollomus  as  we  have  done  in  the  Prop. )  to  oby  ocd  and 

T 

eb  (for  there  will  come  out  the  fame  quantity  ecd ; )  where- 

b 

fore  now  it  is  evident  that  the  □  of  the  femiordinate  IK  is  e- 
qual  to  the  lZj  1L  (of  the  Latus  ReBum  ocd  and  the  ab- 

b 

feiffa  eb  K  oecd)  having  firft  taken  out  thence  the  IZj  LS,  or 
eecd  out  of  that  fourth  proportional  ecd  by  the  fame  abfeifla 

b 

eh  j  which  was  to  be  found  and  demonftrated. 


CONSECTARYS. 

I.  VJEnce  yov  have  firft  of  all  the  reafon  of  the  name  of 
JLjL  the  Elliffij  which  Apollonius  gave  to  this  fe£tion  ; 
•viz*  becaufe  the  fquare  of  the  femiordinate  IK  is  defective  of, 
or  lefs  than  the  re£tangle  of  the  Latus  ReBum  and  the  abfeif- 

II.  Since  therefore  the  Latus  ReBum  here  alfo  as  well  as  in 
the  parabola  and  hyperbola,  is  found  by  making  as  b  to  c  fo 
od  to  ocd  ( i.  e.  as  BM  parallel  to  the  fe&ion  is  to  the  inter- 

T~ 

cept.  diam.  AM  fo  the  Latus  Trimarium  EP  to  a  fourth  EL) 
now  if  any  one  had  rather  exprefs  this  Latus  ReBum  after  A- 
poUomus's  way,  he  will  eafily  fee  that  the  quantity  above  found 
being  multiplyed  both  Numerator  and  Denominator  by  b ,  that 
there  will  come  out  an  equivalent  one  obed ,  which  inftead  of 

M  , 

the  former  proportion  will  give  this  other, 

as 


* 


<jv 
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as  bh - to  cd - -  fo  ob  9  c  .  ~ 

BM - £3  AM C— Latus  TranfuerfJ  a  fourth> 

which  is  the  fame  with  that  we  have  alfb  found  in  the  hyper¬ 
bola,  and  which  alfb  Apollonius  has  Prop,  i  3.  Lib.  1. 

III.  This  Latus  ReBum  may  alfb  be  had  geometrically,  if 
you  find,  1 .  in  the  hyperbola  a  third  proportional  FH  to  the 
abfciffa  El  (Fig.  121  ,j  and  femiordinate  IK  (S  EF  J  a.  But 
EL  a  fourth  proportional  to  DI  (the  difference  of  the  Latus 
Tranfverfum  and  the  abfciffa )  and  the  found  FH,  or  IS  equal 
to  it,  and  the  Latus  Tranfoerfum  DE,  is  the  Latus  ReBum 
fought. 


SC  HO  LI  V  M. 


FRom  this  third  ConfedE  we  may  reciprocally,  having  the 
Latus  ReBum  and  Tranfuerfum  given,  apply  as  many 
femiordinates  to  the  ax  as  you  pleafe,  and  fo  draw  the  elliplis 
thro’  as  many  points  given  as  you  pleafe,' viz.  if,taking  any  ab¬ 
fcifla  ET,  you  make  as  DE  to  EL  lb  DI  to  a  fourth  IS  ;  then 
between  this  IS  and  the  abfciffa  El  find  a  mean  proportional 
IK,  and  that  will  be  the  femiordinate  fought :  And  thisPrax- 
is  alfb  and  the  third  Confe£h  may  be  abundantly  proved  by 
making  ufe  of  a  literal  Calculus.  For  e.  g.  here  a  fourth 
proportional  to  ob0  ocd  and  ob — eb  will  be  ocd - - ecd ;  and 

b  b 

a  mean  proportional  between  this  fourth  and  eb  will  be 
T  oecd — eecd ,  &c. 


IN  a  Parabola  (a)  the  fjuares  of  the 
ordinates  are  to  one  another  as  the  ab - 


(tt)  2.  Property  of 
the  Par  Ah.  20.  Prop . 
A poll.  Lib.  1.  Con. 


teuton* 


c 
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;  ?Dcmomtrattcir. 


For  if  EF  (Fig-  ixxj  be  called  ib,  as  above  El  was  cal¬ 
led  eb ,  fince  the  Latus  Reftum  is  occ  \  the  fquare  of  FG  will 

—  f ' 

be  £3  oicc.  Therefore  v 

□  IK  will  be  to  □  FG  as?  e  to  i  or 
oecc  ■ — «■ — -  oicc  ffeb  to  ib.  Q_E  D, 

'  4I.  4  * 

CONSECTARY. 

* 

HEence  having  drawn  LO  parallel  to  the  ax  or  diameter 
EF,  if  it  be  cut  by  the  tranfverfe  line  EG  in  M  and  by 
the  curve  of  the  parabola  in  K ,  then  will  OL,  M  L,  and  KL 
be  continual  proportionals.  For  EF  is  to  EN  as  FG  to  NMor 
IK,  by  reafon  of  the  fimilitude  of  the  A  A  EFG  and  ENM. 
But  the  fquares  FG  and  IK  are  in  duplicate  proportion  of  EF 
to  EN  by  Frop.  35*.  Lib.  1.  and  are  alfo  in  the  fame  propor¬ 
tion  as  the  abfcifla’s  EF  and  Ei  by  the  pref.-  Therefore  EF 
to  El  is  alfo  in  duplicate  proportion  of  EF  to  EN  i  e. 

“*EF  .  1  EN  EN  ‘  “  ‘ 

.OL ls  t0  C ML  as  ML 


{EF  .  ,  ?  EN  EN  7  El  7,,  r  r. 
OL ls  t0  J  ML  as  MLJ t0  KLJ^  D- 


•  Proportion  V. 

IN  the  hyperbola  and  Elhpfis  (&)  the  fquare  s  of 
^  ^  the  Ordinates  are  as  the  rett angles  contained 

^rrlo ’ll  and.  ^  under  the  lines  which  are  intercepted  between  them , 
EUipf.ApQh 21.  and  the  Vertex  s  of  the  Latus  Tra nfverfums . 

Lib,  i« 

2&etnontftat(ott. 

For,  if  EF  (Fig.  1 18.  and  i%o.)  be  called  ib ,  as  EI  was 
above  called  ebfntn  will  according  to Frop.z.  and  the  ^.dedu¬ 
ction. 

GF  s  oicd  f  eicd  in  the  xdypei  b. 
oicd—eicd  in  the  Ellipf 
and  the  EG  DFE  oibb  f  iibb  in  the  Hyperb. 

oibb — iibb  in  the  Ellipf. 

There- 


i 
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Therefore  the  □  KI  is  to  the  fquare  GF  as  oecd  f  eecd  to  oicd 
f  tied  i.  e.  as  oe  fee  to  oi  f  it. 

and  f — '  DIE  is  to  the  » — j  DFE,  as  oebb  4  eebb  to  oibb  4  itbb 

i.  e .  in  like  manner  as 

oe  f  oe  to  oi  f  it.  o,  e.  d. 

CONSECTARY  I. 


IN  the  Ellipfis  this  may  be  more  commodioufly  exprefled 
apart  thus ;  the  fquares  of  the  ordinates  ( Kl  and  GF )  are 
as  the  rc&angles  contained  under  the  fegments  of  the  Diame¬ 
ter  (viz,.  DIE  and  DFEJ  in  which  fenfe  this  property  is  al (b 
common  to  the  circle,  as  in  which  the  fquares  of  the  ordinates 
are  always  equal  to  the  re&angles  of  the  fegments. 


CONSECTARY  II. 

THerefore,  if  the  Latus  Return  be  conceived  to  be  apply- 
ed  in  the  hyperbola,  fo  that  N  (hall  be  the  Focus  ;  (fee 
Fig.  123.)  then  will  LN  K  ced ,  and  its  fquare  be  ooccddi  But 

zb*  fbb 

as  the  O  KI  to  the  fquare  LN,  fo  is  the  EH?  DIE  to  the  EH 
DNE  i.  e.  oecd  f  eecd  to  ooccdd  fb  is  oebb  ~j*  eebb  to  oocd.  But 

4 bb  4 

now  the  lHj  of  the  whole  OE  and  the  part  added  EN  into 
the  part  added  EN,  /.  e.  EH  DNE  (s  oocd  together  with 

4 

the  fquare  of  half  CE  (  ZZ  oobb  )  is  K  □  compounded  of  half 

4 

and  the  part  added  CN  K  oocd  -j-  oobb  by  Frog  9.  lib .  z. 

4 

Wherefore  CN  the  diftance  of  the  Focus  from  the  centre  is 
£3  Y  oodc  j*  oobb .  But  oocd  is  the  fourth  part  of  the  EH  of 

4  4 

the  Latus  Tranfverfum  ob  and  the  Latus  Re  Bunt  oed  (or  the 

b 

fourth 
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fourth  part  of  the  figure,  as  Apollonius  calls  it)  and  oobb  is  the 

4 

D  oi  ob  i.  e.  of  half  the  Latus  Tranfverfum.  Wherefore  we 

have  found  tfie  following  Rule  of  determining  the  Focus  in  an 
hyperbola :  If  a  fourth  fart  of  the  figure  (or  the  rectangle  of 
the  Latus  Return  into  the  Tran(verfum)  be  added  to  the 
(quays  of  half  the  Latus  Tranfverfum,  and  from  the  fum  you 
extract  the  fquare  root ;  that  will  be  the  difiance  cf  the  Focus 
from  the  center  CN :  And  hence  fubfiracling  half  the  Latus 
Tranfverfum  CE,  you  will  have  difiance  of  the  Focus  from  the 
Vertex  EN. 

CONSECTARY  III. 

i 

IN  like  manner  in  the  Ellipfis  having  drawn  the  ordinate 
LM  (Fig.  1x4^  that  the  Focus  may  be  in  N,  the  □  LN 
would  be  ooccdd  as  above,  and  by  a  like  inference  □  DNE  K 

oocd.  But  now  □  DNE  together  with  the  fquare  of  the  dif- 

4 

ference  CN  is  equal  to  the  □  of  half  CE  by  Prof  of  8.  lib.  ie 

and  confequently  the  □  CN  is  s  □  CE - □  DNE,  that 

is,  oobb — oocd.  Wherefore  CN  the  diftance  of  the  Focus 

4  4  _ _ t _ __ _ _ 

from  the  centre  is  £3  T  oobb - —  oocd.  Wherefore  we  have 

4  .  .  ■  “V  .  . 

found  the  following  Rule  to  determine  the  Focus  in  the  El- 
lipfe.  If  the  fourth  fart  of  the  figure  (or  the  redtangle  of  the 
Latus  Reffum  into  the  Latus  Tranfverfum )  be  fubfiraUed  from 
the  fquare  of  half  the  Latus  Tranfverfum,  and  from  the  remain¬ 
der  you  fubfirabl  the  fquare  root ;  that  will  be  the  difiance  of 
the  Focus  from  the  Centre  CN:  And  taking  hence  half  the  La¬ 
tus  Tranfverfum  CE,  you  l  have  the  difiance  of  the  Focus  from 
the  Vertex  EN 


B 
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Oth  the  Rules  are  cafie  In  the  practice,  for  fince  oobb  is 


nothing  but  the  fquare  of  CE,  and  oocd  nothing  but  the  re* 

dangle  of  \  DE  into  LM  ;  if  between  LM  and  \  DE  or  MO 
( Fig.  1  i 5.)  you  find  a  mean  proportional  MN,  (and  fo  whole 
O  is  equal  to  that  lZj)  and  in  the  hyperbola  join  to  it  at  right 
angles  MC  izj  CE,  the  hypothenufa  CN  will  be  the  diftance 
fought  of  the  Focus  from  the  centre  :  And  the  fame  may  be 
had  in  the  Eiiipfjs,  if  (#.  z.)  having  defcribed  a  fenl i  circle 
upon  CM  K  CE  you  draw  or  apply  the  mean  found  MN, 
and  draw  CN. 


(a)  Di  Witt 
'Elan,  Curv, 
Lib .  i  »  Cap .  3  6 
Prop.  13. 


5  c:  h  0  l  1  v  M 


HEnce  alfo  we  have  (a)  a  new  genejis  of 
the  Elliffe  in  "Plano  about  the  diameters 
given,  from  the  fpeculations  of  Monfieur  de 
Witt  •  'viz,.  If  about  the  rectilinear  angle  DCB 
(Fig.  1  z6.  n.  1  and  2.)  confider’d  as  immove¬ 
able,  the  rule  NLK  ( which  all  of  it  will  equal  the  greater 
femidiameter  CB,  and  with  the  prominent  part  LK  the  leffer 
CD)  be  fo  moved  that  N  going  from  C  to  D,  and  L  from  B 
to  C  may  perpetually  glide  along  the  fides  of  the  angle,  the 
extreme  point  in  the  K  in  the  mean  while  defcribing  the  curve 
BKE  (and  in  a  like  application  the  other  quadrants)  and 
that  this  curve  thus  defcribed  will  be  the  ellipfis  of  the  ancients 
is  hence  manifeft,  becaule  it  has  the  fecond  property  of  the 
ellipfe  juft  now  defcribed.  For,  t.  if  the  angle  DCB  dr 
NCB  be  fuppofed  to  be  a  right  one  (as  in  Fig,  1 16.  nttm.  1.) 
and  the  rule  KN  in  the  fame  ftation,  it  marked  out  the 
point  K,  and  having  apply  d  the  femiordinate  Kl,  and 
drawn  the  perpendicular  LM,  from  the  fquare  KL  and  the 
fquare  CE  (as  being  equal)  fubftraCt  mentally  the  equal 
fquares  LM  and  Cl,  and  there  will  remain  by  virtue  of  the 
Pythagorick  Theor.on  the  one  hand  OKM  and  on  the  other  by 

P  Prop , 
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Prop  8. //L  i.  EH  DIE  equal  among  themfelves.  But  now 
the  fquare  of  Kl  is  to  the  fquare  ot  KM  (i  e.  to  the  EZ3  DIE) 
as  the  fquare  of  KN  to  the  fquare  of  KL  (i  e.  as  the  fquare 
of  CB  to  the  fquare  of  CE)  by  reafon  of  the  fimilitude  of  the 
A  A  KLM  and  KNI ;  and  fince  the  fame  may  be  demonftra* 
ted  after  the  fame  manner  of  any  other  femiordinate  Ki  viz,, 
that  its  □  Ki  is  to  the  EH  Di£  as  the  fquare  CB  to  the  fquare 
CE.  It  alfo  follows,  that  the  □  KI  is  to  the  EH  DIE  as  □  Ki 
to  the  EH  D/E,  and  alternatively,  the  fquare  Kl  will  be  to 
the  fquare  K/  as  the  EH  DIE  to  the  EH  D/E  ;  which  is  the  fe- 
cond  property  of  the  ellipfe.  2.  If  the  angle  NCE  be  not  a 
right  one  ('as  in  Fig,iz6,n.2.  and  the  like  cafes )  having  drawn 
N O  and  KP  parallel  to  the  rule  nlB  in  the  firft  ftation, 
fin  which  ftation  the  angle  NCE,  to  which  the  flexible 
ruler  is  to  be  made,  is  determined,  viz,,  by  letting  fall  the 
perpendicular  B /  from  the  extremity  of  one  diameter  upon  the 
other,  and  moreover  by  adding  or  fiibftra&ing  the  difference 
of  the  femi  diameters  In]  having  alfo  drawn  the  Ordinate 
KIM, and  PI  parallel  to  CN  ;  which  being  done  the  A  A  CB/ 
and  1KF,  and  alfo  CB n  and  1KP  will  be  limilar.  Where¬ 
fore  having  joined  NP,  from  the  parallelifm  of  the  lines  IP 
and  NC  and  the  fimilitude  of  the  aforefoid  A  A,  as  alfo  of 
NCO  and  «C/,  it  will  be  eafie  to  conclude  that  NC1P  is  a 
parallelogram.  Wherefore  fmce  KN  is  £3  CE  and  □  KN  ~ 
□  CE,  having  fubflraded  the  fquares  of  the  equal  lines  NP 
and  Cl, there  will  remain  on  the  one  hand  □  KP  on  the  other 
the  EH  DIE  equal  among  themfelves  as  above.  Therefore 
the  fquare  of  KI  will  be  to  the  fquare  of  KP  (/•  e.  to  the  EH 
DIE)  as  the  fquare  of  BC  to  the  fquare  of  Bn  (/.  e.  to  the 
fquare  of  CE)  as  in  the  former  cafe  :  And  fince  here  alfo  the 
fame  may  be  demonflrated  after  the  fame  manner  of  any  o- 
ther  femiordinate  Ki ; ,  we  may  infer  as  above,  that  the  □  □ 
KI  and  Ki  are  to  one  another  as  the  rediangles  DIE  and 
D/E,  &c. 

But  after  what  way  the  fame  ellipfes  may  be  defcribed  by 
thefe  right  lined  angles  without  any  of  thefe  rulers  thro’  infi¬ 
nite  points  given,  will  be  be  manifefl  from  the  fame  figures  to 
any  attentive  Perfon.  For  having  once  determined  the  angle 
NCE  or  nCD  ( num .  2.  e.  g. )  if  NL  or  nl  be  applyed  where 
you  pleafeby  help  of  a  pair  of  com  pa  fles,  and  continued  to 

K, 
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K,  (b  that  LK  or  Ik  (hall  be  equal  to  /B,  you  will  have  eve¬ 
ry  where  the  point  K,  &c. 

CON  SECT  ARY  IV. 

\ 

Since  in  the  hyperbola  (Fig  i  23.)  the  □  C  N~ — ~Q  CE 
HZ!  DNE,  and  in  the  ellipfis  ( Fig  114.)  □  CE  — •  DCN 
—  [Z1  DNE,  by  vertue  of  Prop.  9  and  8.  lib.  1  if  for  CN 

you  put  on  both  (ides  for  brevity’s  fake  m,  then  will  the  f _ j 

DNE  in  the  hyperbo’a  be  rightly  expreffed  in  thele  terms  mm 
• - oobb,  and  in  the  ellipfis  in  thele  oobb- 


mm. 


4 


4 


Proportion  VI. 


(a)  3.  Vro- 
pmj  of  the  ¥&• 
rub. 


IN  the  parabola  (<F)  the  Latus  Reffum  is  to 
the  fum  of  two  femiordinates  ( e.  g.  IK  f 
FG  i.  e.  HO  in  Fig.  122.)  as  their  difference 
( OG )  to  the  difference  of  the  abfcijJlPs  (IF  or 

KO ) 

j^emonttratton. 


For  if  the  greater  abfcifla  EF  be  made  K  ib,  and  the  lets 
El  zz  cb,  the  femiordinates  anlwering  to  them  FG  and  IK 

will  be  Y  ooic  and  T  oecc  as  is  deduc’d  from  Prop.  1.  Where¬ 
fore  if  you  let  in  the  fame  feries 


The  Latus  R. - fum  of  the  femiord. 


3 

their  diff. 


occ 


“  T  oicc  ~\  T  oecc 


T  oicc~—  Y  oecc 


did.  of  the  abfcifl*. 
•ib~ — eb 


and  multiply  the  extremes  and  means,  you’l  have  on  both 

Tides  the  lame  product  oicc - oecc,  which  will  prove  by  vertue 

o  I  Prop.  19.  lib.  1.  the  proportionality  of  the  faid  quantities, 

Q^E.  D. 


P  2 


S  C  H  O 


182 


Mathefes  Enucleatd :  Or? 
SCHOLIVM. 


THis  is  that  property  of  the  parabola,  whereon  the  Clavu 
Geometric  a  Catholica  of  Mr.  Thomas  Baker  is  founded, 
which  as  unknown  to  the  ancients,  nor  yet  taken  notice  of  by 
Des  Cartes ,  he  thinks  was  the  reafon  why  that  incomparable 
Wit  could  not  hit  upon  thofe  univerfai  rules  for  folving  all 
Equations  howfoever  affecled.  Concerning  which  we  {hall 
fpeak  further  in  its  place.  W e  will  only  further  here  note, 
that  Baker  was  not  the  hr  ft  Inventor  of  this  property,  but 
had  it,  as  he  himfelf  ingen ioufly  confefles,  out  of  a  Manufcript 
communicated  to  him  by  Tho.  Strode  of  Maperton^  Efquire. 


(*)  The  3. 
Property  of  the 
Hyper  b. and  $1- 
Jipf.  Jpollov . 
lib.i.  Prop.  21. 
pars  prior. 


IN  the  hyperbola  and  ellipfis  (d)  the  Latus 
Ketlum  is  to  the  Latus  Tranfoerfum,  m 
the  fquare  of  any  femiordinate  (e.  g.  IK  in  Fig. 
1 18  and  120  J  to  the  reel  angle  ( DIE. )  con¬ 
tained  under  the  lines  intercepted  between  it  and 
the  Vertex's  of  the  Latus  Tranfuerfum, 


demonstration. 


For  the  Latus  ReBum  is  on  both  fides  oed ,  the  Latus  Tran} - 

b  , 

' verfum  oh ,  See.  Wherefore  if  you  make  in  the  fame  feries 
as  the  Latus  R .  to  the  Lat.  Tranjv.  fo  the  □  IK  to  lHH3  DIE 
oed — -in  hyperb.  oecd\  cecd-~~oebb  eebb 

h  in  ellipf  oecd—eecd — oebb  —  eebb 

The  redfangles  of  the  extremes  and  means  will  both  be  ooebed 
f  oeebed ,  and  fo  will  prove  the  proportionality  of  the  laid 

quantities,  by  Frop.  jq.lib.  i.  Q^E.  D. 

*  a  .  •  >  i  •  ■  1  s  ..q 

l  i 


C  O  N- 
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CON  SECTARY  I. 


HEnce  having  given  in  theellipfis  (fez  Fig.  124  )  the  La ~ 
tus  ReBum  and  the  tranfverfe  ax,  you  may  eafily  obtain 
the  (econd  ax  or  diameter,  if  you  make 
as  the  Lat.  Tranfv.  to  the  Lat.  ReB.  fe>  the  EG  DCE  to  □  AG 
ob  - - -  ocd  - -  oobb  F.  -  oocd. 

h  4  4 

* 

•CONSE  C  T  A  R  Y  II. 


THerefore  the  □  of  the  whole  AB  will  be  H  oocd  S  lZj  of 
the  Latus  ReBum  into  the  Lat.  Tranfv.  (which  AgUo- 
nim  calls  the  Figure')  (6  that  the  lecond  Ax  fand  any  fecond 
Diameter)  will  be  a  mean  proportional  between  the  Latus  Re- 
Bum  and  the  Latus  Tranfverfum .  Hence  in  the  hyperbola 
alio  the  iecond  or  conjugate  diameter  may  be  called  a  mean 
proportional  between  the  Latus  ReBum  and  Tranfverfum ,  i.e. 

T  oocd  or  a  line  which  is  equal  in  power  to  the  Figure ,  as  A- 
follonim  fpeaks. 

%  SCHOLIVM  I. 


HEnce  may  be  derived  another  and  more  Ample  way  of 
delineating  organically  the  ellipAs  in  Vlano  about .  the 
given  axes  AB,  DE  (Fig  nj.)  which  Schooten  has  given 
us  j  viz,,  by  the  help  of  two  equal  rulers  CG  and  GK  move- 
able  about  the  points  G  and  G  :  If,  viz,,  the  portions  CF  and 
HK  are  equal  to  half  the  lelfer  ax  AG,  but  taken  with  both 
the  augments  (viz,.  CF  f  FG  *jf  GH)  may  H  \  the  greater  ax 
CD  or  Cl;  and  the  point  K  moving  along  the  produced  line 
DE  the  point  H  may  defcribe  the  curve  EH  AD.  That  this 
will  be  an  elliphs  will  be  evident  by  vertue  of  this  feventh 
Vrop.  from  a  property  that  agrees  to  this  curve  in  all  its  points 
H.  For  having  drawn  circles  about  each  diameter,  and  the 
lines  IHN,  FO  perpendicular  to  CE  ;  and  having  made  the 
Latus  Re  Bum  EL,  which  is  a  third  proportional  to  DE  and 
AB  by  the  fecond  Confed.  of  this  Prop.  &c.  by  reafon  of  the 
fimilitude  of  the  triangles  CFO,  CIN,  FO  will  be  to  FC  as 

•  H  v  ■  in 

/ 
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IN  to  IC,  and  alternatively  FOto  IN  as  FC  to  1C  i.  e.  as  AG 
to  CE  or  AB  to  DE,  Therefore  alfo  the  Iquare  of  FO(or  FIN) 
will  be  to  the  iquare  of  IN,  as  the  Iquare  of  AB  to  the  fquaro 
of  DE,  by  Prop .  %z  lib.  1.  i.  e.  as  EL  the  Latin  ReHum  to 
ED  the  Latus  Tranfverfum ,  by  Prop.  35.  lib.  1.  But  the  □ 
IN  is  S  DNE  from  the  proporty  of  the  circle.  Therefore  □ 
FO  (ox  of  the  femiordinate  HN )  is  to  the  dH  DNE  as  EL 
the  Latus  Re  Slum  to  ED  the  Latus  Tranfv.  therefore  by  ver- 
tue  of  the  prefi  Prop,  the  point  H  is  in  the  Ellipfisy  and  id  any 
other,  &c.  Q,  E.  D. 

# 

CON  SECT  ARY  III. 


NOW  if  in  the  ellipQs  the  □  of  AG  the  fecond  Ax*  (tJ 
oocd  by  Confebl.  1.)  and  □  GN  the  diftance  of  the  Fo¬ 


cus  from  the  centre  (zz  oobb — oocd  by  Cenfed  3.  Prop.  5.  the 

figure  whereof  you  may  lee  n.  114.)  be  joined  in  one  film  ; 
the  □  AN  will  be  ZZ  oobb ,  and  lb  the  line  AN  zz  <>b  i.  e,  to 

,4*7  .1  .  2 

half  the  Latus  Tranfverfum  :  So  that  hence  having  the  axes 
given  you  may  find  the  Foci,  if  from  A  at  the  interval  CD 
you  cut  the  tranfverfe  ax  in  N  and  N. 


CON' SECTARY  IV. 


NOW  if,  on  the  contrary,  in  an  hyperbola  (Fig.  iz%.) 
the  □  AC  or  EF  zz  oocd  be  fiibftra&ed  from  the  □  CF 


or  CN  >h  oobb  f  oocd  by  vertue  of  Confed.  z.  Prop.  y.  there 


will  remain  oobb  and  its  root  oh  ,  i.  e.  hall  the  Latus  Tranf- 

4  *  ^  .  ,  .  7 

njerfum  CD  ;  So  that  here  alio,  the  axes  being  given,  you 
may  find  the  Focus* s,  if  from  the  vertex  E  you  make  EF  a  per¬ 
pendicular  to  the  ax  K  to  the  fecond  Ax  AC,  and  at  the  in-, 
terval  CF  from  the  centre  C  you  cut  the  Latus  Tranfverfum 
continued  in  N  and  N. 

SC  H  O- 
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SCHOLtVM  II. 

% 

But  now,  that  the  right  lines  KN  and  KN  drawn  from 
any  other  point  (e.  g.  K)  to  the  Foci ,  when  taken  toge¬ 
ther  in  the  elliplis,  but  when  Subtracted  the  one  from  the  o- 
ther  in  the  hyperbola,  are  equal  to  the  Latus  Tranpuerfum  DE, 
we  will  a  little  after  demonstrate  more  univerSally  and  aif 
(hew  an  eafie  and  plain  Praxis  ol  delineating  the  ellipfis  and 
hyperbola  in  Plano ,  having  the  axes  and  consequently  thefF- 
ci  given. 

|  1  CONSECTARY  V. 

Since  we  have  before  demonstrated  Confect,  2,  and  %.Prop. 

5.  that  the  Cj  DNE  in  the  hyperbola  and  alfo  in  the  ei- 
lipfisis  S  oocd  \  and  here  in  ConfeC.  i.  the  □  of  the  Second 

4  .  .  .  .  ’ 

femi-diameter  AC  is  alfo  ^  oocd\  it  is  evident  that  this  □  AC 

^  4 

is  equal  to  the  l__j  DNE. 

CONSEC  T  A  R  Y  VI. 

IT  is  hence  moreover  evident, if  the  Square  of  halt  thetranf- 
verfe  diameter  GE  £3  oobb  be  compared  with  the  Square  of 

4 

half  the  Second  diameter  AC  or  EF  ££  oocd ,  multiplying  both 

4 

Tides  by  4  and  dividing  by  0;  they  will  be  to  one  another  as 
obb  to  ocd  i.  e.  further  dividing  both  Sides  by  b9  as  oh  to  ocd 

b 

the  Latus  Tranpverfum  to  the  Latus  Re  Cum 

.  t 

CONSECTARY  VII. 

BUT  fince  alfo  the  LJDiE  k  to  the  □  IK  as  the  Latus 
Tranfoerfum  to  the  Latus  Re  ft  um ,  by  vertue  of  the  pre- 

fent  7.  Prof,  the  Square  of  CE  the  tranSverSe  Semidiam,  will  be 

to 
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to  the  fquare  of  AC  the  fecond  lemidiam.  (or  by  the  qth.  Con¬ 
fer.  of  this,  to  the  [ZJ  DNE)  as  the  l"j  DIE  to  the  fquare  of 
IHk* 


(  CONSECTARY  VIII. 


YOU  may  alfo  now  have  the  □  IK  (which  otherwife  in 
the  hyperb,  is  eocd  f  eecd ,  in  the  ellipfe  oecd—eecdfpy 
vertue  of  Trop.  2.  and  g .)  in  other  terms, if  you  make  as  □  CE 
to  the  Ci  DNE  fb  the  Gi  DIE  to  a  fourth ,  i.  e. 

as  oobb  to  mm— oobb  Oj by  vertue  of  Confect.  4,  Trop. 

4  4  S  T 

( { o  oebb  f  eebb  in  the  hyperb. 
as  oobb  to  oobb — — mm  Co  oebb* — — eebb  in  the  ellipfis. 

4  4 

For  hence  by  the  Golden  Rule  the  fquare  IK  maybe  infer’d 
as  a  fourth  proportional. 

In  the  hyperbola  4 emm  f  4 eemm — *oebb — eebb ; 

0  00 

In  the  ellipfis  oebb- — - eebb  - — 4 emm  f  4 eemm  : 

•  0  00 

The  Hie  of  which  quantities  will  prefently  appear. 

Propofetion  VIII. 


(ct)  Apollon. 


’~THES  Aggregate  in  the  elltfe  ?  , 

T-,  p  _  JL  ^Difference  in  the  hyperb.  J  J 

lines  (a)  KN  and  Kn  ( Fg .  128.)  drawn 
from  the  fame  point  K  to  both  the  Focus  s  is  equal 
to  the  tranfeuerfe  ax  DE. 

An  Ocular  Demonfe  ration. 


WHieh  confifts  wholly  in  this  to  find  the  lines  KN 
and  Kn  by  help  of  the  right-angled  triangles  1KN 
and  IKw  (fc.  the  hypothenufes  having  the  fides  given)  and 
afterwards  lee  if  the  fum  of  both  in  the  ellipfe,  and  difference 
in  the  hyperbola  be  S3  obt  i  e.  to  the  tranfverfe  ax  DE. 


* 
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I.  In  the  Ellipfis. 

Patting  for  CN  ( which  above  Prop.  5.  Conf.  3.  was  found 
to  be  Tooth  —oocd )  I  lay  putting  for  it  w,  you’!  have 

_ _ ■  II  ~l 

4 

IN  a  ci  t  CN  a  ^  f  ^ 

In  a  Ca — CI  ~  — \ob\eb  v 

Therefore  □  IN  a  — oebb  \  eehb  f  oiw — f 

□  \n  a  J  00^- — oeW  t — °bm  t  f  mm 
Add  to  each  □  IK  which  was  found  in  Prop.  7.  Confett.  8.  inf 
the  ellipfis  a  oebb — • eebb — 4 emm  f  4 eemm  and  you’i  have 

0  00 

□  KN  a  4  oobb  f  ohm — lebm  f  mm — 4 emm  t  4 eemm 

0  00 

and  by  extra&ing  the  roots  (which  is  eafiej  you  i  have 

KN  a  l  ob  f  m - %em  and 

0 

K n  a  lob — m f  le™ ; 


Sum  ob.  Q^E.  D. 

'  „  ;  ' 

II.  In  the  Hyperbola. 

Putting  again  m  for  CN  ( which  above  Conf.  2.  Prof  f. 
was  found  to  be  T  oodc  *(*  oobb )  and  you’l  have 

4 

IN  a  CI  |  CN  E*  lob  eb-\  m 
In  a  CI— C n  a  2 ob  f  ob — m.  Therefore 
O  IN  a  4 oobb  ■f  oobb  eebb  *f  ohm  2 ebm  ~f  mm  and 

O  Jw  ~  ‘  oobb  "*  oebb  *j*  eebb — ohm — zebm  mm 

Add  to  both  the  □  IK  which  was  found  in  Prop.-J.  Coftfecf. 
8.  in  the  hyperbola  4 emm  *{■  4 eemm- - - oebb  ~  eebb  and. 


00 


you  1  have 

^  KN  a  4  oobb  f  obm  f  lebm  f  mm  f  4 emm  f  4 eemm. 


□ 


co 


Or 


a 
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□  K n  S  \oobb—obm — tebm  -j-  mm  f  4 emm  f  4 ctmm 

0  00 

and  extracting  the  roots  out  of  thefe  (which  is  eafie)  you’1 
have  KN  ZZ  \  ob  f  m  f  2  em  ; 


&■ 

t, 

K n  H  j  ob — -  m  — —  xem 

9 

(which  is  a  falfe  or  impofiible  root,  for  it  Would  be  CE-— «CN 

and  moreover  - - *  another  quantity. 

Or  Kn  K  m  t  wm—  lob  ;  which  is  a  true  and  poffible 
root.  0 

— —.'«■»<  1  it  .ti uto  »■'■■  ■  a  ■■  1  -  m  1  ■  I  1  ■■■«*!,  •*  ■  — — i — » *"w-  -  -  r  1 1  ■  1^ 

The  difference  therefore  of  the  true  roots  is  ^  ok  Q.  E.  D. 

S  C  HO  L  IV  M  I. 


WE  hrft  of  all  tried  to  make  a  literal  Demon  lira  t  ion  by 
uling.  the  quantity  of  the  (quare  IK.  as  you  have  it 
exprefled  Prop.  z.  and  3.  and  the  quantity  IN  as  it  was  com¬ 
pounded  of  Cl  t^'ob  f  eb  f  CN  s  V  oocd-\oobby  &c.  but 


we  found  it  very  tedious  in  making  only  the  (quares  of  IN  and 
In.  Then  for  the  furd  quantity  CN  we  fubftituted  another, 
‘viz.  w,  and  we  produced  the  (quares  of  IN  and  In  as  above, 
but  we  added  the  (quare  of  IK  in  its  firft  value  y  and  thus  we 
obtain’d  the  (quares  KN  and  K»,  but  in  fuch  terms,  that  the 
exaCl  roots  could  not  be 'extraCfed,  but  mud  be  exhibited  as 
furd  quantities,  and  consequently  we  muft  make  ufe  of  the 
rules  belonging  to  them  to  find  their  (urn  or  difference,  which 
we  laid  down  Conf.  3.  Prop.  7.  and  Confetf.  Prop.  10.  Lib.  1. 
which  tho  it  would  liicceed,  yet  wou’dbe  full  of  trouble  and 
tedioufhefs.  Therefore  at  length  when  we  came  to  ufe  thofe 
other  terms  which  exprefs  the  (quare  IK,  the  bufine(s  (iicceed- 
ed  as  eafie  as  we  could  wifh,  and  that  in  a  plain  and  eafie  way 
and  no  ids  pleafant,  which  l  doubt  not  but  will  alfo  be  the 
opinion  of  the  Reader,  who  (hall  compare,  this  with  other 
demouftrations  of  the  fame  thing,  which  only  lead  indireCHy 
to  this  truth,  or  with  them  which  de  Witte  has  given  us  in  £- 
Um.  Curvdr.  I’m.  p. ,  rn.  293.  and  302.  and  which  he  thinks 
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eafie  and  fhort  enough  in  refpedf  pF  others  both  of  the  ancients 
and  moderns,  and  which  we  have  reduced  into  this  yet  more 
diftimff  form,  and  accommodated  to  our  fchemes. 


Preparation  for  the  'Hyperbola. 

1  TCD  to  CN?r  ~r 
Make  ass  ^ >10  Cl  to  CM 

fo  that  the  D  oM.ll  he  H  Qpgl 

Becaufe  therefore  it  will  be  by  Ccnfeft.  7.  Prop.  7. 
as  P  CD  to  n  DNE,  fo  the  □  D  E  to  the  □  iK. 

And  alfo  by  compofition, 

rn  TP  CD  t  □  DNE  7  fo  DIE  to  DIE  f  □ 
e.  P  CN  per  9  lib  i.J  IK,. 

Therefore  by  a  Syllepfis, 

as  dCD  to  the  OCN  fo4  D  +  Pltlt0  °  CN  +  DIE  t  a 

U  e.  D  Cl  J  IK, 

But  alio  by  the  Hypothecs. 

as  the  P  CD  to  the  □  CN  fo  □  Cl  to  □  CM.  Therefore 
P  CM  is  K  P  CN  t  DIE  |  P  IK, 


^emonttratton, 

Since  therefore  it  is  certain  that  the  difference  between  DM 
and  EM  is  the  tranfverfe  ax  DE ;  if  it  be  demonftrated  that 
DM  is  tr  KN  and  EM  iz  K«,  the  bufmefs  will  be  done,  be¬ 
caufe  the  difference  between  KN  and  K n  is  alfo  the  tranfverfe 
ax  DE, 

Refol've  the  P  KN. 

It  is  certain  that  NI^  f  IK^  £  KN^. 

Subffitute  for  Nl^,  by  the  7.  Lib.  1.  C\q  f  CN^r  f  TSICI. 


Preparation  for  the  Ellipfis . 

Make  as  CD  to  CN  fo  Cl  to  CM. 

So  that  the  lH  DCM  is  £3  EC  NCI. 

Becaufe  therefore  by  Conjebi.  7.  Prop.  7. 
as  P  CD  to  □  DNE  fo  □  DIE  to  the  □  iK ; 

Q_  x  Then 


i  go  Mathefis  Enucle&ta. ;  Or, 

Then  alfo  by  dividing, 

□  CD— DNE  ?fo  DIE  to  DIE - S3 

i.  e.  □  CN,  by  8.  /.  ijf  IK. 

Therefore  by  a  Dialepfis, 

as  □  CD  to  fa  CD - □  DIE!  to  a  CN - DIE  f  □ 

a  CN,  foli.  e.  Cl  □  by  8.  cit.J  IK. 

But  alfo  by  the  Hypothefis, 
as  □  CD  to  a  CN,  fo  □  Cl  to  □  CM  : 

Therefore  □  CM  is  H  a  CN-—DIE  f  □  IK. 

' — 

?Deroonffratfon. 

Since  therefore  it  is  certain  that  the  fum  of  DM  and  EM  is 
the  tranfverfe  ax  DE  ;  if  it  be  demonftrated  that  DM  is  H  KN 
and  EM  H  K n}  the  bulinefs  will  be  done,  becaufe  the  (um  of 
KN  and  Kn  is  alfo  equal  to  the  tranfverfe  ax  DE. 

Refolve  the  □  KN. 

It  is  certain  that  Nl?  f  iK?  P5  KN?. 

Subftkute  for  Nf?,  by  the  7.  lib.  1 .  Cl?  f  CN?  f  iNCr. 
Then  will  C 1?  f  CN?  f  xNO  f  IK?  a  KN?. 

Subftirute  for  C'?,  by  the  9.  Ub .  1.  CD?f  DIE  j  then  will 
CD?  t  DIE  f  CN?  1 2.NU  t  ;K?  £  KN?. 

Refolve  alfo  □  DM. 

ft  is  certain  that  CM?  f2 DCM 7  _  r..,  .  . 

f  CD?  t  laNCi  S  S  DM’  ^  the  7  hb-  '  •  ^ 

Subfticute  for  CM?  its  value  by  the  Preparation,  and  you’l 
have 

CN?- - D’Ef  IK?fCD?t  ^NCl  3  DM?: 

Which  were  before  pi  KN?. 

Therefore  KN  PJ  DM  j  which  is  one. 

In  like  manner  refolve  □  Kn, 

It  Is  certain  that  »!?■(*  iK?  n;  K nf. 

Subftirute  tor  »!?,  by  Conjeff.  1.  Vrof.  10.  Lib.  1.  Cl?  t  CN? 

• - vn Cl,  and  you'l  have 

Cl?  -j*  CN? - ;?«Ci  j  IK?  pj  K»?. 

Subftirute  for  C!?,  by  the  9.  lib.  1.  CD?  7  D  E,  and  youl 
have  CD?  t  DIE  f  CN^ — —  znCA  tiK?psK»?. 

Refolve 


as  D  CD  to 


{ 
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«» 

Refolve  alfo  the  □  EM. 

It  is  certain  that  iCDq  f  zCMq — DMg  m  EM<|  per  13. 

lib.  1 . 

Then  will  Cl q  f  CN<J  t  2NCI  f  \Kq  B  KNfl. 

Subftitute  for  Cty  by  the  8.  lib .  1 .  CD^ — -DIE  j  then  will 
CDq — DIE  t  CNq  |  2NCI  t  iKq  B  KN q. 

Refofoe  alfo  the  □  DM. 

l£  +  CD«  CM?{  zNQ1  1S  DM?  ^7-  1. 

Subftitute  for  CM^  its  value  from  the  preparation,  and  you  1 
have 

CN q - DIE  t  \Kq  +  CDg  t  2NCI  s  DMj  : 

Which  before  were  B  KNq. 

Therefore  KN  B  DM  j  which  is  one. 

•if  t 

In  like  manner  refofae  the  O  Kn. 

It  is  certain  that  nl q  f  IK?  B  K nq. 

Subftitute  for  rilq  by  Confeff.  1.  Prop.  10.  lib .  1. 

C!^  t  CNg- - 2NCI,  and  you’l  have 

C\q  t  CN q - 2NCI  t  IK q~  K nq. 

Subftitute  for  CI^  per  8.  lib.  1.  CD^- — ^DIE,  and  you!  have 
CD^ - DIE  j-  LN3  —  2NCI  t  IK?  B  Kwgr. 

Refel've  alfo  □  EM. 

It  is  certain  that  2CD^  f  2  CM  3 - DM^  B  EM^  per  13.  j. 

Subftitute  the  value  of  DMf  firft  found  above,  and  you5l 
have 

CD<?  t  CM<|  - —  2nC\  in  EM q. 

Subftitute  for  CM^  the  value  as  in  the  preparation,  and  you’l 
have 

CDq  t  CN3  f  DIE - t  S  EMfl  : 

Which  were  before  B  Kw^. 

Therefore  K n  B  EM  ,  which  is  the  other. 


S  C  H  O- 
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S  H  C  0  L  1  V  M  IL 

i 

HEnce  you  have  the  common  mechanical  ways  of  defcrib- 
ing  the  ellipfis  and  hyperbola  about  their  given  axes ; 
ai&d  the  ellipfis,  if  the  Foci  N,  N,  (Fig.  1  29.  n.  1  )  are  gi¬ 
ven,  or  found  according  to  Confeth  3.  Prop.  7.  and  having 
therein  ftuck  or  fixed  two  pins,  put  over  them  a  thread  NFw 
tyed  both  ends  together  precifely  of  the  length  you  defign  the 
greater  ax  DE  to  be  of,  and  having  put  your  pencil  or  pen  in 
that  A  -  firing  draw  it  round,  always  keeping  it  equally  extended 
or  tight.  Now  becaufe  the  parts  or  portions  of  the  thread  re¬ 
main  always  equal  to  the  whole  ax  DE,  what  we  propofed  is 
evident  by  the  prefent  Prop,  which  may  alfo  be  very  elegantly 
deferibed  by  a  certain  fort  of  Compaffes,  a  defcription  where¬ 
of  Swenterus  gives  us  in  his  Delic.  Phypco-Math.  Part.  a.  Prop. 
ao.  which  may  be  alfo  done  by  a  fort  of  organical  Mechanifm, 
by  the  help  of  two  rulers  moveable  in  the  Foci  GN  and 
FI n  (n  1.)  and  equal  to  the  tranfverfe  ax  DE,  and  faftned  a- 
bove  by  a  tranfverfe  ruler  GH  equal  to  the  diftartce  of  the  Fo* 
ci ,  as  may  appear  from  the  Figure.  For  if  the  ftyle  F  be 
moved  round  within  the  fiflures  of  the  crofs  rulers  H n  and  GN 
the  curve  thereby  deferibed  will  be  an  ellipfis  from  the  pro¬ 
perty  we  have  juft  now  demonftrated  of  it, which  it  hath  in  every 
point  F.  For  the  triangles,  HGN  and  NFbz,  which  have  one 
common  fide  HN,  and  the  others  equal  by  conftrudtion,  are 
equal  one  to  another,  and  conftquendy  the  angles  FHN  and 
FjlnH  equal,  fo  alfo  the  legs  Hb  and  FN,  and  i'o  likewife  FN. 
and  Fn  together  are  equal  to  Hw  ~  DE ;  which  js  the  very 
property  of  the  eliipfe  we  are  now  treating  of  But  Van  Schoo~ 
ten ,  who  taught  us  this  delineation,  hints,  that,  if  thro  the 
middle  point  4  of  the  line  HN  you  draw  the  line  1FL,  it  will 
touch  the  ellipfis  in  the  point  F  ,  for  iince  the  angles  IFH  and 
IFN  are  equal,  by  what  we  have  juft  now  Fid,  the  vertical 
angle  LF»  of  the  one  iFH,  will  be  neceftarily  equal  to  the  o- 
ther  IFN  :  But  this  equality  of  the  angles,  made  by  the  line 
KL  drawn  thro’  F,  with  born  thole  drawn  from  the  centres,  is 
here  ji  fign  of  contacf,  as  is  in  the  circle  the  equality  of  the 
angles  with  aline  drawn  from  its  one  centre.  80  that  after 
thts  way  you  may  draw  a  tangent  thro5  any  given  point  F  of 

the 
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the  ellipfis' without  this:organical  apparatus  of  Rulers ;  viz,  if, 
having  drawn  from  both  the  Focus's  thro1  the  given  point  F 
the  right  lines  wH,  NG  equal  to  the  Latus  Tran  fiver  fum  DE, 
you  bife£l  HN  in  I  and  draw  IFL ;  Or  if  the  line  that  conne&s 
the  extremes  GH  be  produced  to  K,and  you  draw  thence  KFL, 
•viz*  in  that  cafe  where  GH  and  N n  are  not  parallel  •  other- 
wife  a  line  drawn  thro’  the  point  F  parallel  to  them  would  be 
the  tangent  fought.,  , 

As  to  the  hyperbola,  there  is  a  mechaniek  method  of  draw¬ 
ing'  that  alfo,  not  unlike  the  others,,  from  a  like  property  in 
that,  communicated  by  the  fame  Van  Schooten ,  viz,.  If  ha¬ 
ving  found  the  Focus's  N  and  n  (Fig.  ixy.  n.  3.J  you  tye  a 
thread  NFO  in  the  Focus  N  and  at  the  end  of  the  ruler  nO  of 
the  length  of  the  tranfverfe  ax  DE ;  then  putting  in  a  pen  or 
the  moveable  leg  of  a  pair  of  compafles  ( nor  would  it  be  dif¬ 
ficult  to  accommodate  the  pra£Hce  we  before  made  ufo  of  to 
this  alfo)  draw  or  move  it  within  the  thread  NFO  from  O  to 
E,  fo  that  the  part  ol  the  thread  NO  may  always  keep  clofo 
to  the  ruler  as  if  it  were  glued  to  it.  For  if  we  call  the  length 
of  the  thread  X,  and  the  tranfverfe  ax  ob  as  above,  the  ruler 
wO  will  be,  by  the  Hypoth.  —  X  f  ob.  Make  now  the  part 
of  the  thread  OF  ~  l  X,  the  remainder  or  other  part  will  be 
NF  KjX  and  nF  n2‘X  f  ob9  and  the  difference  between  FN 
and  Fn,  zz  ob.  Make  OF  &  l  X,then  will  FN  be  1  X  and  F n  \ 
X  f  ob ,  the  difference  ftill  remaining  ob  and  fo  ad  infinitum.  1 
In  fhort,  fince  the  difference  of  the  whole  thread  and  of  the 
whole  ruler  is  ob,  and  in  drawing  them,  the  fame  OF  is  taken 
from  both,  there  will  always  be  the  fame  difference  of  the  re¬ 
mainders.  Hence  alfo  affuming  at  pleafure  the  points  N  and 
n  you  may  deferibe  hyperbola’s  fo,  the  thread  NFO  be  fhort3® 
er  than  the  ruler  »FO:  For  if  it  were  equal  there  would  be 
deferibed  a  right  line  perpendicular  to  thro7  the  middle 
point  C. 

There  yet  remains  one  method  of  deforibing  hyperbola’s 
andellipfes  in  Flano ,  by  finding  the  foveral  points  without  the 
help  or  apparatus  of  any  threads  or  inftruments,  viz,,  .in  the 
ellipfis,  having  given  or  a  {fumed  the  tranfverfe  axis  DE  and 
the  Foci  N  and  n  (Fig.  130.  n.  \.j  if  from  N  at  any  arbi¬ 
trary  diffance,  but  not  greater  than  half  the  tranfverfe  ax  NF, 

you  make  an  arch,  and  keeping  the  fame  opening  or  the  com- 

pafles 
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pafles  you  cut  off,  from  the  tranfverfe  ax,  EG,  and  then, taking 
the  remaining  interval  GD,  from  n  you  make  another  arch 
cutting  the  former  in  F,  and  fo  you  will  have  one  point 
of  the  ellipfe,  and  after  the  lame  way  you  may  have  innume¬ 
rable  others,  /,  f9  f  &c. 

In  like  manner  to  delineate  the  hyperbola,  having  given  or 
affumed  the  tranfverfe  ax  DE  and  the  Focus's  N  and  n  (n.  2.) 
if  from  N  at  any  arbitrary  diftance  NF  you  ftrike  an  arch, 
and  keeping  the  fame  aperture  of  the  com  pafles  from  the  dia¬ 
meter  continued,  you  cut  off  EG,  and  then  at  the  interval  GD 
from  n  make  another  arch  cutting  the  former  in  F,  you 
will  have  one  point  of  the  hyperbola,  and  after  the  fame  way 
innumerable  others,  /,  f,  &c. 

■  i 

Proportion  IX. 

IF  the  fecondary  ax,  or  conjugate  diameter  of  the  hyperbola  AE 
( Fig.  i  g  i  J  be  applied  parallel  to  the  vertex  E,  Jo  that  it 
may  touch  the  hyperbola ,  and  OF,  EV  are  equal  like  BC  and 
AC ,  and  from  the  centre  C  you  draw  thro  O  and  P  right  lines 
running  on  ad  infinitum,  and  lajlly  QR  parallel  to  the  Tangent 
OF ;  you  l  have  the  following 

CONSECTARYS. 

I  HP  H  E  parts  QG  and  HR  intercepted  between  the  curve 
JL  and  thole  right  lines  CQ^  CR  will  be  equal ,  for  by 
reafbn  of  the  fimilitude  of  the  A  CEP  and  CFR  as  alfcr 
CEO,  CFQ  as  CE  is  to  EO  ( and  EP)  fo  will  CF  be  to  F<i 
and  FR,  and  conlequently  thefe  will  be  equal ;  and  fo  taking 
away  the  femiordinates  FG  and  FH  which  are  alfo  equal,  the 
remainders  GQjmd  HR  will  be  alfo  equal,  and  conlequently 
the  □  □  QGR,  GRH,  &c.  all  equal  among  them  lei  ves  r 
Which  we  had  already  deduced  before  in  Ccnfebl.  %  and  3. 
Def  7. 

II.  The  re&angle  QGR  will  be  £  □  EO  or  EP  s  oocd  he. 


fas  Apollonius  /peaks)  to  the  fourth  part  of  the  figure :  For  by 

reafon 
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reafbn  of  the  fimilitude  of  the  A  A  CEO,  CFQ,  CE  will  be 
to  EO  as  CF  to  FQ:  /.  e , 
as  the  □  CE  to  the  □  EO 
i.  e.  as  (by  Conf  z.  J.)  the  Lat.  Tranfiv. 

to  the  Lat,  Reff.  <v 

i.  e.  (by  the  7.  Prop.)  as  the  EH  DFE  to  the  □  FG 

.  _  '  ij. 

But  now  if  from  the  □  CF  you  take  the  EH  DFE,  there 
will  remain  the  □  CE,  by  Prop,  g.lib.  t.  and  if  from  the  □ 
FQ_you  take  the  EHFG  there  will  remain  the  EH  QGR,  by 
Prop.  8.  lib.  1.  wherefore  that  remaining  □  CE  to  this  remain¬ 
ing  □  QGR  will  be,  as  was  the  whole  fquare  CF  to  the 
whole  fquare  FQ  by  Prop.  z6.  lib .  1.  i.  e.  as  was  the  □  CE 
to  the  □  EO ;  confequently  the  EH  QGR  and  the  fquare  EO 
(to  which  the  fame  fquare  CE  bears  the  fame  proportion)  will 
be  equal  among  themfelves. 

C.-  j  f  ,y  -  *  ’ 

.  *.T  •  *  f 

III.  Since  this  is  alfo  after  the  fame  manner  certain  of  any 
other  reElangle  ggr  or  grb9  &c.  it  follows  that  all  fuch  re£t- 
angles  are  equal  among  themfelves. 


fo  the  □  CF 
to  the  DFQ 


IV.  Wherefore  it  is  mod  evident,  fince  the  lines  FR,  fir, 
&c.  and  fo  GR  and  gr  grow  fo  much  the  longer,  by  how 
much  the  more  remote  they  are  from  the  vertex  E ;  that  on 
the  contrary  the  lines  QG  and  qg  muft  neceffarily  fo  much  the 
more  decreafe  and  grow  fhorter,  and  confequently  the  right 
line  CQapproach  fo  much  nearer  and  nearer  to  the  curve  EG. 


V.  But  that  they  can  never  meet  or  coincide  altho9  produ¬ 
ced  ad  infinitum  will  thus  appear ;  ir  it  were  poffible  there 
could  be  any  concourfe  or  meeting,  fh  that  the  point  G  and  Q 
or  g  and  q  could  any  where  coincide,  it  would  follow  from 
Conjeff.  z.  that  as  the  EH  DFE  to  the  fquare  FGfo  the  fquare 
CF  to  the  fquare  FQ  1  e ,  to  the  fame  fquare  FG  \  and  fo 
that  the  EH  DFE  would  be  £3  □  CF  j  which  is  abfurd  by  Prop. 
9  lib.  1.  fo  that  now  it  is  evident  that  the  lines  CCQ  and 
CPR  d  rawn  according  to  ConjcB .  1.  are  really  Afymptotes 
(i.  e.  they  will  never  (cl)  coincide  (viz,,  with 

"the  curve  of  the  hyperbola)  as  Apollonius  has  ^ 
named  them.  t  Tro,^.  ul.?. 


T  T  f  IT'*9  _ 

VI  ? — \  1  I  T 

i .  i  i  a.  V  1 . 1  ’ 


P 
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\ 

VL  Having  drawn  the  right  lines  from  G  and  g  parallel  to 
both  the  afymptotes,  viz,.  G5  gs  and  likewife  GT  and 
gt ,  the  redhngles  1  GS  and  tgs  will  be  (*)  e- 
O)  dpohon.  qUaj  among  themfelves.  -For  by  reafon  of  the 
Prop.i2.ltb.2.  {jmij[;tucje  of  the  A  A  TQG  and  tqg,  fir  ft,  TG 

will  be  to  QG  as  tg  to  qg  ;  and,  by  reafon  of  the  equality  of 
the  □  □  QGR  and  qgr,  fecondly ,  QG  will  be  to  gr  reci¬ 
procal!  y  as  qg  to  GR,  by  Prop.  19.  lib.  1.  and  by  reafon  of 
the  fimilitude  of  the  A  A  SGR  and  sgr,  thirdly ,  as  gr  to  gs 
ib  GR  to  GS,  wherefore  (fince  in  two  feries 
1.  2,.  3. 

as  TG  to  QG  to^r  togs 
fo  tg  to  qg  to  GR  to  GS ) 

you’l  have  ex  tequo  or  by  proportion  of  equality  as  TG  to 
fotg  to  GS,  by  Prop.  24  lib.  1.  Therefore,  by  Prop.  17.  of 
the  fame,  the  l3  of  TG  into  GS  K  CT  of  tg  into  gs.  Q. 
E.  D. 

S  C  H  0  L  1  V  Ml 


Ence,  laflly,  we  have  a  new  genefis  of  the  hyperbola  in 
Plano  about  its  given  diameters  from  the  (peculations  of 
( j3)  De  Witt ,  if,  viz,,  having  drawn  the  lines 


9*  Dzvi‘ ltt  AB  and  EF  crofs  one  another  at  pleafure  (Fig. 


Bkm.C11rv.Hb.  >  ,  ,  c~ 

1  .cap.2,prop. 3.  1  3 1  /  to  tlie  angIe  B^F  y°u  conform  the  move- 

able  angle  BCD  (, acd  being  to  be  delineated  in 
the  oppofite  hyperbola  equal  to  the  contiguous  ACD)  one  of 
whole  legs  is  conceived  to  be  indefinitely  extended,  but  the  o- 
ther  CD  of  any  arbitrary  length  ;  and  to  the  end  of  it  D  ap¬ 
ply  the  flit  of  a  moveable  ruler  GD  about  the  point  G  at 
any  arbitrary  interval  GD  (but  yet  parallel  to  the  leg  CB  in 
this  firfi:  ftation)  and  fo  carrying  together  along  with  it  the 
moveable  angle  BCD  about  the  line  ECF,  but  fo  that  the  leg 
CD  may  always  remain  faff  to  it,  and  the  other  CB  be  inter¬ 
fered  in  its  progrefs  by  the  ruler  GDH,  e.  g.  mb  or  A  This 
point  of  interfebtion,  thus  continually  moved  on,  willdefcribe 
the  curve  bGfi,  which  we  thus  prove  to  be  an  hyperbola  :  Be- 
caufe  the  ruler  GDH  turning  about  the  pole  G,  and  carried 
from  D  e.  g.  to  d  or  cuts  the  leg  of  the  moveable  angle  CB 

brought 


y 
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brought  to  the  fituation  ch  or  >/3,  and  in  the  meanwhile  remain¬ 
ing  always  parallel  to  it  felf;  and  having  drawn  from  the  points 
of  interfeclion  h  and  p  andG  the  lines  GI,  £Kand0*  parallel  to 
the  ruler  CF,  becaufe  4.  g.  in  the  fecond  flation,  having  ta¬ 
ken  the  common  quantity  cD  from  the  equal  ones  CD  and  cd , 
the  remainders  Cc  and  T)d  are  equal,  and  by  reafon  of  the  fi- 
militude  of  the  A  A  deb  and  JDG, 

as  Dd )  to  DG,  fo  dc 
t.e.Ccf*  i.e.  DC 

or  bKj  or  GI 

» 

the  redtangle  oFKb  into  be  will  be  S3  CH  of  DG  into  GI,  by 
Frop.  1 8.  lib.  1.  and  in  like  manner,  when  in  the  third  ftation 
having  added  the  common!  line  D y  to  the  equal  ones  CD  and 
the  whole  lines  Dch  and  C y  are  equal,  and,  by  reafon  of 
the  fimilitude  of  the  A  A  py<t  and  GDcT 

as  /is  to  DG  fo  is  y^j  to  yp  j 
i.e.Cy^  i.  e.  DC> 

or  fa  j  or  GI  j 

^  K  . 

the  □  of  *£  into  fly  K  CH  of  DG  into  GI,  by  the  fame  18. 
Frop .  Wherefore  the  three  points  b,  G,  p,  (and  fo  all  the  o- 
thers  that  may  be  determined  the  fame  way J  are  in  the  hyper¬ 
bola,  whole  afymptotes  are  CB  and  CF  and  its  centre  C,  £rc. 
by  the  prefent  Frop.  Confect .  6.  Q^E.  D. 

You  may  alfo  determine  innumerable  points  of  this  curve 
feparately  without  the  motion  we  have  now  preferib’d,  viz,. 
as  the  point  a  in  the  oppofite  hyperbola,  if  thro3  any  aflumed 
point  c  in  the  afymptote  CE  you  draw  a  parallel  to  the  other 
afymptote  CA,  and  having  made  cd  equal  to  CD,  from  G 
thro’ d  draw  Gda ,  and  fo  in  others. 


Mat  heps  Enucleata :  Or, 
CHAP.  II. 


M 


Of  Parabolical \  Hyperbolical  and  Elliptical  Spaces. 

Proportion  X. 


(at)  Archirn . 
de  (niadratur . 
Parab.  Prop. 
17.  and.  24. 

1 


THE  (&)  Parabolick  Space  (i.  e.  E/g. 

133.  that  comprehended  under  the  right 
line  GH  and  the  parabola  GEH)  is  to  a  cir - 
cumfcribing  Parallelogram  GK ,  ^  4  6  (or  2 

to  1)  but  to  an  infer ibed  A  GEH  as  4  to 

•  ,  >  c 

^emonUmtion. 


Suppofe  FH  divided  firft  into  two  then  into  four  equal  parts, 
and  draw  parallel  to  the  ax  EF  the  lines  ef  ef  &c.  dividing 
alfo  EF  into  four  parts,  the  firft  fg  will  be  3,  the  fecond  2, 
the  third  1,  by  Prop .  34  lib.  1.  but  as  ef  is  to  ge  fo  is  ge  to 
hey  by  Confect.  1.  Prop.  4.  Therefore  he  in  the  diameter  EF 
is  oy  in  the  firft  ef  it  is  ~  4  ( for  as  ef  4,  to  ge9  1,  fo  ge9 
1  ^  to  hey  *)  in  the  fecond  ef  a  portion  of  he  is  H  J,  in  the  third 
to  4,  and  lb  the  portions  eh  in  the  triiinear  figure  Ei>HK  make 
a  feries  in  a  duplicate  arithmetical  progrefTion,  ajitc.  1,  4,  9., 
16  :  After  the  fame  manner,  if  the  parts  Yf  &c.  are  bifeefed, 
you’l  find  the  portions  eh  in  the  external  triiinear  figure  to  make 
this  feries  of  numbers  §,  %y  %y  2f  |6,  f ,  %  and  fo  onwards. 
Wherefore  fince  the  portions  eh  or  the  indivifibles  of  the  triii¬ 
near  fpace  circumfcribed  about  the  parabola  are  always  in  a 
duplicate  arithmetical  progreflion  :  the  fum  of  them  all  will 
be  to  the  fum  of  as  many  indivifibles  of  the  parallelogram  FK, 
equal  to  the  line  KB,  i.  e.  the  triiinear  fpace  it  (elf  to  this  pa¬ 
rallelogram  as  1  to  3,  by  Confetl.  10.  Prop .  21.  lib.  1. 
Wherefore  the  (e  mi-parabola  FE/jH  will  be  as  2,  and  the  A 
FEH  as  1 2  3  therefore  the  whole  parabola  as  4, and  the  whole  A 
GEH  as  3,  and  thef whole  parallelogram  GK  as  6.  Q.ED. 
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CONSECTARY  I. 


IT  is  evident  (<*)  that  in  the  firfl:  divifion,  the 
fecond  line  fh  ( i .  e.  that  drawn  from  the 
middle  of  the  bale  FH)  is  three  filch  parts 
whereof  FE  is  4  ;  for  eh  is  \  i.  e.  1 ,  therefore 
fh  is  3* 

CONSECTARY  II. 

T  is  alfo  evident,  that  this  demonftration  will  hold  of  any 
parabolick  fegment. 

Proportion  XL 

TH E  Elliptical  Space  (a )  comprehended  by 
the  Ellipfis  DAEB  (Fig,  I'Ll.)  is  t0  a 
iircle  defcribed  on  the  tranfverje  ax  DE ,  as  the 
Axis  ReBus  or  conjugate  diameter  AB  to  the 
tranfiuerfie  ax  DE . 

His  is  in  the  firfl:  place  evident  from  the  genefis  of  the 
ellipfe  we  deduced  in  Schol.  1.  Prop.  7.  for  in  that  de¬ 
duction  we  (hewed  that  FO,  i.  e.  HN  was  to  NI  as  AB  to 
DE  :  Which  fince  it  is  true  of  all  the  other  indivifibles  or  or¬ 
dinates  HN  and  IN  ad  infinitum  ;  it  ismanifefi:  that  the  planes 
themfeives  confiituted  of  thele  indivifibles  will  have  the  fame 
reafon  among  themfeives,  as  the  Axis  Re  Bus  AB  to  the  tranfi- 
verfe  DE.  Q.  E.  D.  yt 

CONSECTARY  I. 

if  f ' 

Herefore  the  quadrature  of  the  ellipfe  will  be  evident,  if 
that  of  the  circle  be  demonUrated. 


(a)  Arc  him. 
lib.  de  Conoid* 
&c.  Prop. 


(a)  Archim. 
Prop.  19.  with 
the  Coroll, 


\ 


CON- 


2CO 
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CONSECTARY  IL; 

Since  a  circle  defcribed  on  the  lead  diameter  AB  will  be  to 
one  defcribed  on  the  greater  diameter  DE,  as  AB  to  a 
third  proportional  by  Prop,  3  y.  lib .  I.  it  follows  by  vertue  of 
the  prelent  Prop,  that  the  elliple  is  a  mean  proportional  between 
the  greater  and  leffer  circle,  i  e.  as  the  elliple  is  to  the  great¬ 
er  circle  lo  Is  the  leffer  circle  to  it,  viz,,  as  AB  to  DE. 


CONSECTARY  III. 


‘Ence  you  may  have  a  double  method  of  determining  the 
.  area  of  an  elliple.  i.  If  having  found  the  area  of  the 
greater  circle,  you  fhould  infer,  as  the  greater  diameter  of  the 
ellipfis  to  the  le!%  fo  the  area  of  the  circle  found  to  the  area  of 
the  elliple  fought.  If  having  allb  found  the  area  of  the  lef¬ 
fer,  circle,  you  find  a  mean  proportional  between  that  and  the 
area  of :  the  greater.  ~  ",  ■  '  ■ 

5  C  NO  L  IV  M.  .  . 

j  .  V  -  .  .  .  .  -  ' 

E  may  alfb  (hew  the  lad  part  of  the  fecond  Confer. 
thus,  I .  If  having  delcribed  the  circle  EadbE  ( Fig. 
1^4.)  about  the  lead  axis  of  the  ellipfe  we  conceive  a  regular 
hexagon  to  be  inlcnbed,  and  an  elliple  coinciding  with  one 
end  E  of  its  tranfverle  ax,  and  with  the  other  or  oppofite  one 
D  to  be  lb  elevated,  that  with  the  point  d  it  may  perpendicu¬ 
larly  hang  over  the  circle,  and  further  from  all  the  angles  of 
the  figure  fnfcribecl  in  the  circle  you  ered  the  perpendiculars 
?G,  bB,  &C.  it  is  certain  that  the  hdes  ED  and  E d  of  the 
triangle  DE^  will  be  cut  by  the  parallel  planes  FGg/,  &c. 
jnto  proportional  parts,  and  that  thole  by  realbn  of  the  fimi- 
litude  of  the  A  A  FDG  and  fdg,  and  lo  alfo  the  other  redlan- 
gles  will  be  among  themlelves  as  the  intercepted  parts  of  the 
lines  ID  and  idy  C!  and  ci,}  and  in  infinitum ,  (viz,,  of  how 
many  [Ides  loever  the  inieribed  figure  confids;)  Wherefore  alio 
all  the  parts  of  the  elliple  taken  together  will  be  to  all  the  parrs 
of  the  circle  taken  together,  i.  e .  the  whole  elliple  to  the  whole 

circle 


V 
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circle  as  all  the  parts  of  the  diameter  ED  or  ab,  i,  e.  as  DE  it 
felftoAB.  Q.E  D. 


CONSECTARY  IV. 

>  ;  .  . 

IT  is  alfo  evident  that  both  thefe  demonftrations  of  the  pre- 
fent  Prop,  will  be  alfo  the  fame  in  any  fegments  of  the  ei- 
Ijpfis  or  circle.  r 

Proportion  XII. 

,  '  »  *  a. 

<i  ■, 

ANT  Hyperbolical  [pace  GEHG  (Fig.  135')  is  to  any 
Hyper  bolick  figure  of  equal  h eighth  gE/og  [ fiwhofe  Latus 
ReBum  and  Tranfiverjum  are  equal  (as  in  the  circle )  and  alfo 
equal  to  the  Latus  Tranfiverjum  of  the  former  DE9  as  the  Axis 
ReBus  (or  conjugate )  AB  is  to  the  Latus  Tranfiverjum  DE 
(as  in  the  ellipfis.J 

2£emonttratfo!T. 

By  the  Hypoth.  and  Prop.  7.  and  its  fecond  ConfieB .  the  □ 
Ff  isK  tZJ  DFE.  Wherefore  this  lUDFE  i  e.  the  □  Fg  is 
to  the  □  FG  as  the  Lotus  Tranfiverjum  to  the  Latus  ReBum 
of  the  hyperbola  GEHG,  by  the  fame  feventh  Prop.  i.  e.  (by 
ConfieB.  x.  of  the  fame)  as  the  fquare  of  the  Latus  Tranfiverfi 
DE  to  the  fquare  of  the  conjugate  AB  :  Therefore  the  roots 
of  thefe  fquares  will  be  alfo  proportional,  viz,.  Fg  to  FG  as 
DEto  Ab  •  and  confequently  (Gnce  the  fame  is  true  of  any 
other  ordinates  ad  infinitum )  the  whole  hyperbola  gEhg  will 
be  to  the  whole  one  GEHG  as  DE  to  AB.  Q.  E.  D.  * 

CONSECTARY  I. 


THerefore  having  found  the  quadrature  of  fuch  an  hyper¬ 
bola,  whole  Latus  ReBum  and  Tranfiverjum  are  equal, 
you  may  have  alfo  the  quadrature  of  any  other  hyperbola. 


C  O  N- 
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i 

CONSECTARY  II. 

•  I  i  ■  '  , 

I  T  is  evident  that  the  fame  demonftration  will  hold  in  any 
vOt  her  hyperbola’s. 

Proportion  XIII. 

f  NT  Parabolick  fegments  upon  the  fame  bafe ,  and  hyperbo- 
\  heal  and  elliptical  ones  deferibed  about  the  fame  conjugate 
l one  whereof  Jhall  be  a  right  one ,  the  other  a  fealene)  and  con - 

ftitued  between  the  fame  parallels ,  are  equal. 

'  •  '  '  }  \  ‘  • 

^eroonfftatfotr. 


I.  It  is  evident  of  Parabola’s ;  for  both  the  right  one  GEHG, 
and  the  fealene  one  G(£HG  (Fig-  i  %6.n.  i.)  (for the  demon¬ 
ftration  of  Prop.  10.  will  hold  in  bothj  is  to  a  A  inferibed  in 
them  as  4  to  3.  But  the  triangles  GEH  and  G(£irl  are  equal, 
by  ConfeB.  y.  Def  12.  or  Prep.  28.  lib.  1.  Therefore  the 
Parabola’s  alfb. 

Or  thus,  in  the  right  parabola  GEHG  every  thing  is  the 
fame  as  in  1.  and  4.  Prop,  of  this  Book,  viz.  Ei  H  eb,  EF 
ib9  the  fquare  IK  s  oecc9  the  □  FG  oicc.  And  becaufe 
therefore  in  the  fealene  Parabola  alfb  the  fquare  FG  remains 
K  oice9  make  FflE;  £3  »,  and  find  both  the  abfeiffa  and 
the  □  anfwering  to  it  3|&- 

1.  For  the  abfeiffa,  as  FE  to  EI  fo  F(£  to  (£.%  fer 

,  ib  eb  —  n  — — —  en 

i 

ConfeB .  4  Prop .  34  lib.  1. 

For  the  □  3[1& ,  as  F(E  to  (£31  E>  O  FG  to  □  31&? 

n  — —  —  — —  F.  orcc. 


per  Prop.  4.  of  this. 

Therefore  the  □  3I&-  m  □  IK  and  3ill  S  IK,  and  this  in 
any  cafe  infinitum :  Therefore  the  one  parabola  is  ££  to  the 
other,  Q.  E,  D, 


II.  The 
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XL  The  bufinefs  is  much  after  the  fame  way  evident  of  el- 
lipfes  and  hyperbolas.  For  making  all  things  in  the  ellipfis 
and  right  hyperbola  !  n.  2.  and  3.  Fig.  136.)  as  in  Prop,  z, 

3->  7*  eviz*-  ^ie  ^  ^  - €ec ^  *n  t^lc  ehiphs,  oecd  f 

eecd  in  the  hyperbola,  the  □  AB  00c d  by  Confeff.  2.  Prop.  7. 
El  B  eh9  DE  z:  oh,  &c .  if  in  oblique  ones  for  the  Latus 
Tranfverfum  2D(£  you  put  n9  and  feek  the  Latus  RePium  and 
abfcifla  you  may  by  means  of  thele  alfo  have  the  fquare 
by  Prop.  2.  and  3. 


1 .  For  the  Latus  Rett  urn. 

As  n  to  T  oocd  fo  T  oocd  to  oocd ,  by  Confi  2.  7: 

n 

z,  For  CJj  the  ahfcijja. 

As  oh  to  eh  fo  n  to  en  ~  m-  . 


0 

3.  For  the  fide  RS  EH  deficient  or  exceeding,  from  Prop.z,  and  3. 
As  n  to  oocd  fo  en  to  ocde  £}  RS. 


n  0  x  n 

Now  the  abfcifla  multiplyed  by 
the  Lat.  Rett, 
en  by  oocd  gives  CH  oecd. 


The  abfcifla  multiplyed 
RS. 

en  by  ocde  gives  O  eecd. 


0  n 

The  fum  of  thefe  Q  □  oecd  f 
eecd  in  the  hyperb.  z;  G  31 
by  Prop.  z.  evidently  zj  G  IK. 


0  n 

The  difference  of  thefe  EH  □ 
oecd — —  eecd  gives  in  the  ellipfis 

□  3P&  by  Prop.  3.  evidently  B 

□  IK. 


Wherefore  the  lines  5^  and  IK,  and  the  whole  and 
KL  will  be  equal  •  and  fince  the  fame  thing  is  evident  after 
the  fame  Way  of  all  other  lines  of  this  kind  ad  infinitum ,  the 
elliptical  and  hyperbolical  fegments  will  be  fo  alfo.  Q^E.D* 


\ 


CHAP, 

\ 
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C  H  A  P,  III. 

& 

Of  Conoids  And  Spheroids. 
Propofition  XIV". 


Ar  chimed. 


A 


Parablick  Conoid  (a)  is  fubduple  of  a 

^ Cylinder ,  <2^  zV/  fefquialteran  reafon  (or 

as  1  2)  of  a  cone  of  the  fame  bafe  and  altitude. 

Ani  27.)  „ 

^emonftratfon. 


Becaufe  in  the  parabola  the  □  AD  (Fig.  137.7  is  to  the 
□  SH,  as  BD  to  BH,  i.  e.  as  3  to  1,  and  fo  to  the  □  TI  as 
BD  to  BI,  i.  e.  as  3  to  by  ,Prop.  4.  of  this 3  it  is  evident 
that  thefe  fquares  of  SH  and  TI  and  AD  and  confequently  of 
the  whole  lines  alio  S b,  Tz,  AC,  and  the  circles  anfwering  to 
them  will  be  in  arithmetical  progreflion,  1 ,  2,  3  ;  and  more¬ 
over  if  there  are  new  BifecHons  in  infinitum ,  as  the  abfciffa’s 
fo  a  Kb  the  fquares  and  circles  of  the  ordinates,  by  vertue  of  the 
^forefaid  fourth  Prop,  will  always  be  in  arithmetical  ProgreP 
fion  1,  2,  3,  4,  5,  6,  &c.  It  is  evident  that  an  infinite  feries 
of  circles  in  the  conoid,confider’d  as  its  indivifiblesywili  be  to  a 
feries  of  as  many  circles  equal  to  the  greateft  AC,  i.  e.  the  co¬ 
noid  to  the  cylinder  AF  as  1  to  2,  or  as  1  *  to  3 ,  by  Confeff. 
9  Prop.  2 1.  or  ConfiB.  4.  Prop.  16.  lib.  1.  but  to  the  fame 
cylinder  AF  the  inlcribed  cone  ABC  is  as  1  to  3,  by  Prop.  38, 
lib .  i .  therefore  the  cylinder,  conoid  and  cone  are  as  3 ,  1  j, 
and  i.  QT.  D. 


Proportion  XV. 


(si)  Archim. 
29.  d)ld  30. 
(al.$2.and  33.) 


TII  £  half  of  (a)  any  Spheroid ,  or  any  e- 
ther  fegment  of  it  is  in  fubfefquialteran  pro¬ 
portion  to  the  cylinder ,  and  double  of  the  com 
having  the  fame  bafe  and  altitude 


^emotr* 
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Having  divided  the  altitude  BD  (Fig.  138  )  e.  g.  into  three 
equal  parts,  becaufe  in  the  ellipfe  as  well  as  in  the  circle  the 
fquare  of  AD  is  to  the  (quare  of  SH  as  the  □  GDB  to  the  O 
GHB,  *.  e.  as  9  to  7,  and  16  to  the  Iquare  TI  as  9  to  8,  by 
Con f  SI.  1.  Frop.  7.  of  this-  and  in  like  manner  if  you  make 
new  bifedtions,  the  (qua res  ( and  confequently  the  circles)  of 
the  ordinates  go  on  or  decreafe  by  a  progreflion  of  odd  num¬ 
bers,  as  96,  37,  32,  27,  20,  11,  and  fo  ad  infinitum,  the 
bife£lions  being  continued  on ;  as  we  have  (hewn  in  the  fphere 
and  circumfcribed  cylinder  Vrop.  39.  lib.  1.  and  it  will  necef- 
farily  follow  here  alfo  (by  vertue  of  Confetd.  12.  Frop.  2f.) 
that  the  whole  cylinder  will  be  to  the  inlcribed  legment  of  the 
fpheroid,  as  3  to  2  ;  and  fince  the  fame  cylinder  is  to  the 
cone  ABC  as  3  to  i,  alfo  the  fegment  of  the  fpheroid  will  be 
to  the  cone  as  2  to  j.  Q^E.  D. 


AN  hyperbolical  Conoid  ( *)  is  to  a  com  of 
the  fame  bafie  and  altitude ,  as  the  aggre¬ 
gate  of  the  ax  of  the  hyperbola  that  forms  u  and 
half  the  Latus  Iran fver fum,  to  the  aggregate  of 
the  [aid  axis  and  Latus  Tran  fver fum. 


(sd)  Archi  n. 
Prop.  27.  arid 
28.  (il.  §0. 
and  31.) 


Demon fir  at  ion  ?  containing  alfo  the  Invention  of  this 

Proportion . 

/  *  \ 

Make  fin  Fig.  139,)  CE  ^  a,  EF  ^  b9  OE  jrj  c ,  then 
will  CF  gX  a  \  b.  Since  therefore 
as  CE  to  OE  fo  CF  to  FQ 

c  ——a’ f  b—ac  f  be 

a 

the  □  EO  will  £2  cc  and  □  FQ_  tr:  aacc  f  labcc  7  bbec. 

a  1 

But  as  thefe  fquares  fo  alfo  are  the  circles  of  the  lines  EO  and 
FQjto  one  another,  by  Frop.  32.  lib.  1,  and  16  the  cone  COP 

S  %  will 
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will  be  as  acc9  and  the  cone  CQR  as  acc  f  bcc  +  bbcc  f  face 

3  .  .  3  a  3aa 

( viz,*  by  multiplying  the  third  part  of  the  altitude  CF  by  the 

bafe  FQ_:)  Having  therefore  fubftradted  the  cone  COP  from 

the  cone  CQR,  there  will  remain  the  truncated  cone  QOPR 

bcc  f  bbcc  f  &cc,  and  from  this  folid  truncated  cone  having 

a  %aa 

further  fubftraffed  the  hollow  truncated  cone,  which  the  (pace 
EHRP  produced  in  the  genefis  of  the  conoid  (and  which  ac¬ 
cording  to  ConJeB.  2. .  Definit.  9.  is  as  bcc)  there  will  remain 
the  hyperbolical  conoid  bbcc  f  face,  i.  c.  (by  fubftituting  now 

a  %aa 

the  values  of  the  ax  or  abfeifla  EF,  and  of  half  the  Lett.  Tranfu. 
EC,  and  of  the  conjugate  diam.  OP,  &c.  found  in  the  de¬ 
mon  ftrat  ions  of  the  preceding  Chapter,  viz,,  oh  for  a9  eb  for 

z 

and  V  ooed  for  c  or  oocd  for  cc)  the  hyperbolical  conoid 

will  come  out  i.eebocd  f  4 e^hed  {.  e.  6eebocd  *j*  4 e^bed.  But 

3  .  3 

the  cone  GEH  ( mulriplying  the  third  part  of  EF  into  the  □ 
GH,  i  e.  3 eb  Into  ^oecd  \ /^eecd)  is  as  ^eeboed  ^  ^bcd. 

"  3 .  " 

1  herefore  the  conoid  is  to  the  cone  as  Geebocd  f  ^bed  to 
4 echoed  f  4 &bcd9  J.e.  (dividing  on  both  Tides  by  4 eecd)  as 

2  ch  f  eb  to  oh  f  eb.  Which  was  to  be  found  and  demon- 

ftrated. 

5  C  HO  L  IV  M. 

-  x  ■  '  ■  v 

IF  any  one  had  rather  proceed  herein  by  indivifibles,  as  in 
the  precedent  Prop,  having  divided  the  ax  EF  (Fig.  140.J 
again  into  three  equal  parts,  and  affuming  the  values  of  the 
lines  determined  in  the  hyperbola,  viz.  eb  for  the  abfeiffa  EF, 
ob  for  the  tranlverfe  ax,  oed  for  the  Latm  Reffum,  oecd  f  eecd 

b 

for  the  fquare  of  the  femiordinate  FG,  &c.  the  loweft  and 
greateft  circle  of  the  diameter  HG  will  be  as  oecd  f  eecd9  and, 

if  you  make 

as 

V. 
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as  the  Latm  Tranfu.  to  the  iLatm  Re  61  urn,  fo  the  CH  D/E 
ob  - -  ocd 

'  ~b 

made  of  ob  f  ]  eb  into  \  eb  ( i.  e.  \  oebb  f  *eeb6)  to  a  fourth  ; 
there  will  come  out  l  oecd  f  \  eecd  for  the  fecond  circle  of  the 
diam.  hg  j  and  by  the  fame  inference  ("as  ob  to  ocd  fo  ob  f  eb 

b 

into  3  eb  to  a  fourth)  for  the  third  circle  of  the  diameter 
\oecd  -\\eecdj  fo  that  thefe  indivifibles  [for  which  here  and 
in  the  precedent  alfo  the  partial  circumlcribed  cylinders  may 
beaffumed^]  proceed  in  a  double  feries  of  numbers,  the  firff  in 
a  fimple  arithmetical  progrellion  3,  2,  1,  the  latter  in  a  du¬ 
plicate  Arithmetical  progrellion  of  Iquares  9,4,  1  ,  and  the 
fame  if  you  make  further  new  bifeciions ,  will  neceffarily  hap¬ 
pen  ad  Infinitum ,  (the  former  numbers  e.  g  in  the  firft  bile- 
£Uon  will  bet  It  HI  oecd  the  latter  f6  £  | e  36  36  eecd,  &c  ) 
it  is  manifeft  from  the  confedfaries  of  Frop.  n.  lib.  i.  that  the 
whole  cylinder  HK  will  in  like  manner  be  exprelfed  by  a 
double  feries  of  parts  anlwering,  in  numbers  to  the  indivifibles 
of  the  conoid  made  by  any  bifebtion,  but  in  magnitude  to 
the  greateft  of  them  all,  and  in  the  fum  of  its  -hi  it  leries  of 
parts  will  be  to  the  fum  of  the  firft  in  the  conoid,  both  being 
infinite,  as  i  to  1  or  3  to  1  l  oecd ,  by  ConJeB.  9  of  the 
laid  Frop.  21.  and  the  fum  of  its  latter  to  the  fum  of  the 
former  in  the  conoid  will  be  as  3  to  1  eecd  and  fo  the  whole 
cylinder  to  the  whole  conoid  as  3  oecd  f  3  eecd  to  1  l2  oecd  f 
eecd  i.  e.  (dividing  by  ecd)  as  3  0  j*  3  e  to  1  lzo  f  e  i  e.  mul¬ 
tiplying  both  fides  by  b)  as  3  ob  f  3  eb  to  1  lob  *f  eb  •  and 
confequently  the  cone  (which  is  \  of  the  cylinder)  to  the  co¬ 
noid  as  ob  {  eb  to  1  \ob  j*  eb.  Q^E.  D. 

CONSECTARY. 


HEnce  alfo  appears  the  proportion  of  the  hyperbolick  co¬ 
noid  to  a  cylinder  of  the  lame  bale  and  altitude,  which 
we  did  not  exprefs  in  the  Frop.  *vi&.  as  the  aggregate  of  the 
ax  and  half  the  Latm  Tranfiverfium  to  triple  the  aggregate  ol 
the  laid  ax  and  Latm  Jranjverfum . 
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CHAP.  IV. 

Of  Spiral  Li  ms  and  Spaces, 

Proportion  XVII. 

(a.)  Arehm*  H  E  (a)  fr (l  fpiral  face  is  fubtnple  of 

Fr0p.i4.de  Spi-  the  fir  ft  eirclef  i.  e.  as  1  to  3. 

Having  divided  the  circumference  of  the  circle  into  ( Fig. 
1 41  ,n.  1.)  three  equal  parts  by  lines  drawn  from  the  initial 
point,  beginning  from  the  firlt  line  BA,  the  line  BC  will  be 
as  1,  BD  as  2,  BA  as  3,  by  Ccnfeff.  1.  Def.  it,  of  this  book, 
and  confequently  the  fedtors  circumfcribed  about  the  fpiral 
will  be  CBe  as  x,  DBJ  as  4,  AB#  as  9,  by  Prop.  32.  lib.  1. 
and  in  like  manner,  if  you  make  new  bife£tions^  the  lines 
drawn  from  the  point  B  to  the  fpiral,  will  be  1,  2,  3,  4,  5*, 
6 j  but  the  circum (crib ?d  iedors,  x,  4,  9,  16,  zf,  3 6y  and 
fb  the  circumfcribM  partial  fedtors  ad  infinitum  will  proceed  in 
an  order  of  fquares,  there  being  always  as  many  fedlors  in  the 
circle  equal  to  the  greateft  of  them. Therefore  all  the  fedtors  that 
can  be  circurofcrib’d  ad  infinitum  about  the  fpiral  fpace,  i.  e.  the 
fpiral  fpace  it  fel£  ('in  which  at  lad:  they  end)  to  lo  many  equal 
to  the  greateft,  i.  e .  to  the  circle,  is  as  1  to  3,  by  Confiecl.  10. 
Prop .  21.  lib.  1.  Q;  E.  D, 

CONSECTARY  I. 

Since  the  fird:  circle  is  to  the  fecond  as  x  to  4  (i.  e.  as  3 
to  1 1)  by  Def.  x  2.  of  this,  and  Prop.  31.  lib.  x .  and  the 
firft  fpiral  fpace  to  the  Srd:  circle  as  x  to  3  by  the  prefent  Prop, 
the  fame  fpiral  fpace  will  be  to  the  fecond  circle  as  1  to  1 2  ; 
and  to  the  third  by  a  like  inference  as  1  to  27,  to  the  fourth 
as  x  to  48, 


CON- 

-4 
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THE  firft  fpiral  line  is  equal  to  half  the  circumference 
of  the  firft  circle.  For  the  lines  or  radii  of  the  fe&ors, 
and  confequently  their  peripheries  or  arches  proceed  in  a  fim- 
ple  arithmetical  reafbn,  as  1,  2,  3,  4,  y,  6,  &c.  while  in 
the  mean  time  the  whole  periphery  of  the  circle  contains  fo 
many  arches  equal  to  the  greateft.  Therefore  the  whole  pe¬ 
riphery  of  the  circle  is  to  an  infinite  feries  of  circumfcrib’d  ar¬ 
ches,  i.  e.  to  the  fpiral  line  it  felf,  as  z  to  1,  by  Conjeci.  9. 
Prop,  zi.  Ub.  1. 

Prop  oft  ion  XVIII. 

The  whole  firal  (a)  face  comprehended 
under  the  fecond  right  line  EA  and  the 
fecond  firal  EGIA  (fee  Fig.  141.  n.  z.)  is  to 
the  fecond  circle  as  7.  to  1  a. 

©emonffratfon. 

For  having  divided  the  circumference  of  the  circle  firft  into 
three  equal  parts,  there  will  be  drawn  to  the  fecond  fpiral  four 
right  lines  BE,  BG,  BI  and  BA  being  as  3,  4,  7,  6,  and 
but  only  three  fedlors  circumfcrib’d,  viz*.  GBg,  IBfandAB^, 
which  proceed  according  to  the  fquares  of  the  three  latter  lines, 
viz*.  1 6,  ay,  36,  fo  that  the  fum  is  77,  while  the  fum  of 
three  equal  to  the  greateft  is  108,  and  fo  the  one  to  the  other 
(dividing  both  fides  by  9)  as  1  2  to  8  £  Having  moreover 
bifedled  the  arches  and  parts  of  the  line  BE,  fo  that  that  fhall 
be  6,  the  fecond  BF  will  be  7,  and  fo  the  other  five  8,  9,  10, 
ill,  iz  ;  and  the  febfors  anfwering  to  them  ( excepting  the 
firft,)  49,  64,  81,  iQq,  ixi,  144,  fo  that  their  fum  fhall 
be  779,  while  the  fum  of  fix  equal  to  the  greateft,  i.  e,  the 
whole  circle  is  864,  and  id  one  to  the  o  her  (dividing  both 
by  7a)  as  1  2  to  In  the  other  bifebtion  of  the  arches  and 
the  parts  of  the  line  BEfio  that  the  one  fhall  be  ia,the  fecond 
13,  &c.  to  the  thirteenth  BA  which  will  be  24,  the  fum  of 
twelve  febfors  will  be  found  to  be  4270  ,  and  the  fum  oi 


(d)  -dr c him. 
Prop.  25. 

Is 


1 


t  s 
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as  many  equal  to  the  greatefl:  6911,  and  fo  the  one  to  the 
other  ^dividing  both  fides  by  57 6)  as  12  to  7*7*  fi  28* 
Therefore  the  proportion  will  be 

1.  In  the  firO:  cafe  12  to  7  *f  1  f  l  f  i\  viz.  7*. 

II.  In  the  fecond  cafe  12  to  7  f  l  f  \  f  72  viz,.  288* 

III.  In  the  third  cafe  12  to  7  t  4  t  I  1 2m 

The  firfl:  and  fecond  fra&ions  thus  decreafing  by  l  the  latter  by 
*.  Wherefore  the  proportion  of  the  fecond  circle  to  the  fecond 
fpiral  fpace  will  be  as 

1 2  to  7  t  1  i  2 1  « s 

_ 1  * _ 3 

-  2"— 4  •—•72 

'&C.—& 8  &C. 

By  vertue  of  Confeff.  3,  and  B.  £3  o  S  o 

Prop.  21.  hb.  1. 

I  e.  as  i  2  to  7.  CL  E.  D. 

CON  SECTARY  I. 

BEcaufe  the  fecond  circle  is  to  the  firfl:  fpiral  fpace  as  1 2  to 
t,  by  Confeft.  1.  of  the  preceding  Prop,  and  to  th^  fe¬ 
cond  fpiral  fpace  as  1 2  to  7,  by  the  prefent .  it  will  be  to  the 
fecond  fpace  without  the  firil  (viz.  BCDEAIGE)  as  1 2  to  6 
i.  el  as  2  to  1 . 

CON  SEC  TAR  I  II. 

.  •  V 

THerefore  the  fecond  fpace  feparately  to  the  firfl:  is,  as  £ 
to  1. 


CONSECTARY  III. 


Since  in  the  trifedlion  of  both  thefe  circles,  firfl:  and  fecond, 
there  arife  fix  lines,  and  as  many  lectors,  viz.  three  lines 
BG,  BD,  BE,  i.  e.  1,  2,  3,  to  which  there  anfwer  three  ar¬ 
ches  in  the  fame  progreffion  within  the  fecond  circle,  and  alfo 
as  many  equal  to  its  greatefl }  therefore  the  fum  of  all  the  un¬ 
equal  arches  will  be  21,  but  the  film  of  the  equal  ones  of  both 
circles  (each  of  which  in  the  firfl:  are  equivalent  to  3,  in  the 
fecond  to  6)  will  be  27 ,  Wherefore  the  fum  of  both  the  Pe¬ 
ripheries  to  the  fum  of  ail  the  circumfcribM  ajrches  will  be  as 


/ 


*S  • 
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27  to  21,  i.  e.  (dividing  both  fides  by  9)  as  3  to  ij.  More* 
over  bife£Hng  the  arches  of  the  circles  and  the  parts  of  the  line 
BA,  there  will  arife  fix  circumfcribed  unequal  arches  within 
thefirft  circle,  which  are  as  1,  2,  3,  4,  y,  6,  and  as  many 
within  the  fecond  7,  8,  9,  10,  1 1,  12;  the  fum  of  all 
which  is  78,  while  the  fiim  of  as  many  equal  ones  on  both 
lides  is  ic8.  Wherefore  the  one  will  be  to  the  other,  i.  e .  the 
fum  of  both  the  peripheries  to  twelve  circumfcribed  arches  ta¬ 
ken  together,  is  now  as  108  to  78,  i.  e.  (dividing  both  fides 
by  36)  as  3  to  2  6-  And  making  yet  another  bileclion,  the 
proportion  will  be  found  to  be  as  3  to  2  A,  &c  and  hence  at 
length  may  be  evidently  inferrd ;  that  the  film  of  both  the 
peripheries  will  be  to  the  fum  of  all  the  arches  circumfcribible 
ad  mfinitum,  i.  e.  to  the  whole  helix  as 
3  to  2  t  \ 

1 

- 6 

• - - 12  &c.  £5  o.  that  is,  as  3  to  2.  Q.  E.  D. 


CON  SECTARY  IV. 

Therefore,  fince  the  periphery  of  the  fecond  circle  is  dou¬ 
ble  of  the  ftrft,  that  alone  will  be  equal  to  the  whole 

fpiral. 


CON  SECTARY  V. 


THerefore,  if  the  periphery  of  the  fecond  circle  be  2,  the 
periphery  of  the  firft  will  be  1 ,  and  the  firft  fpiral  line  \ 
by  Con  ft  ft.  2.  of  the  anteced.  Prop .  wherefore  the  fecond 
fpiral  alone  will  be  1 J,  and  f o  the  periphery  of  the  fecond 
circle  alone  will  be  to  the  fecond  fpiral  alone  as  2  to  1 1  i .  e.  as 
4  to  3  j  and  to  the  tirft  alone  as  4  to  1 . 


S  C  H  0  L  1  V  M  L 


But  as  Confetl.  4  may  be  alfo  deduced  after  another  way,’ 
viz,,  by  comparing  only  the  arches  of  the  fecond  circle 
With  the  correfpondent  circumfcripts,  but  confidering  them  as 
taken  twice  (  becaufe  that  circle  is  twice  turned  round  while 
the  whole  helix  or  fpiral  is  deferibed^)  and  finding  in  the  drib 

T  ,  trileclion 

j 
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trifcftion  the  proportion  of  double  the  fecond  periphery  to  all 
the  circumfcripts  as  i  2  to  7  ;  and  in  the  fucceeding  bifedfion 
as  12  to  6  x2;  in  the  fecond  bife&ion  as  12  to  6 &c.  and  at 
length  by  inferring,  that  the  fecond  periphery  is  double  of  all 
the  arches  circumfcribible  about  the  whole  helix  ad  infinitum , 
that  is  to  the  helix  it  felf. 

as  1 2  to  6  f  1 

1 

——  4  &c.  £  o.  i.  e.  as  i  ?,  to  6  * 
and  confequently  the  fimple  fecond  periphery  will  be  to  the 
whole  helix  as  6  to  6  :  Thus  the  5.  Confetf.  may  be  feparate- 
ly  had  after  the  fame  manner,  if  inftead  of  the  firft  trife&ion, 
you  only  bifebf ;  QvuL  Fig .  14*-  n-  3  )  for  fo  in  the  firft  bi- 
fedfion  the  arches  circumfcribed  about  the  fecond  fpiral  line 
would  be  feparately  two  femi-circles  D  d>  3  and  A  a,  4,  (Tor 
as  the  lineBC  is  one,  BE,  2,  BD,  3,  BA,  4;  fo  the  arch 
defcribed  by  the  radius  BD  is  3  and  defcribed  by  the  radius 
BA  £  4,)  and  their  fum  7  }  while  the  fum  of  two  equal  to 
the  greateft  is  8.  In  the  fecond  bife£Hon  (when  BE  is  4)  BF 
and  its  arch  is  made  y,  the  arch  BD  <5,  the  arch  BG  7,  the 
arch  BA  8,  the  fum  2 6  ;  while  the  fum  of  fb  many  quadrants 
equal  to  the  greateft  is  32  Thus  in  the  third  bifeblion  the 
fum  of  eight  O&ants  circumfcribM  about  the  fecond  helix  will 
be  found  to  be  1 00,  the  fum  of  fb  many  £  to  the  greateft 
1 28,  &c .  Wherefore  the  periphery  of  the  fecond  circle  in 
the  firft  cafe  will  be  to  the  arches  circumfcrib’d  about  the  fe¬ 
cond  helix  as  4  to  3  f  \ ;  in  the  fecond  as  4  to  3  f  in  the 
third  as  4  to  3  f  s?  &c-  and  fb  to  all  the  arches  circumfcri¬ 
bible  in  infinitum ,  i.  e.  to  the  fecond  helix  it  felf  as 
4  to  3  1 1 

4  , 

— s  &C-  £  o.  i.  e.  as  4  to  3.  Q^E.  D. 

By  the  fame  method  you  may  eafily  find  the  proportion  of 
the  third  circle  to  the  third  fpiral  fpace,  and  of  that  periphery 
either  to  the  whole  fpiral,  or  feparately  to  the  third,  as  will 

be  evident  to  any  one  who  trys. 


I.  For 
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I.  For  the  third  fpiral  j pace . 
(Fig.  142) 


BG 

BD 

BE 


1 

x 


BF  4 
BG  ? 
BH  6 


BT  7 
BK  8 
BA  9 


49 
6  4 


81  are  the  three  firft  fedtors 
circumfcrib’d  about  the  parts  of  the  third  helix.  The  fum  of 
thefe  three  fe&ors  is  194;  and  the  fum  of  fo  many  equal  to 
the  greateft  243.  Therefore  the  firft  proportion  of  the  one 
ft im  to  the  other  will  be  as  243  to  194,  1.  e.  (dividing  both 
fides  by  9)  as  27  to  2 1 

In  the  firft  bife&ion  there  will  be  (even  lines  : 


BH  12, 


BL  13 
BI  14 
BM  15 
BK  16 
BN  17 
BA  18 


169 
196 
225 
2  56 
289 


Se&ors  circumfcribed  about  the 
parts  of  the  third  helix. 


Sum  I  1 479  •  while  in  the  mean  time  the  (urn 
of  as  many  equal  to  the  greateft  is  944,  and  lo  the  fecond  pro¬ 
portion  as  1 944  to  1459  i.  e.  (dividing  both  Tides  by  72)  as 

27  tO  20  7 2, 

In  the  fecond  Bife&ion  there  will  be  thirteen  lines,  viz,.  BH 
24,  the  reft  25,  2 6,  &c.  but  the  film  of  the  fe&ors,  i.  e.  of 
the  fquare  numbers  anfwering  to  the  twelve  latter  will  be 
found  to  be  11306  \  while  in  the  mean  time  the  fum  ofasxma- 
ny  equal  to  the  greateft  will  be  1  5552,  fo  that  you  will  have 
the  third  proportion  of  this  fupn  to  the  other,  viz,,  as  1  5:5^2  to 
11306,  /.  e.  (dividing  both  Tides  by  576^  as  27  to  19 

Therefore  the  1.  proportion  will  be  as  27  to  1  9  f  2  f  *  i.  e. 

tO  I  9  f  X  t  \  t  18 

II.  — — -  as  27  to  1  9  t  1  f  3  i  e. 

tO  I9  t  I  +J  t7z 

Ilf.  — — —  asZ7toi9fj76  —  i.e. 

to  19  t  i+itass-  _ 

Therefore  the  proportion  of  the  third  circle  to  the  third  fpi¬ 
ral  Tpace  will  be 

T  2  as 


.  '  ■  '  v  . 

j  -''.jl  _ 
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as  27  to  19  t  2  t  2 1  xi 

—  1  —  4 — 72  i.e.  as  %y  to  19. 

—I  &c.— *&c.- &c. 

a  o.  a  o.  j=j  o„  Q^E.  D, 


II.  For  third  jfrtral  line . 

If  inftead  of  the  firft  trife&ion  ("as  lefs  commodious  for  the 
end  propofed)  you  make  ufe  here  alio,  as  before,  of  bife&i- 
on  in  the  fame  figure,  there  will  come  out  fix  lines  from  the 
point  B  to  the  helix,  2 riz»  Bm  1,  BE,  2,  B 3,  BH,  4, 
Bo,  y,  BA,  6 ;  to  which  there  anfwer  as  many  femicircular 
arches  in  the  fame  progreffion,  and  to  the  greateft  of  the  two 
as  many  equal  to  2,  4,  6  j  fo  that  the  fum  of  the  unequal  ones 
is  2 1,  and  of  the  equal  ones  54,  and  fb  the  proportion  of  three 
peripheries  together  to  all  the  circumfcripts  together  will  be  as 
24  to  21  (and  dividing  both  by  6)  as  4  to  3J.  In  the  fe- 
cond  bifedtion  the  twelve  unequal  lines  and  arches  make  the 
fum  78,  and  as  many  equal  to  the  greateft  of  the  four  will 
give  the  fum  9 6  ;  fo  that  the  fecond  proportion  will  be  9 6  to 
78,  i.  e.  ( dividing  both  Tides  by  24)  4  to  3  In  the  third 
hi  fed!  ion  the  proportion  will  come  out  as  384  to  300,  i.  e . 
(dividing  both  Tides  by  96)  as  4  to  3  2,  Therefore  the 

proportion  of  the  three  circles  together  to  the  whole  Helix 
will  be  as  4  to  3  f  \ 

'  1 

4  , 

—8^  K  o.  i.  e.  as  4  to  3  or  12  to  9. 

E,  D. 


CONSECT  AR  Y  VI. 


NO  W,  if  the  periphery  of  the  firft  circle  be  made  2,  the 
fecond  will  be  4,  the  third  6,  and  confequently  the 
ium  1 2  3  it  will  be  manifeft  that  the  third  periphery  feparately 

will  be  to  the  whole  helix  ^  s.  as  2  to  3* 


CON: 


« 
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AND  becaufe  the  fecond  periphery  (which  is  4)  is  equal 
to  the  firft  and  fecond  helix  together,  by  the  above  Con* 
fetf.  4.  the  remaining  third  fpiral  will  be  y,  and  fb  the  pro¬ 
portion  of  the  third  periphery  to  it  as  6  to  y. 


CONSECTARY  VIII. 


WHercfore  the  proportions  of  each  of  the  peripheries  to 
their  correfpondent  fpirals  will  be  in  a  progreflion  of 
ordinal  numbers,  'viz,,  fo  that  the  latter  of  every  two  will 
denote  the  periphery  of  a  circle,  and  the  former  an  inferibed 
fpiral;  and  confequently  the  fpiral  lines  will  be  in  an  arith¬ 
metical  progreflion  of  odd  numbers,  and  the  peripheries  of  the 
circles  in  a  progreflion  of  even  ones. 

1— The  firft  Spiral, 

The  firft  Periphery, 

3— - The  fecond  Spiral, 

4 - The  fecond  Periphery, 

y-  ■  -  -The  third  Spiral, 

6  &c . — -The  third  Periphery,  &c . 

S  H  C  0  L  IV  M  IL 


TH  E  feventh  Confedlary  may  alfo  be  eafily  deduced  fepa- 
rately  this  way  ;  In  the  firft  bife&ion  the  line  BA  and 
its  periphery  is  6,  the  line  Ba  and  its  periphery  y,  the  fum  of 
the  circumfcribed  Peripheries  1 1  ;  the  fum  of  as  many  equal  to 
the  greateft  12.  Therefore  the  periphery  of  the  third  circle 
will  be  to  the  two  circumfcripts  as  ix  to  1 1,  i.  e.  as  6  to  y 
In  the  fecond  bifedlion  the  four  circumfcribed  quadrants  will 
be  lx,  11,  10,  9,  their  fum  4x  ;  and  the  film  of  four  equal 
to  the  greateft,  z.  e.  the  periphery  of  the  third  circle  48. 
Therefore  the  proportion  is  now  as  48  to  4x,  i.  e.  ("dividing 
both  fides  by  %)  as  6  to  y^.  Thus  you  will  have  the  third 
proportion  as  191  to  164,  i  e.  (dividing  both  fides  by  jx) 
as  6  to  y  g.  Wherefore  the  proportion  of  the  third  periphery 
to  the  third  helix  or  fpiral  Is 

as? 

t 
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as  6  to  y  f  l 


t 

'8 


&C. 


K  10.  i.  e .  as  6  to  5*  Q.  E.  D. 

CONSECTARY  IX. 

S  Confeft.  8.  fopplies  us  with  a  rule  to  determine  the  pro- 
JL  portion  of  every  fpiral  of  every  order  to  the  periphery 
of  the  eorrefpondent  circle,  viz,,  if  the  number  of  the  order  be 
doubled  for  the  periphery  of  the  circle,  and  the  next  antece¬ 
dent  odd  number  be  taken  for  the  (piral  line ;  fo  what  we 
have  hitherto  deiponflrated  (iipplys  alfo  another  rule,  to  define 
rhe  proportion  of  the  (piral  (pace  in  any  order  to  its  circle. 
For  finee-the  circles  are  in  a  progreffion  of  Squares  1,  4,  9, 
1 63  &c.  but  the  firft  circle  is  to  the  firfl:  fpace  as  3  to  1  (i.  e, 
a,  1  to  3)  by  Prop.  17.  and  the  (econd  to  the  (econd  as  12  to 
7  (i.  e.  as  4  to  2 \)  by  Prop.  18.  the  third  to  the  third  as  27 
to  19  (i.e'.  as  9  to  6*)  by  Schol.  1.  of  this.  And  contem  ¬ 
plating  both  theie  (eries  one  by  another. 

Of  the  circles,  1,  4,  9. 

Of  the  (paces,  3,  ij,  6  3. 

We  (ee  the  numbers  of  the  (paces  are  produced,  if  from  the 
fpuare  numbers  of  the  circles  you*  (ubftra<5l:  their  roots,  and 
add  to  the  remainder  *.  Wherefore,  if,  e.  g.  we  were  to  de¬ 
termine  the  proportion  of  the  fourth  circle  to  the  fourth  (piral 
(pace  j  the  (quare  of  4  viz,.  1 6  would  give  the  circle  ;  hence 
fubftradling  the  root  4,  there  wiill  remain  1 2,  and  adding  3 
you  would  have  the  fourth  (piral  (pace  123;  and  in  like  man¬ 
ner  the  (piral  fpace  20  \  would  anfwer  to  the  circle  25*,  &cs 
And  that  this  is  certain  is  hence  evident,  that  if  we  mul¬ 
tiply  thefe  numbers  16  and  1 2  3,  alfo  25  and  20  3  by  3,  that 
we  may  have  thole  proportions  in  whole  numbers,  48  and 
37 1  75  anc^  theie  are  thole  very  numbers  Archimedes  had 
hinted  at  in  the  Coroll .  of  Prop.  25% 


C  O  N: 
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AY  what  we  have  now  (aid,  is  that  very  Coroll,  com¬ 
prehending  al/o  that  25 th.  Propofition ,  viz,,  that  a  fpi- 
ral  /pace  of  any  order  is  to  its  corre/pondent  circle,  as  the  re- 
£langle  of  the  /emidiameters  of  this  and  the  preceding  circle 
together  with  a  third  part  of  the  /quare  of  the  difference  be¬ 
tween  both  femi-diameters  to  the  /quare  of  the  gfeateft  femi- 
diameter.  For,  if  e.g.  the  proportion  of  the  third  fpiral 
/pace  to  the  third  circle  be  required,  fince  the  femidiameter  of 
this  third  circle  is  as  3,  and  the  femidiameter  of  the  fecond 
precedent  one  is  2,  and  fo  the  difference  1  \  the  rebtangle  of 
z  into  3  i.  e.  6 ,  together  with  \  of  the  /quare  of  the  diffe¬ 
rence  will  define  the  third  fpiral  /pace  6  l ;  fince  the  third  cir¬ 
cle  may  be  defined  by  the  /quare  of  the  femidiameter  of  the 
greater,  viz.  by  9,  and  fo  in  the  reft ;  as  the  numbers  we 
have  found  fhew,  or  further  that  may  be  found  according  to 
given  Rules  which  may  be  here  feen  in  the  following  Table. 


Orders. 

Circles.  _ 

The  whole  fpaces, 
the  preced.  ones 
being  included. 

Separate  /paces  the 
preced.  ones  be- 
I  ing  excluded. 

CONSECTARY  XL 

UT  of  which  table  it  is  obvious  to  fight,  that  the  fe* 
cond  /pace  excluding  the  firft  is  /extuple  of  the  firft,  as 
we  have  already  deduced  in  Ccnfeff.  z.  Prop .  1  8.  and  the  third 
feparate  /pace  double  of  the  fecond,  and  the  fourth  triple  of 
the  fame  iecond,  and  the  fifth  quadruple,  and  /o  onwards. 


i  1 

li|Iil 

IV 

V 

V[\ 

VII 

VIII 

XI 
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SCH0L1VM  III. 

j  ,  •  ,  ■  1  .  '  *'  ,  *  . 

AN  D  this  (hall  fuffice  for  fpirals,  which  comprehends  not 
only  the  chief  Theorems  of  Archimedes  of  fpiral  fpaces, 
but  alfo  the  chief  of  fpiral  lines  (whereof  Archimedes  has  left 
nothing.)  If  any  fliould  have  a  mind  to  carry  on  our  me¬ 
thod  further,  he  may  eafily  demonftrate  after  the  fame  way 
what  remains  in  Archimedes ,  and  what  Dr.  Wallis  in  his  A- 
rithmetick  of  Infinites  from  Prop.  y.  to  the  38,  and  what  o- 
thers  have  done  on  this  Argument. 


CHAP,  V. 

' •  r"  "  .  1  -  -  ' 

i 

1  (  ; 

Of  the  Conchoid,  Cijfoid,  Cycloid \  Quadratrix,  &c. 

Proportion  XIX, 


THE  firfi  conchoid  s/Nicomedes  Bbb  (Fig.  no  )  on  both 
fides  of  the  perpendicular  cDb  approaches  nearer  always  to 
the  direblrix  or  horizontal  line  AE ,  and  yet  will  never  coincide 
with  it ,  altho  it  be  conceived  to  be  produced  on  both  fides  ad 
infinitum* 

' 1  /  '  ’  4  ■  ‘  .  V 

^ewonftrstjow. 

For  fince  only  D b  is  perpendicular  to  AE,  and  all  the  reft 
ah  are  fo  much  the  more  inclined  to  it  by  how  much  the  more 
remote  they  are  from  the  middle  one  Db,  and  all  in  the  mean 
while  are  equal  both  to  it  and  to  one  another,  by  Defi  13.  it 
is  evident  that  the  points  b  and  B  will  come  fb  much  the  near¬ 
er  to  AE,  by  how  much  the  farther  they  recede  from  the  mid¬ 
dle  line  Db.  And  yet  becaufe  the  lines  BAC  and  bac  are  all 
right  ones,  whole  points  A,  a ,  are  in  a  right  line  AE  it  is  e- 
qually  as  impoffible  that  the  point  b  or  B,  which  is  always  in 
the  conchoid  fliould  ever  touch  this  right  line,  as  it  is  impof¬ 
fible  that  the  point  C  fhould  be  In  it,  by  vertue  of  the  afore'* 
cited  JDefi  E,  D 
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Proportion  XX. 

YET  no  other  right  line  can  he  drawn  between  the  dire - 
ffrix  s4E  and  the  conchoid ,  but  what  will  cut  it  if  pro¬ 
duced. 

« 

3E>emonfffatfori, 

v  1 

For  if  fuch  a  right  line  be  made  parallel  to  AF,  as  GH, 
and  you  make,  as  DI  to  IC  fo  D h  to  a  fourth,  which  will  be 
greater  than  1C,  as  Dh  is  greater  than  DI,  and  confequently, 
if  making  th  at  an  interval  you  draw  the  circular  arch  from  C, 
it  will  neceffarily  cut  the  line  GH  e.  g.  iri  G.  Drawing  there¬ 
fore  GzG.  you’i  have  as  DI  to  1C  fo  aG  to  GC,  i.  e .  to  that 
fourth  proportional  before  found,  by  vertue  of  Prop.  34.  Uh.  1 . 
but  as  D I  to  IC,  fo  was  alfo  Dh  to  the  fame  fourth  by  Con- 
ifruc.  Therefore  aG  and  Dh ,  which  have  both  the  fame  pro¬ 
portion  to  the  fame  quantity,  are  equal ;  and  confequently  the 
point  G  is  in  the  conchoid  by  virtue  of  Def.  13.  and  confer 
quently  the  right  line  GH  being  produced  v/ill  cut  that  pro¬ 
duced  alfo,  on  both  fides,  by  the  fame  reafon.  Much  more, 
will  it  cut  it  on  either  fide  if  it  be  not  parallel  to  the  diredfrix 
AE,  which  is  very  obvious.  Therefore  no  right  line  can  be 
drawn  between  the  conchoid,  &c.  Q_  E.  D. 


CON  SECT  ARY. 

HEnce,  befides  orher  Problems,  that  may  be  very  eafdy 
folved,  which  requires,  having  any  rectilinear  angle  gi¬ 
ven  ABC  {Fig  143O  and  a  point  without  it,  from  that 
point  to  draw  a  right  line  DEF,  fo  that  part  of  it  EF,  which 
is  intercepted  between  the  legs  of  the  angle,  (hall  be  equal  to 
a  given  line  Z.  For  if  you  draw  the  perpendicular  DGH  from 
the  given  point  D  through  the  neared  leg  of  the  angle  BC, 
and  make  GH  equal  to  the  given  line  Z,  and  from  the  center 
C  at  the  interval  GH  delcribe  the  conchoid  1HK,  which 
will  be  neceilarily  cut  by  the  other  leg  of  the  angle  by  vertue 
of  the  preient  Prop.  e.  g.  in  F,  the  line  DF  being  drawn  will 

11  give 
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give  the  intercepted  part  s:  GH  by  the  nature  of  the  conchoids 
and  confequently  a  to  the  given  line  Z . 

S  C  H  0  L  I  V  M. 

BY  means  of  this  Confecfary  Nicomedes  fblves  that  noble 
Problem  of  finding  two  mean  proportionals,after  this  way, 
which  we  will  here  fhew  from  Eutocim,  but  drawn  into  a 
compendium,  and  fomewhat  changed  as  to  the  order.  Let 
two  given  lines  AB  and  BG  (Fig.  144.)  between  which  you 
are  to  find  two  mean  proportionals,  be  joined  together  at  right 
angles,  and  divide  both  into  two  parts  in  D  and  E,  and  ha¬ 
ving  compleated  the  rectangle  ABCL,  from  L  thro’  D  draw 
LG  to  BC  prolonged  ;  fo  that  after  this  way  GB  may  become 
K  AL  or  BC:  Having  let  fall  a  perpendicular  from  E  cut  off 
from  C  at  the  interval  CF  K  AD  the  part  EF,  and  having 
drawn  FG  make  CH  parallel  to  it  ;  and  laftly  thro’  the  legs 
of  the  angle  KCH  draw  the  right  line  FHK,  fo  that  the  part 
HK  fhall  be  equal  to  the  line  CF,  by  the  preceding  Confedh 
and  alfb  draw  the  right  line  KM  from  K  thro’  L  to  the  con¬ 
tinued  line  BA  :  All  which  being  done,  CK  and  AM  will  be 
two  mean  proportionals  between  AB  and  BC  ;  which  after 
our  way  we  thus  demonftrate:  By  reafon  of  the  fimilitude  of 
the  A  A  MAL  and  LCK 

MA  is  to  LC  or  AB  as  AL  or  BC  to  CK 

b  n —  ~  cb  — - ■ — -»  c  ■■  ■  — .  ec 

and  moreover, 

as  MA  to  AD  fo  GC  to  CK  i.  e.  FH  to  HK 

b< - \  eb — zc—*-ec  by  reafon  of  GF  and  CH  be¬ 

ing  parallel,  by  ConfeB.  4.  Troy.  34.  lib .  1 .  therefore  fince 
HK  is  r:  AD  ~  (,eb>  FH  will  be  m  A  £3  b,  and  eonfequent- 
ly  MD  s  FK,  <i nz.  both  h-\  \eb,  and  the  fquare  of  both 
—  bb  f  eb  -f  l  eebb  a  □  EF  f  EK  by  vertue  of  the  Tythag< 
Theor.  Now  if  to  thefe  equal  quantities  you  add  the  equal 
□  □  DX  and  EC  K  their  lum,  viz.  □  MD  f  □  DX 
i.  e.  □  MX  will  be  bb  ebb  f  \  eebb  -f  \cc>  equal  to  the  film 
of  thefe,  viz.  □  EF  f  □  EC  /.  e.  □  CF  (by  the  Tytbag. 
Theor.  or  EX  by  Conftrudh )  f  □  KX  •  whence  thefe  two 
things  now  follow*:  1 .  That  the  lines  MX  and  KX  are  equal. 
2 ,  If  from  thofe  equal  Turns  you  take  away  the  qpmmon  quan¬ 
tities 
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titles  4  eebb  *(*  \  ccy  the  remainders  will  be  equal,  •viz,,  bb  -j*  ebb 
a  ecc  -{■  eecc  ;  and  (Tnce  the  part  taken  away,  •viz,,  bb  is  ma* 
nifeftly  to  the  other  part  taken  away,  ? viz,  ecc  as  the  remain¬ 
der  ebb  to  the  remainder  eecc ,  and  the  whole  with  the  parts 
taken  away  and  the  remainders  are  in  the  fame  proportion  by 
Frop.  2 6.  lib.  1 .)  feparately  alfo  bb  will  S  ecc  and  ebb  |zj  eecc. 
But  from  the  latter  equation  It  follows  that 

as  eb  to  ec  fo  ec  to  b  by  vertue  of  the  T9 .Frop.  lib.  u 
AB  to  CK  fo  CK  to  MA 

and  by  the  fame  reafon  it  follows  from  the  former  Equation 
as  ec  to  b  fo  b  to  c 

CK  to  MA  fo  MA  to  BC  i.  e.  CK  and  MA  are  two 
mean  Proportionals  between  AB  and  BC.  Q^E.  D. 

From  which  dedu&ion  you  have  alfo  manifelt  the  foun¬ 
dation  of  that  mechanical  way,  which  Hiero  Alexandrinus 
makes  ufe  of  in  Eutocius ,  lib.  2.  of  the  Sphere  and  Cylinder , 
and  which  Swenterus  has  put  into  his  p  radical  Geometry  lib.  1. 
Tratt.  1.  Frop.  23.  when,  viz,  having  joined  in  the  form  of 
a  redangle  the  given  right  lines  AB  and  BC  (Fig*.  145V  and 
continued  them  at  the  other  ends,  he  fo  long  moves  the  ruler 
in  L,  having  a  moveable  center,  backwards  and  forwards, 
’till  XK  and  XM  by  help  of  a  pair  of  compaffes  are  found 
equal.  To  which,  another  way  of  Fluids  is  not  unlike,  and 
flows  from  the  fame  fountain,  wherein,  having  made  on  AC 
a  femicircle,  the  moveable  ruler  in  L  is  fo  long  moved  back- 
warks  and  forwards,  until  LM  and  NK  are  found  equal : 
Which  feems  to  Eutocius  to  be  more  accommodated  to  pradice, 
and  ealier  to  be  perform  d  by  help  ol  a  ruler  divided  into  fmali 
equal  particles. 

Propoftion  XXL 

IF  from  any  point  of  the  other  diameter  in  the  generating  cir¬ 
cle  e.g.  fromG  (Fig.  i  11.  n.  1.)  you  draw  a  perpendicu¬ 
lar  GE  thro1  the  cijjo.id  of  Dlocles  .  the  lines  CG,  GE}  GD,  and 
G  H  will  be  continual  proportionals. 


U  2 


\ 


Vernon* 
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J^eroonffratfon, 

For  fmcc  GE  and  IF,  as  right  fines,  and  nlfo  GD  and  IC 
as  verfed  lines  of  equal  arches  by  the  Hypoth.  are  equal ; 
you  1  have  as  ID  to  IF  (i.  e.  CG  to  GE)  lo  IF  to  1C  (i.  e. 
GE  to  GDJ  per  n.  3.  Schcl.  %.  Prep.  34  lib.  i .  But  GD  is  to 
GH  as  ID  to  IF  ( [i .  e.  as  GE  to  GD )  by  the  forccited  Prop. 
34  lib.  1.  Therefore  CG  to  GE,  GE  to  GD,  and  GD  to 
GH,  are  all  in  the  lame  continual  proportion,  E.  D. 

CON  SECT  A  R  Y.  -  <  ■ 


HEnce  it  was  eafie  for  Diodes  to  find  two  mean  proportio¬ 
nals  x  and  y  between  two  given  right  lines  V  and  Z  ; 
{Pig.  146  )ior  he  madef having  firft  defcribed  his  curve  DHB jas 
V  to,  Z  fo  CL  to  LK5and  having  drawn  CKH  to  the  curve, 
and  thro5  H  the  perpendicular  GE,he  had  between  CG  and  GH 
two  mean  proportionals  GE  and  GD  by  vertue  of  the  pre- 
fent  Prep,  when  in  the  mean  while  CG  the  fiffit  would  be  to 
GH  the  laft,  as  CL  to  LK,  i.  e.  as  the  firIF  V  to  the  laft  Z 
given  by  vertue  of  the  Conftr.  Therefore  nothing  remain’d 
but  to  make,  1.  as  CG  to  GE  fo  V  to  Xj  and  laftly,  as  GE 
to  GD  fo  x  to  y. 


j 


.5  C  H  0  L  I  V  M. 

V  -  *  tS 

.  1  v  ''  '  ,  ♦  ,  -  1 

IT  may  not  be  amifs  fo  mention  here  another  way  of  find 
ing  two  mean  proportionals  between  any  two  given  lines  by 
the  help  of  two  Parabola’s,  which  Menechnms  formerly  made 
the  of,  viz,,  by  joining  at  right  angles  the  given  lines  AB  and 
BC  ( Fig.  1  47  )  and  prolonging  them  asoccafion  (hall  require  / 
thro’  E  and  D  j  and  then  deferibing  a  Parabola  about  BE  as 
its  axis,  lb  made  that  BC  fhali  be  its  Latus  Redum,  and  in  like 
manner  deferibinp-  another  Parabola  about  BD.  as  its  ax,  that/ 

I  hall  have  AB  for  its  Latus  Re  Hum]  and  that  fhali  cut  the  for¬ 
mer  in  F  :  Which  being  done,  the  ferhiordinate  F£  (or  BD- 
which  is  equal  to  it)  being  drawn  to  the  point  of  Interfedrion 
F,  will  be  the  two  mean  proportionals  fought.  For  by  ver¬ 
tue  of  th£ fourth  Confc diary  6f  prop.  1.  at  this  Book,  DF  or 

,  '  BE ' 
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BE  is  t  mean  proportional  between  AB  and  BD,  and  in  like 
manner  EF  or  BD  is  a  mean  proportional  between  BE  and 
BC,  and  conlequently  as  AB  to  BE  fo  BE  to  BD,  and  as  BE 
to  BD  fo  BD  to  BC;  Q.E.  D. 

To  this  way  of  Menechmus  that  of  Des  Cartes  is  not  unlike, 
which  he  gives  us  p.  m.  91.  except  only  that  inftead  of  two 
Parabola’s,  he  makes  ufe  only  of  one  and  a  circle  in  room  of 
the  other :  In  imitation  of  whom  Renatas  Francifcus  Slujius 
has  fince  {hewn  infinite  methods  of  doing  the  fame  thing  by 
help  of  a  circle,  and  either  infinite  Ellipfe  s  or  Hyperbola’s,  in 
his  ingenious  Treutife  which  he  thence  names  his  Mefolahium . 

Proportion  XXII. 

ANT  femiordinate  of  the  Cycloid  as  BF  (Fig.  148.J  or  bf 
is  equal  to  its  corresponding  Sine  in  the  generating  circle 
as  BD ,  bf  togetl  er  U’ito  the  arch  of  that  (me  AD  or  Ad. 

^emonftrfftton, 

^  •  .  >  ■  f  \ 

For  the  motion  of  the  point  A  defcribing  the  lemi- cycloid 
AFE>  by  Def  t  1.  is  compounded  of  the  motion  of  the  orb 
( or  wheel)  B  along  the  lemi-circle  ADC,  and  of  the  motion 
of  the  centre  along  the  right  line  BC  equal  to  CE,  and  conle¬ 
quently  to  the  lemi  circle  it  lelf,  or  motion  of  the  orb,  There¬ 
fore  as  the  point  A  moving  to  E  by  the  motion  ol  the  orb  (or 
wheel)  moved  or  was  carried  from  the  diameter  AC  thro5  the 
whole  lemi  circle  ADC  ’till  it  came  to  AC  again,  and  by  the 
motion  of  the  Centre  paffes  thro7  the  whole  Ipaee  EG  or  CE,  . 
which  is  equal  to  the  lemicircular  arch;  thus  the  fame  A, 
when  come  to  F,  will  have  delcrib’d  the  quadrant  AD,  by 
moving  from  the  diameter  AC  the  quantity  of  the  line  BD, 
and  moreover  by  the  motion  of  its  centre  (which  is  equal  to 
the  motion  of  the  Orb)  moves  from  AC  the  fpace  of  DF;  And 
fo  the  lemiordinate  BF  will  be  equal  to  the  arch  AD  and  to  its 
line  BD  taken  together ;  and  in  like  manner  the  lemiordinate 
bf  will  be  equal  to  the  arch  A d  and  its  line  bd ,  6cc.  Q^E-  D, 

1 

CON- 
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CONSECTARY  I. 


HEnce  may  be  eafily  aflign'd  by  help  of  the  cycloid  a  right 
line  equal  to  the  femi-periphery  or  any  given  arch  AD 
or  A d\  CE  double,  or  taken  twice  for  the  whole  circum¬ 
ference,  and  fingle  for  the  femi-periphery  or  half  circumfe¬ 
rence,  DF  for  the  quadrant  Ad ,  df  for  the  arch  AD,  &c. 

i  r  I 

CONSECTARY  II. 


WHerefore  the  quadrature  of  the  circle  may  be  geome¬ 
trically  obtain’d  according  to  Confeff.  z.  of  Def  if. 

lib.  i. 

CONSECTARY  III. 

1  *  J  '  ;  '  ;  '  , 

IF  you  take  Be,  be9  double  of  the  fines  BD,  bd9  &c.  fb  that 
all  the  indivifibles  bd  taken  together,  may  be  to  all  the  in- 
divifibles  be  taken  together  as  BD  to  Be,  a  curve  defcribed  thro’ 
the  points  e  will  be  an  ellipfis  by  Frop  1 1.  and  the  curviline* 
ar  Ipaee  ADC^A  will  be  equal  to  the  femicircle  ACDA. 

.  '  CONSECTARY  IV. 

AND  fince  DF  (i.e,  DtffeF)  is  equal  to  the  quadrant 
DA,  by  vertue  of  the  prefent  Prop.  BD  f  FG  will  be 
alio  equal  to  the  quadrant  (becauie  the  whole  BG  or  CE  is  £2 
to  a  femicircle)  and  confequently  eF  and  FG  will  be  equal ; 
jn  like  manner  fince  df  both  above  and  below  is  equal  to  the 
arch  VA,  below  bd  f  fr  will  be  r:  to  the  remaining  Arch  dC: 
and  above  bd  f  ef  (t.  e.  df)  will  be  equal  to,  the  equal  arch 
dA.  Therefore  ef  above  and  fg  below  are  equal,  and  (fince 
the  fame  may  be  fhewn  of  all  the  indivifibles  of  the  fame  fort 
throughout)  the  trilinear  figure  FGE  will  be  equal  to  the  tri- 
linear  cFA. 

..  J  -  '  ■  - 


•  Frapo * 


' 

'  ■  f 


/ 


-\ 


S  X  > 


,V 


:>h,. 


**V- 


The  Elements  of  the  Mathematicks.  225 
Propofttion  XXIII. 

THE  cycloidal  fpace  is  triple  of  the  generating  circle  i.e.  the 
fe mi-cycloidal  fpace  AECA  is  triple  of  the  femi-circle 

ADCA. 

3E>entonffratw». 

r  *  '  < 

Since  the  parallelogram  BCEG  is  equal  to  the  whole  circle 
by  Confeff.  z.  of  Def.  i  y.  lib.  i .  i  e.  to  the  femi  ellipfe  AeCA, 
by  the  prelent  conftru6Hon  the  Trapezium  OGE  will  be  equal 
to  the  quadrant  of  the  ellipfe  or  the  femi-circle.  But  the  trili- 
near  fpace  FEG  is  tzj  to  the  trilinear  fpace  FAe,  by  the  fourth 
Covfeff.  of  the  preced.  therefore  alfo  the  trilinear  fpace  AeCEA 
is  equal  to  the  femi-circle.  Therefore  the  whole  cycloidal 
fpace  is  equal  to  the  three  femi -circles.  E.  D. 

Or  thus. 

Since  the  whole  parallelogram  AE  is  equal  to  two  circles 
and  the  femi  -  ellipfe  AeCA  toon'3  •  the  remaining  fpace  AeCEC 
to  one  circle,  and  its  half  AeGC  to  a  femi-circle.  But  the  tri-  J 
linear  fpace  AeF  is  equal  to  the  trilinear  (pace  FGE  by  Confeff. 

4.  of  the  preced.  Therefore  the  one  being  fubflituted  in  the 
other’s  place  the  trilinear  fpace  AFEC  will  be  equal  to  the  fe¬ 
mi-circle:  Therefore  the  remainder  of  the  Parallelogram,  i.  e. 
the  cycloidal  fpace  AFECA  will  be  equal  to  three  femi-circles. 
Q_E.  D. 

SCHOLIUM. 

TO  thefe  fhort  Demonftrations,  which  we  confefs  we  owe 
for  the  moft  part  to  Hon.  Faber,  we  will  fubjoin  another 
fomewhat  more  prolix,  but  yet  not  unpleafant,  which  we  find 
in  Carolus  Renaldinus ,  lib.  i.  de  Rejol.  &  Compof.  Math.  p.  Z99‘ 
But  here  we  will  give  it  the  Reader  more  plain,  and  free  from 
all  Scruples,  and  likewife  much  eafier.  It  is  perform’d  in  thefe 
inferences,  I .  That  the  right-lined  Parallelogram  Abaft 

(Fig.  149  n.  1  )  is  equal  to  the  curvilinear  (pace  AbddBDA. 

z.  T  hat 
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z.  That  as  that  is  divided  into  two  equal  parts  by  its  right  li¬ 
ned  diagonal  A a9  fo  likewife  is  this  by  the  femi -cycloid  A aay 
fo  that  the  right  lined  triangle  A^B  is  equal  to  the  curvilinear 
fpace  A^BDA.  g.  Therefore  the  one  as  well  as  the  other  is 
equal  to  the  generating  circle  j  and  confequently,  4  if  to 
this  curvilinear  fpace  there  be  added  the  femi-drcle  ADBA 
the  femi- cycloidal  fpace  A^BA  will  be  equal  to  three  femi-cir- 
cles  The  farfh  is  evident,  while  if  you  take  from  the  right 
lined  parallelogram  the  femi-circle  ADBA  on  the  one  fide,  and 
on  the  other  add  the  femi-circle  abda9there  willarife  the  curvi¬ 
linear  Parallelogram.  The  third  is  evident  from  Confetl .  2. 
Def  1  y.  lib.  1.  Becaufe  the  line  ]B  a  is  equal  to  the  femi -peri¬ 
phery,  which  multiplyed  by  the  diameter  BC  gives  the  area  of 
the  circle.The  fourth  is  felf  evident ;  and  fo  there  remains  only 
the  fecond  to  be  demonftrated,  •viz.  That  the  curvilinear  paral  - 
lelogram  is  divided  into  two  equal  parts  by  the  cycloid,  i.  e . 
that  the  external  trilinear  Figure  A adbk  is  eqaal  to  the  inter¬ 
nal  one  A^BDA  ;  which  may  be  thus  fhewn  :  Having  divi¬ 
ded  the  bafe  into  three  equal  parts,  and  drawn  thro7  them 
three  femi- circles,  and  moreover  the  tranfverfe  right  lines  Dd 
and  Ee  thro’  the  interfe&ions  of  the  fem-icircles  and  the  cy¬ 
cloid  *  it  is  certain  from  the  genefis  of  the  cycloid,  by  vertue 
of  the  Conf  of  Def  11.  that  as  the  right  line  ai  is  a  third 
part  of  the  whole  fo  the  arch  la  is  a  third  part  of  the  ge¬ 
nerating  periphery,  and  by  the  fame  reafon  the  arch  za  two 
thirds,  and  io  the  remaining  arch^n  alfo^  in fh much  that 
the  firft  arch  1  a>  and  the  laft  a  1 1,  and  confequently  their  right 
fines  afl  ag ,  and  likewife  their  verfed  ones  /x,  gi  1,  are  equal, 
and  lo  the  curvilined  partial  Parallelograms,  both  above  and 
below,  ail  upon  equal  bales,  tmd  of  the  fame  height  (viz,. 
the  two  linear  ones  aezi  and  da  11.  1.)  are  equal  among 
themfeives,  and  fo  likewife  the  two  pricked  or  pointed  ones  Da 
2B  and  ae  bi .  Wherefore  if  now  the  bale  Ba  (n.  z  )  be  con¬ 
ceived  to  be  divided  into  fix  equal  parts,  and  having  drawn 
femi-circles,  and  tranfverfe  lines  thro’  their  interfedtions  with 
the  cycloid,  the  arches 
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and  fo  the  verfed  fines  of  each,  /.  e.  the  altitudes  of  the  corre- 
fponding  parallelograms  will  be  equal,  and  confequendy  the 
parallelograms  of  the  internal  and  external  trilinear  lpace  that 
are  alike  noted  or  figned  will  be  equal  to  each  other  Now 
this  infoription  of  curvilinear  parallelograms  always  refpebfive- 
ly  equal  both  in  number  and  magnitude,  fince  it  may  be  con¬ 
tinued  in  both  the  trilinear  figures  ad  infinitum  it  will  evi¬ 
dently  follow,  that  the  trilinear  figures  themfelves,  whofo  in¬ 
finite  infcripts  are  always  equal,  will  be  like  wife  equal  to  one 
another* 

Propofition  XXIV. 

THE  bafie  of  the  quadratrix  AE  (  Fig.  15*0  )  and  toe  fie - 
midiameter  of  the  generating  quadrant  AD  and  the  qua¬ 
drant  it  fielf  BD  are  in  continual  Proportion. 

* 

,  ^emonffrattoiT, 

1  1 

j  • 

For  the  quadrant  DB  is  to  the  radius  DA  as  the  arch  IB  to 
the  perpendicular  He  by  Confiedi.  1.  Defi.  16  and  \b  is  to  Me 
as  A b  to  Ae  by  Prop.  34.  lib.  1.  But  the  arch  IB  (If  it  be  con¬ 
ceiv’d  to  be  lefs  and  lefs  ad  infinitum )  will  at  length  coincide 
with  \b,  as  ending  in  the  fame  moment  in  the  point  B,  where* 
in  He  will  end  in  the  point  E,  and  fo  Ae  will  end  in  AE  and 
Ab  in  AB.  Therefore  at  length  DB  will  be  to  DA  as  IB  (i.  e* 

1  b)  to  He,  i.  e ,  as  Ab  to  Ae,  i.e.  as  AB  (or  DA)  to  AE. 
Q.E.  D.  *  ,  \  ,  v  :  ‘ 

I  .)(  '  J  ) 

SC  H0L1VM  I. 

CLavitts  about  the  end  of  the  fixth.  Book  of  Euclid ,  and  o- 
thers, demon  (Irate  this  indire&ly  by  a  deduction  ad  Ab- 
fiurdum ,  or  concluding  the  oppofite  much  after  this  manner  : 
if  DA  orAB  is  not  to  AE  as  DB  to  DAduppofe  it  to  be  fo  to  the 
greater  A f  or  the  lefs  Ae.  in  the  firft  cafe  therefore,  becauie 
AB  is  to  A f  as  DB  to  DA  per  Hypoth.  1.  e  as  K f  to  Afi  the 
quadrant  Kj^and  the  radius  ABor  DA  will  be  equal.But  as  BD 
is  to  IB  fo  is  K f  to  Hf  by  reafbn  of  the  fimilitude  of  the  arches ; 
and  as  BD  to  IB  fo  alfo  DA  (or  rj  K f)  to  the  fine  He,  by 

X  Confif. 
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ConfeB.  i.  Def  16 .  Therefore  the  fine  He  and  the  arch  Hf 
(to  which  the  fame  K f  bears  the  fame  proportion)  will  be  e- 
qual :  wh'ch  is  abfurd.  In  the  latter  cafe,  becaufe  AB  would 
be  to  Ae  as  B  to  DA  by  the  hypoth.  i.  e*  as  Le  to  A?,  the 
quadrant  Le  and  the  radius  AB  or  DA  would  be  again  equal. 
But  as  BD  is  to  IB  (o  is  Le  to  Me  by  reafbn  of  the  fimiiitude 
of  the  arches,*  and  as  BD  to  IB  fb  alfb  is  DA  (i.  e  K  DeJ  to 
He  by  enfeff.  i.  Def  1 6.  Therefore  the  tangent  and 
the  arch  Me  (to  which  the  fame  L e  bears  the  fame  proporti¬ 
on  ’  wifi  be  equal,  which  is  again  abfurd.  Wherefore  BD  is  to 
DA,  not  as  D  A  to  a  greater  A f  or  a  lefs  Ae  •  therefore  as 
DA  to  AE.  Q^E  D. 

?  CONSECTAR  Y  I. 


WHerefore  it  is  evident  from  what  we  have  deduced,  if 
by  means  of  the  bale  of  the  quadratrix  AE  you  draw 
a  quadrant  the  fide  of  the  quadratrix  DA  will  be  equal  to  it, 
and  conicquenrly  double  of  the  femfperiphery,  and  quadruple 
of  the  whole  periphery. 

CON  SECTARY  II. 


IT  is  evident  alio  that  you  may  obtain  a  right  line  equal  to 
the  qr  drant  DB  of  any  given  circle,  if^  having  deferibed 
a  quadrab  ix,  you  make  as  AE  to  AD  fo  AD  to  a  third  equal 
to  the  q  r. drant  DB:  Which  third  proportional  taken  tour 
times  will  be  equal  to  the  whole  periphery. 

;  *  i  „  -■  i 

CON  SECTARY  III. 


YOU  may  al(b  obtain  a  right  line  equal  to  any  lefs  arch, 
if  you  make  as  DA  to  He  fo  a  third  proportional  found 
(i  e  the  quadrant  DB)  to  a  fourth,  by  vertue  of  Conf  l 
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CONSECTARY  IV. 


by  vertue  of  ConfeB  Def  16  Lb  may  be  Geometrical¬ 
ly  obtain'd  if  the  Quadratrix  might  be  number’d  among  Geo¬ 
metrical  Curves. 

S  H  C  O  L  IV  M  II: 

CLa'vius  was  alio  of  this  Opinion  in  the  book  afore  menti¬ 
oned,  who  thought  that  if  the  quadratrix  be  excluded 
out  of  the  number  of  geometrical  curves,  by  the  (ante  realon 
you  may  alio  exclude  the  ellipfe,  parabola,  and  hyperbola, 
fince  they  as  well  as  this  are  commonly  defcribed  thro  innu¬ 
merable  points.  But  by  that  great  Man’s  leave,  we  may  de¬ 
ny  this  confequence,  by  the  fame  realon  as  Les  Cartes  has  de- 
ny’d  the  converfe  of  it  in  his  Geom  p.  1  8.  and  19.  by  vertue 
of  which  he  fufpecls  the  ancients  took  the  conick  lections ,  &e. 
for  mechanick  or  non-geometrick  lines,  becaule  they  did  the 
fpiraL,  quadratrix,  &c.  for  fuch.  But  this  is  the  difference 
between  the  delcription  of  the  quadratrix  and  the  conick  fe£K- 
ons  thro’  points,  that  all  and  every  of  the  points  of  the  conick 
fe6f  ions,  relating  to  any  given  point  of  the  axis,  may  be  geo¬ 
metrically  determin’d  ;  but  all  the  points  of  the  quadra¬ 
trix  promifcuoufly  related  t6  any  point  of  the  generating  qua- 
drant,cannot  be  geometrically  determin’d  but  only  thole  which 
refpedf  fome  certain  point,  from  which  the  quadrant  may  be 
divided  into  two  arches  of  known  proportion.  For  iff  e  g. 
in  the  quad r.  lit  BD  the  point  X  be  given  at  pleaiure,  it  will 
be  impoilible  by  Clavms  s  Rule  to  define  a  point  of  the  quadra¬ 
trix  anfwering  to  it,  becaufe  the  proportion  of  the  arches  DX 
and  BX  is  unknown,,  and  confequently  neither  can  a  propor¬ 
tional  fedlion  of  the  right  line  AD  be  made  :  Not  to  mention 
that  the  laft  point  E  (which  is  the  primary  and  moil  nectffary 
one  to  the  quadrature^even  by  Clavlus's  own  conn  iiion  cannot 
be  geometrically  defined.  We  may  pals  the  like  judgment  on 
Archimedes* s  Ipirai  and  fuch  like  curves,  which  are  conceiv’d  to 
be  defcribed  by  two  motions  independent  on  one  another  ,  as 

X  2r  will 
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will  be  manifeft  to  any  one  who  compares  the  genefis  of  the 
fpiral  with  that  of  the  quadratrix  and  what  we  have  hitherto 
laid  Whence  neither  will  Monantholius’ s  trifedfion  of  a  gi¬ 
ven  angle  (which  he  effays)  by  means  of  a  fpiral  be  enough 
geometrical ;  which  in  his  Book  de  VunUo^  Cap.  7.  p.  24. 
he  attempts  to  perform  thus :  To  the  centre  of  a  defcribed  fpi¬ 
ral  and  its  firft  helical  or  fpiral  line  BA  (Fig.  iyi.)  he  applies 
the  angle  ABC  equal  to  the  given  one  abc  ;  then  having  drawn 
circles  thro5  F  and  A  where  the  legs  of  the  angle  cut  the  lpi- 
ral,  he  divides  the  intermediate  fpace  DA  into  three  equal  parts 
in.  1,  and  K  :  And  then  thro’  thefe  points  he  draws  circles  cut- 
ing  the  helix  in  L  and  M  ;  and  laftly  having  drawn  BLN, 
BMO,  he  eafily  demonftrates  from  the  genefis  of  the  fpiral 
that  the  arches  AO,  ON,  NC  are  equal.  And  fo  after  the 
fame  manner  not  only  any  angle  or  arch,  but  the  whole  peri¬ 
phery  may  be  geometrically  divided  into  as  many  parts  as  you 
pleale  }  only  fuppofing  that  this  fpiral  line  may  be  numbred 
among  geometrical  ones ;  as  we  have  heretofore  hinted  that 
the  cycloid,  conchoid,  ciffoid,  and  logaritbmical  curve,  &c . 
might  be  ,  and  we  have  above  fixteen  Years  ago  declared  our 
opinion  for  it  in  our  German  Edition  of  Archimedes ,  and  now 
are  therein  confirm  d  by  thole  celebrated  Mathematicians  Leib¬ 
nitz >,  Craige ,  c ?Tc.  who  number  lines  of  this  kind,  altho7  they 
cannot  be  expreffcd  by  our  common  equations,  among  geome¬ 
trical  ones,  notwithftanding  the  contrary  opinion  of  Des  Car¬ 
tes ,  &c.  becaufe  they  admit  of  equations  of  an  indefinite  or 
tranfcdndent  degree,  and  are  capable  of  a  Calculus  as  well  as 
others,  tho;  it  be  of  a  nature  and  kind  different  from  that 
commonly  ufed.  See  the  Afita  Erud ,  Lipfk  arm .  84.  p.  234. 
and  arm.  86.  p.  292.  and  294. 
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CHAP,  VI. 

The  Conclufion,  or  Epilogue  of  the  whole  Work . 

NO  W  we  may  at  length  underftand  what  Homratus  Fa* 
bn  delivers  concerning  the  diftribution  of  flgurate  mag¬ 
nitudes  into  certain  Claffes,  in  his  Synopfis  Geom.  p.  57.  and 
the  following. 

1 .  The  fir  ft  Gaffe  contains  elementary  figures,  or  equal  in- 
divifibles,  fuch  as,  1.  All  Parallelograms,  as  the  Square,  Ob¬ 
long)  Rhombus  and  Rhomboid,  the  elements  whereof  are  e- 
qual  right  lines,  as  in  Dcf  iz.  lib.  t.  k  2.-  Convex  or  con¬ 
cave  -Surfaces,  the  elements  whereof  are  curve  lines  moved 
thro7  right  lines  by  a  parallel  motion  ;  among  which  are  chiefly 
reckon’d  cylindrical  furfaces,  whereof  fee  Def.  16.  lib.  1.  about 
the  end,  3.  Parallelepipeds,  and  among  them  the  cube, 
whole  indivifibles  are  Iquares,  or  other '  Parallelograms. 
4.  Prifms  made  by  the  motion  of  a  Triangle,  Trapezium,  or 
any  Poly gonous  Body,  along  a  right  line,  all  the  indivifibles 
whereof  are  confequently  fimilar  and  equal  to  the  generating 
plane. 

z.  The  fecond  Claffe  contains  Figures  whole  Elements  de- 
create  in  a  Ample  arithmetical  Progreflion  ,  luch  are,  i-  Tri¬ 
angles,  as  is  evident  from  Prop,  37.  lib.  j.  z.  The  circle, 
and  its  Sedfors,  as  relolvible  into  concentrick  Peripheries  ac¬ 
cording  to  Ccnf  1.  and  3.  of  the  aforecited  Prop .  3.  The 
Cylinder  as  relolvible  into  concentrick  cylindrlck  Surfaces,  as 
its  indivifibles.  4.  The  Surface  of  a  Cone,  whole  elements 
are  circular  Peripheries,  and  alfo  of  the  Pyramid  whole  indivi¬ 
fibles  are  Amilar  angular  Peripheries  every  where  increahng  in 
arithmetical  Progreflion.  y.T'he  Parabolick  Conoid^hoih  indivi- 
Ables  are  Circles  according  to  the  proportion  of  the  ablcifla’s  in 
arithmetical  Progreflion,  by  vertue  of  Prop ^  1 4,  lib.  z.  &'c. 

3.  The  third  Claffe  contains  elementary  Figures  increaflng 
in  duplicate  arithmetical  Progreflion  ,  fuch  are,  1 .  The  Py¬ 
ramid  and  Cone,  the  Aril  whereof  may  be  relolvM  into  an¬ 
gular  Planes,  the  lecond  into  circular  ones  increaflng  accord¬ 
ing  to  a  feries  of  fquare  numbers ,  as  is  evident  from  Prop.  38. 

lib 4 


222  Mat  he  ft s  Enucleata  :  Or, 

lib.  i.  and  its  Confedhry.  2.  The  trilinear  parabolick  Spaced 
as  defin’d  Prop.  io  lib,  2.  by  the  letters  Eb  KK.  3.  The 
Sphere,  as  far  as  it  may  be  refolved  into  fphericai  concentrick 
Surfaces,  every  one  whereof  may  be  confider’d  as  a  bale,  tak¬ 
ing  the  ferrfidiameter  for  the  altitude.  4.  The  Cone,  as  re- 
folvible  into  parallel  conical  Surfaces  defcrib  d  by  the  parallel 
indivisibles  of  the  Triangle  y.  The  remainder  of  a  Cy¬ 
linder  after  an  Hemifphere  of  the  fame  bafe  and  altitude  is  tak¬ 
en  out,  according  to  Sc  hoi  1  of  Prop).  39.  lib  i. 

4  The  fourth  Claffe  would  comprehend  all  magnitudes  re- 
folvibk  into  dements  or  indivihbles  increafing  in  triplicate^ 
quadruplicate,  &c  Arithmetical  Progreffion  ;  fuch  we  have 
not  treated  ot,  but  may  be  found  among  Planes  terminated  by 
Curves  of  luperior  Genders  ;  fee  Fabri  c  Synopfis,  p.  m.  67* 

5.  The  fifth  Claffe  is  of  thole  Magnitudes,  whole  indivifi- 

bles  decreafe,  proceeding  from  a  fquare  number  by  odd  num¬ 
bers,  as,  3 6,  35,  32,  27,  20,  11,  &c .  fuch  are,  firft,  an 
Hemifphere,  as  is  evident  from  Prop.  39.  lib.  1.  2.  An  Hemi- 

Jpbcroid ,  as  in  Prop  15  lib  1,  3.  A  Semi-parabola,  as  may 

be  gather'd  from  the  demon  Oration  of  Prop .  1  o  lib.  2.  For 
fince  the  indivihbles  of  the  circumfcrib’d  trilinear  figure  eh  are 
found  in  a  duplicate  arithmetical  Progreflion,  4,  4,  46,  the 

indivihbles  of  the  lemi-paraboia  will  neceilarily  be  4,  4y,  42, 
Crc. 

6.  We  may  make  a  fixth  Clafle  of  thofe  Magnitudes  whole 
indivihbles  decreafe  in  a  like  Progrefiion,  not  of  the  numbers 
themfeives  aelcending  by  odd  lie ps  from  a  given  fquare,  but  of 
their  roots,  which  re  for  the  moll  part  find  ones,  fitch  as  is 
firfh  the  Semi  circle,  as  is  evident  from  Prop.  43  lib.  1*  and 
by  venue  of  Prop .  y.  Lb.  x .  and  aiib  the  femi-ellipie,  &c. 

7  The  Seventh  Cialle  comprehends  thofe  Magnitudes, 
\»hoi'e  Elements  are  in  a  Progremon  ot  a  double  (eries  of  num¬ 
bers,  as  in  the  Parabolick  Conoid ,  as  inay  be  leen  in  the  Scho* 
hum  of  Prop ,  i  6.  lib .  2. 

But,  to  >mit  the  other  Clafles  of  Magnitudes  of  a  fuperlour 
Geuder,tl  confideration  whereof  thele  Elements  either  h:  ve  not 
touch  d  on,  r  only  by  the  by  ,  fwhicii  any  one  who  pleafes 
may  he  in  t  her  s  Synopfis,  eipecialiy  tnoie  which  he  compre¬ 
hends  under  the  ox  h  and  feventh  Clafles,  p  70.  and  the  fol- 
1 ;  v  Ag)  about  thene  we  have  here  particularly  noted3  there  re- 
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main  only  two  things  to  be  taken  notice  of.  1.  That  fince  in 
the  fir  ft  Clafle  we  place  Parallelograms  and  Cylinders,  in  the 
fecond  Triangles  in  the  third  Pyramids  and  Cones,  in  the 
fifth  Hemifpheres,  in  the  fixth  fe  mi-circles,  &c  We  may 
with  Hon.  Faber  call  rbe  firft  Clafle,  that  of  Cylindrical  or 
Parallelogrammatick  Figures:  the  fecond  the  Clafle  ol  Tri- 
angular  Figures ,  the  third,  of  Pyramidals ;  the  fifth,  of  He- 
mifpherical  Figures ;  the  fixth  of  ftmicircular  ones,  <&c. 
z.  That  having  ranged  or  reduced  after  this  mantierTomoge* 
neous  Figures,  or  thofe  of  like  condition,  to  a  few  Clafles, 
their  dimenfion,  and  confequently  almoft  the  whole  bufinefs 
of  meafuring  may  be  very  compendioufly  reduc’d  to  a  few 
Rules  ;  whereof  we  will  here  give  the  Reader  a  fliort  Speci¬ 
men,  in  the  following 

CGNSECTARY8. 

I.'^pHE  dimenfion  of  Parallelogrammatick  Figures,  i.  e : 

X  of  thofe  of  the  firft  Clafle,  may  be  had,  by  multiply¬ 
ing  the  whole  bale  by  the  whole  altitude  :  See  lib.  1 .  Def.  12 » 
Conf  j.  Def.  1 8.  Conf.  6.  Def  1 6  Conf  3,  and  4. 

II.  The  dimenfion  of  Triangular  Figures,  i.  e.  of  thofe  of 
the  fecond  Clafle,  may  be  had  by  the  multiplication  of  the 
whole  Bale  by  half  the  Altitude,  or  of  half  the  Bale  by  the 
whole  altitude  ;  [fee  lib.  1.  Def.  1  2.  CojifeB.  8.  Def.  iy.  Con - 
feB.z-  Def  18  ConfeB.  4  lib.  z.Prop.  1  4  j  and  their  Pro¬ 
portion  is  to  their  refpedfive  circumfcribing  Parallelograms,  as 
1  to  2  •  [fee  befides  the  Prop,  already  cited,  lib.  1.  Prop.  37.. 
and  its  firft  ConfeB 

III.  The  dimenfion  of  Pyramidals,  i.  e.  of  magnitudes  of 
the  third  Claflls,  may  be  obtain’d  by  the  multiplication  of  the 
Bafe  by  the  third  part  of  the  of  Altitude  \  [fee  lib.  1.  Def.  17. 
ConfeB  3.  and  4  and  Def.  io.  ConfeB.  1.  &c]  and  their 
Proportion  to  the  correfponding  Figures  of  the  Clafle  of  the 
fame  Bafe  and  Altitude  is  as  1  to  3.  [fee  befides  the  Prop,  al¬ 
ready  cited  Prop.  38.  lib.  1.  and  its  Conf.  Prop.  39.  and  Schol, 
I.  lib.  2.  Prop.  10.  &c. 


IV.  The 


2M 


Mathejls  Efiucleata :  Or, 

l  ''  ^ 

IV.  The  Proportion  of  Hemifpherical  Magnitudes,  i.  e.  of 
the  fifth  Claffis  to  correfponding  ones  of  the  firft  Clafle  of  the 
fame  Bale  and  Altitude  is  as  i  to  5  ;  [fee  lib.  1.  Prop.  39. 
lib.  z.  Prop.  to.  and  i^.j  and  fo  their  dimenfion  may  be  had 
by  multiplying  theit  Bate  by  l  of  their  Altitude. 

V.  The  Proportion  of  femi- circular  Magnitudes,  i.  e .  of 
thofe  of  the  fixth  Claffe  to  fo  many  correfponding  ones  of  the 
firfi:  Claife  of  the  fame  Bafe  and  Altitude  cannot  be  expreffed 
by  whole  numbers  or  by  a  (mall  fraction  [fee  lib .  1.  Prop.  43/ 
and  lib .  z.  Prop.  1 1.]  and  confecjuently  their  exa&  numeral 
dimenfion  cannot  be  had. 
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READ 


^  I  Ar C  E  thofe  Ingenious'  Mathematicians  of  this  prefeni 
Age,  which  is  now  drawing  to  a  Conclufion ,  Vieta, 
Ougthred,  Harriot,  Cartes,  Schooten,  Beaune,  Van 
Hudde,  Heuraet,  de  Witte,  and  Slufius,  and  federal 
other  Famous  Men  coeval  with  them ,  have  by  their  Endeavours 
improved  the  Algebra  of  the  Ancients ,  raifed  it  to  vafily  an * 
higher  pitch ,  and  brought  it  from  Numbers  to  univerfal  Symbols , 
and  not  only  found  the  excellent  ufes  of  it  in  Geometry  themfelves, 
but  alfo  communicated  them  to  others  •  almofi  all  Countries  have 
furnijhed  us  with  fame  excellent  Per  fans,  who  treading  in  the 
footfaeps  of  their  Predecejfors,have  endeavoured  to  advance  it  yet 
further  :  And  even  our  Times  are  not  without  thofe  of  the  high - 
eft  rank,  as  Wallis,  Baker,  Renaldinus,  Mengolius,  Hug- 
gens,  Malbranch,  Leibnitz,  Craan,  and  fever al  others,  who 
endeavour  to  promote  this  Sconce,  defervedly.  reputed  the  very 
Apex  of  Humane  Re  a  fan,  and  carry  it  more  and  mere  towards 
its  utmoft  Perfection  by  dayly  augmenting  it  with  new  and  curious 
Inventions .  But  in  the  mean  time .  7i>hile  they  ingenious  Men 

wholly  bufe  themf elves  in  promoting  it,  there  are  few  found  who 
condefeend  to  explain  the  firft  Principles  of  it ,  and  [he w  a  ready 
way  to  young  Beginners  to  arrive  at  the  knowledge  of  .thofe  In¬ 
ventions.  It  is  not  long  fines  a  certain  fr  lend  of  mine,  who  for 
fame  time  haf  public kly  and  fuccefsfully  taught  thefe  Sciences , 

A  a  z  complain'd 
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complain'd  to  me  by  his  Letters ,  of  the  want  of  a  good  Guide  tc 
Specious  Analyfis ,  whereby  he  might  infiill  the  Principles  of  tha\ 
admirable  An  into  his  Auditors.  To  whofe  Dejires  being  not  juft 
then  at  leifure  to  fatisfe,  1  immediately  after  projected  this  In 
troduBion ?  which  at  length  ycu  fee  finished ,  in  the  Form  we  non 
prefent  you  with  it ,  wherein  we  have  all  along  confulted  to  fuii 
the  Endeavours  of  young  Beginners ,  as  far  as  pojfible  ;  as  Wj 
thought  our  felves  engaged  by  the  Duties  of  our  Pro fejforjhip  to  do 
&  havt  comprized  the  Precepts  §f  the  Art  in  fix  or  fiven  Pa 
gesr  and  accommodated  Examples  of  every  kind  to  illufiraU 
them .  Wherein  if  I  have  but  indifferently  accomplifnd  my  De 
fign ,  1  jhall  net  think  my  Labour  lofi.  .  We  here  add  it  to  ou\ 
Marhefis  Enucleata,  both  as  being  properly  a  part  of  it 
and  more  efpecially 5  becaufe  this  Introduction  prefuppofes  th 
Reader  to  be  acquainted  with  the  fir  ft  Principles  of  Speciou 
Computation ,  which  we  have  therein  laid  down .  And  fo  w\ 
commit  our  Endeavours  to  the  Perufal  and  Qenfme  of  the  Can 
did  Reader, 
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introduction 

T  o 

SPECIOUS  ANALYSIS. 


TH  E  Analytick  Art,  or  Specie  m  Analysis,  is  folely 
fubvervient  to  finding  of  Theorems,  and  refolving 
Problems,  by  leading  us  from  certain  Data  or  given 
Quantities,  into  the  knowledge  of  unknown  and 
fought  ones,  by  a  Chain  of  certain  and  infallible  Confequen- 
ces :  This  admirable  Artifice  may  be  reduced  to  four  Primary 
Heads,  viz*.  Denomination ,  Reduction,  Equation,  and  Effe- 
If  ion  (if  the  Vrohlem  he  a  Geometrical  one!)  or  Construction . 


I.  DENOMINATION. 

(.  '  '  ; 

BY  Denomination  is  under  flood  a  preparatory  impofition  of 

Names  peculiar  to  each  Quantity,  whereby  every  one  of 
the  Quantities  given  or  fought,  are  denoted  by  one  or  more 
peculiar  Letters  of  the  Alphabet  at  pleafure,  but  with  this 
(arbitrarious)  difference,  that  known  or  given  quantities  are 
mark’d  by  the  former  Letters  of  the  Alphabet,  a,  h}  c,  dec. 
and  the  unknown  or  fought  ones  by  the  latter,  z*9y,  x>  dec. 
But  although  this  impofition  of  Names,  is,  as  we  have  laid, 
altogether  arbitrarious,  yep  there  olten  happens  not  a  little  faci¬ 
lity  to  the  Solution  it  fell,  by  its  being  chofen  as  accommodate 
aspoffibleto  the  conditions  of  the  quantities  given  and  fought; 
which  any  one  w  11  learn  better  by  life  than  Precepts :  As  we 
find  that  both  Theorems  may  be  demon  fir  ated,  and  Problems 
refblved  e.  g.  by  an  extraordinary  Compendium,  if  we  denote 
any  reafon  of  two  given  Homogeneous  quantities  by  a  and  ea9 
b  and  i  h,  d  and  o  d,  dec.  (v  z*.  by  exp  relfm  g  the  Names  of 
the  Reafons  by  e,  and  i,  and  o ,  d^.).a nd  continued  proportT 

onalirys, 


2  Introduction  to 

onality  by  a ,  ea,  e2a ,  e*a,  &c.  and  dilcontinued  or  dilcrete  by 
b  i  b,  c  i  c0  d  i  d,  or  after  the  like  manner,  as  we  have 
done  in  our  Math.  Enucl.  Lib.  i  Cap.  a,  3,  4,  7.  and  Lib. 
%.  Cap.  1.  &c.  , 

:  "■  }  ’  '  -  '  '  Q  r-  ’  >  ‘  -  •  , 

,  ■  '  '  IL  E  'kv: AT  10  N.  " 

HAvlng  thus  given  each  quantity  its  Name,  and  making 
no  further  diftindlion  between  the  quantities  given  and 
thole  fbught?but  treating  them  all  promilcuoully,  and  as  already 
known,  you  muft  carefully  learch  into  and  dilculs  all  the  Cir¬ 
cumftances  of  the  Queftion,  and  making  various  Companions 
of  the  quantities,  by  adding,  lubftradting,  multiplying,  and 
dividing  them,  &c.ki\l  at  length,  which  is  the  chief  aim  and 
defign  of  it,  you  can .  exprefjj  one  and  the  lame  quantity  two 
Ways ,  which  is  that  we  call  an  Equation :  And  you  mull  find 
as  many  of  thele  Equations,  or  Equalities  of  literal  quantities, 
(as  expreffing  the  lame  thing,)  as  there  are  feveral  unknown 
quantities  in  the  Queftion,  independent  on  each  other,  and 
conlequently  denominatedby  fo  many  different  Letters,  y, 
x,  &c.  Butiffo  many  Equations  cannot  be  found,  after  hav¬ 
ing  exhaufted,  all  the  Circumftances  of  the  Queftions  by  one 
or  two  Equations;  that  is  a  fign  the  other  unknown  quanti¬ 
ties  may  be  aflumed  at  pleafure  :  Which  the  Examples  we  fhall 
hereafter  bring  will  more  fully  fhew. 

But  as  here  allb  (aslikewile  in  all  this  Art)  Ingenuity  and 
life  do  more  thgn  Rules  and  Precepts ;  yet  we  will  here  fhew 
the  principal  Fountains/or  the  lake  of  young  Beginners,whence 
Equations,  according  to  circumftances  obvious  in  the  Quefti¬ 
on,  are  uiually  had.  Thele  are  partly  Axioms  felf  evident, 

! That  the  whole  is  equal  to  all  its  parts  taken  together. 

That  thofe  quantities  which  are  equal  to  one  thirds  are  equal 
among  them] elves. 

That  the  EroduEls  or  ReEt  angles  under  the  Tarts  or  Segments , 
are  equal  to  the  ProduEl  oj  the  whole. 

Partly  lotne  univerlal Theorems  that  are  certain  and  already, 
demonftrated,  as, 

Thres 


( 
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"Three  (a)  continual  Proportionals  being  propoftd,  the  Rect¬ 
angle  of  the  Extremes  is  equal  to  the  Square  of  the  mean. 

( [i  )  Four  being  propofe/l,  whether  in  continued  or  dfcotfi- 
nued  Proportion ,  the  Product  or  Reft  angle  of  the  Extremes  u 
equal  to  that  of  the  Means. 

And  feveral  others  fuch  like,  which  we  have  demonftrated 
in  Cap.  2,,  3,  and  4.  Lib.  1.  of  our  Mathefis  Enucleat.  partly 
in  thd  laft  place,  fome  particular  Geometrical  Theorems  al¬ 
ready  demonftrated,  as  e.  g.  that  common  Pythagorick  one. 

That  in  right  angled  Triangles  (y)  the  Square  of  the  Hypo- 
thenufa  is  equal  to  the  two  Squares  of  the  fides . 

That  the  Square  of  the  Tangent  of  a  (f)  Circle  is,  equal  to 
the  Rectangle  of  the  Secant  and  that  Segment  of  it  that  falls 
without  the  Circle ;  the  firft  whereof,  we  have  demon¬ 
ftrated,  Lib  i.  Math .  Enuc.  Def  13:  Schol.  and  alfb 
Prop.  34.  Confett. 8.  alfb  Prop  44.  after  various  ways  ;  to  which 
may  be  numbred  Prop.  34,  with  Schol.  n.n.  3.  Prop.  37.  and 
following,  Prop.^q.  and  46.  alfb  the  48.  and  feveral  others  in 
Lib.  1.  Math.  Enucl.  and  likewife  Lib.  2.  Prop.  1,  2,,  3,  and  fe¬ 
veral  following.  And  as  for  Examples  both  of  Denominati¬ 
on,  and  Equations  found  after  various  ways,  you  may  fee 
them  hereafter  follow,  and  fome  we  will  here  give  you  by  way 
of  Anticipation. 

III.  REDVCTION.  * 

\  >  »  ^  .  'j  \  t  •  »  ,  \  ■ 

An  Equation  thus  found  muft  be  reduc’d,  i.  e.  thole  two  e- 
qual  quantities,  which  for  the  moft  part  are  very  much  com¬ 
pounded  of  the  quantities  given  and  fought  together,  muft  be 
reduc’d  to  fuch  a  form, by  adding  or  fubftrabling  fomething  to  or 
from  each  part,  or  multiplying  and  dividing  by  the  fame,  <&c. 
that  the  unknown  or  fought  quantity  alone,  or  its  Square  or 
Cube  or  Biquadrate,  &c.  may  be  found  on  the  one  fide,  and 
on  the  other  the  quantity  exprefs’d  by  meer  given  or  known 
Letters,  or  affe&ed  with  the  unknown  and  fought  ones ;  fuch 
are  thefe  Forms  which  follow,  diftinguifh  d  by  their  Names 
prefix’d  to  them, 

(ol)  End.  6, 17. 

(&)  id.  6.i6. 

(y)  id.  1.  47, 

(50  id.  3.  36. 
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A  fimple  Equation,  z  !=?  b9  or  y  !=S  oh 

c 

A  pure  Quadratick,  yy  a  ah,  or  xx~aa—-b&. 

z 

A  pure  Cubick,  z?  £3  a  be,  orjp  K  £ b. 

cd 

An  affe£led  Quadratick,  x 2  s  — a  *  f  b2  ^  or, 

j2  ~  z  by  -f  z  a  b  c. 

* 

An  affe&ed  Cubick,  ^  j-  b2z, - $tc. 

A  Biquadratic!*,  y*  K  a  y^  -j*  b2  ^2— c?  y  f  Sec. 

To  one  of  which,  or  fame  other  like  them,  when  you  hare 
reduc’d  your  Equation  firfl:  found,  there  are  Rules  in  readinefs, 
whereby  the  Value  of  the  unknown  or  fought  quantity  z%  or  y, 
or  Xj  may  be  either  expreffed  in  Numbers,  if  the  Queftion  be 
an  Arithmetical  one,  or  geometrically  determin’d  if  it  be  a 
Geometrical  one :  Which  is  that  we  call  EffeSHon  or  Confirm¬ 
ation. 

Thus  therefore  the  whole,  or  at  lead:  the  chief  bufmefs  of 
Analy  ticks,  is  converfant  in  findings  a  convenient  or  fit  Equati¬ 
on  :  For  Reduction  is  very  eafie,  and  confifting  only  in  eafie 
Operations  and  mere  Axioms,  as  e;  g. 

If  to  equal  quantities  you  add  or  fubftradt  equal  ones,  the 
Aggregates  or  Remainders  will  be  equal  j 

If  equal  quantities  are  multiplyed  or  divided  by  the  fame, 
the  Produ£h  or  Quotients  thence  arifing  will  be  equal,  &c. 


y 


IV.  EFFE~ 
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IV.  EFFECTION,  or  CONSTRVCTION. 

r.  In  Jimple  Equations. 


s 


Uppofe  z^  b,  the  quantity  b  is  fought. 


2.  Ifzbe 


a 


b . .  . . 


as  c  to  b  fo  a  to  £, 
as  b  to  a  fo  a  to  x, 

or  ytzfb^fg  'as  h — - 1  to  b  f  g  fo  f  to  y. 


or  x  ^  ci  a  .  .  .  * 

b  make<{ 


h  —  i 

ors i  H /*—/£- 


£  f  I 


as  h  f  I  to  b — g  fo  f  to  z,  Sec. 
every  where  according  to  n.  l. 

Schol.  a.  Prop.  34.  Lib.  1.  Math.  Enuc. 


3-lf  &be  £3  kl  f  mn,  the  Refolution  of  it  into  Proportionals 
r\s 

will  be  more  difficult,  becaufe  neither  of  the  Letters  are  found 
twice  in  the  Numerator.  That  therefore  you  may  have  e.  g . 
k  twice,  you  mull:  make  as  k  to  n  (o  m  to  a  fourth  Proportio¬ 
nal  which  call  p  ;  then  will,  by  vertue  of  Prop.  1  8.  Lib.  1. 

a  mn ,  and  the  propofed  Equation  be  changed  into  this 
zm  kl  f  kp ,  to  be  now  conftructed  from  the  %d.  Cafe. 

r  f  s, 

Or  ify  s  kl\mn,  find  a  mean  Proportional  between  k 

r~~~s 

and  /,  which  call  p  ;  and  between  m  and  n,  which  call  q, 
according  to  n.  3.  of  the  afore-cited  Schol.  ;  and  the  propo- 
poied  Equation,  by  virtue  of  Prop.  1  7.  will  be  in  this  form  : 
y  £3  pp  t  II-  Make  therefore  in  the  right-angled  A  (Fig.  1.) 
r — -s 

A  B  ~  p  and  BC  rt  q  •  and  the  □  A  C  by  vertue  of  the  Py- 
thagorick  Theorem,  pq  pp  f  q  q:  Which  fince  it  muft  be  di¬ 
vided  by  r—s9  make  further,  by  Prop.  18  as  r<—s  to  the 

T  t  fo  is  T  p  p  ^qq  toy,  according  to  the  afore¬ 
cited. 

B  b  4  In 
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4  In  like  manner  if  x  be  S  bg—mn ,  make  x ft.  as  h  to 

.  c\  d 

m  fo  n  to  a  fourth  which  call  k  j  and  fo  putting  bk  for  mny 
the  Equation  will  be  reduced  to  the  fecond  Cafe  under  this 
form:  ^  K  bg — bk 

c  f  d 

Or  thus :  Find  a  mean  Proportional  between  h  and  g,  which 
call  p,  and  between  m  and  n ,  which  call  q  *,  and  the  propofed 
Equation  will  be  in  this  Form :  x  ^  pp — qq 

c  t  d 

Make  therefore  (in  Fig.  2.)  AB  S  p,  and  having  on  this 
defcribed  a  Semi- circle,  apply  BCs  then  will,  by  vertue 
of  Schol.  y.  Frop.  34,  D  AC  ^  :  Which  fince  it 

'  muft  be  divided  by  c  f  d,  make  farther, 

as'C  t  d  to  T  pp — -qq0  fo  V pp — qq  to  x  ;  all  from  the 
fame  Foundations,  whence  you  have  the  Conftrudtion  of  the 
third  Cafe. 

5*  If  &  be  ~  ci a  be  •  make  firft  as  f  to  a9  fo  a  to  a  third 

ffs  .  ,  r 

Proportional  m9  and  you  1  have  (putting/ rn  lor  a  a)  z  £2 
f  mb  cy  i.  e  mb  c.  Make  fecondly  as  f  to  m9  fo  b  to  a  fourth 

1'fg  ~f,g  ,  . 

n7  and  by  putting  f  n  for  m  b  you  I  have  z  ~  j  n  c,  I .  e.  nc, 

fg  g 

wherefore  thirdly  you^l  have  asg  to  n  fo  c  to  z. 

6 .  Ify  be  s  bll9  make  firft  as  m  to  fo  /  to  a  fourth, 

m  m 

which  call  n7  and  by  putting  now  m n  for  h /,  you'l  have  mnl 

mm 

l  e.  nl  S;,  Therefore  youl  now  have  fecondly,  as  m  to  n9 
m 

to  l  to  y  by  Cafe  z :  So  that  the  Conftrucfion  of  the  fifth  and 
fixth  Cafes  is  nothing  but  reiterations  of  the  Rule  of  three,  ac¬ 
cording  to  what  we  have  often  inculcated,  N.  z.  and  3.  Schol. 

2.  Frop,  34. 


x.  In 


( 
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Specious  Anahfis. 

2.  In  Jimple  Quadratic!?  Equations. 


i. 

F  X  X  m  h  \  ^  *—j  'y'  # 

f  c,  \  -  that  is  to  a 

or./2  «  IC  r  y  V  m  ^  i  f  mean  propor- 

\  <  (*  -  tional  between 

or  Z?  ^  \  dd  J  a  z,  ~  Y  idd 

and  fo  the  ConftrubHon  will  be  had  from  n.  3.  Schol.  2.  Prop , 
34.  ffce  Fig.  3.)  _ _ 

z.  Ify  ^you’lC/ S  Yfg-\k!  make  there- 

or  x2  fg — £/jkavet*^  Y/g — kl  fore 

on  the  one  lide  the  Right-angled  Triangle  ABC  (Fig.  4 ) 
whole  fide 

A  B  is  to  a  mean  Proportional  between/  and  g, 

BC  is  s  to  a  mean  Proportional  between  k  and  /  j 
On  the  other  a  Right-angled  £±(Fig.^  )  whole  (ide  AB  is  rrto 
a  mean  Proportional  between  f  and  g,  and  the  fide  BC  ZZ  to 
a  mean  Proportional  between  k  and  / ; 
and  on  the  one  handp  A  C  will  C  y 
the  Hypothenufa,  ^betheva-c  fought, 
on  the  other  the  fide  3  lue  of  C  x 

And  all  by  vertu-e  of  the  Pythag.  Theor.  and  according  to 
Schol.  y.  Prop.  34.  or  the  Confecfarys  of  Prop.  44.  See  Fig  4. 
and  y.  * 

3.  If  z?  fhhkk  i.  e.  hhkkj  extracting  the  Roots  on 

fee  cc 

both  fides,  &  will  cd  h  k,  and  fo  be  the  fecond  cafe  of  Ample 

c 

Equations. 

4.  If/  be  ~  fghl make  firft  as  l  tof  fo  g  to  a  fourth  . 

I  m 

which  call  n,  and  by  putting  In  for  fg,  you!  have  /  rz 
Inhk  i.  e.  nhk.  Make  Secondly-,  as  m  to  n,  fo  h  to  a  fourth 

Im  m 

vfrhich  call  p  j  and  by  putting  mp  for  nh ,  you*l  have/  ~ 

B  b  z  mpk 
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mpk  L  e.  pk9  and  fo  the  fir  ft  cafe  of  the  prefent  Equations, 
m 

5'.  If  qbce'\bccd\qbcd\bcdd 

~~  fg 

m  the  firft  place  the  Rectangles  fg  and  Im  being  turned  into 
Squares,  and  colleCkd  into  one  Sum, make  them  G  nn.  Then 
(fince  cc  and  cd  are  multiply  ed  by  qb-fbd )  in  like 
manner  qb  and  bd  added  make  pp'9  and  you’l  have  x* 
ppcc  -J*  ppc  d.  Thirdly  (fince  p  p  is  already  multiply  ed  by 

o1""1  - * 

n  n 

e c  f  cd)  having  added  c c  f  c  d  into  one  Sum  that  they  may 
e. g.  make  rr9x2  will  ~  pprry  and  fb  be  the  third  cafe  of 

nn 

the  prefent  Equations. 

j.  In  affeCted  quadratick  Equations . 


i .  T’F  &  &  be  S  az\bb9  then  will  z,  ~  l  a  f  T  \a a  *{*  b b  ; 

JL  which  may  be  thus  in  fhort  demonftrated  a  priori  : 
Since  &2 — az>  s  bb  per  Hypoth.  and  that  firfb  quantity  if  it 
be  added  to  4  a  a,  it  becomes  an  exaCf  Square,  the  root  where¬ 
of  is  therefore  zF  —  a  &tj  a  a  zz  bb-\\aa9  and 

confequently  z>"\a  ~  V  b  b  f  \  a  a  ;  and  lafbly  z,  K  \  a  f 

T  \  aa-\  b  b  or  \  a- — -  Y  \  aa  \  bb  •  which  lafl  Root  is  a 
falfe  one  and  lels  than  nothing,  but  yet  gives  you  the  propo- 
fed  Equation  back  again  as  well  as  the  former  j  as  will  be  evi¬ 
dent  to  any  one  who  trys,  viz,  having  transferred  \  a  on  the 
other  fide,  and  fo  the  two  equal  quantities  % - \  a  and 

T  \  aa  —  bb  being  fquared  For  here  will  come  out  \acr\bb 
as  well  as  if  the  radical  Sign  were  afte&^d  with  the  Sign  j*  be- 

caufe — -by— gives-  f-  Fherelore  zz> - az  f  4  a(l  S  \aa 

f  bbj  and  taking  away  on  both  tides  4  aa9  zz> - az,  K  bb  i.e. 

zz  zz  az  f  bb. 

The  value  therefore  of  this  Root  will  be  had  geometrically, 
by  making  (in  Fig.  6.)  CD  ^  \a  and  DE  ~  b9  that  the  Hy- 

pothenufa  CE  may  be  T  *  a  a  f  bb  ;  and  moreover,  drawing 
out  on  both  fides  CD,  and  at  the  interval  CE  defcribing  a  Se¬ 
mi-circle 
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ml*circle  AEB :  This  being  done,  AD  will  be  the  value  fought 
of  the  true  Root  £,  and  DB  of  the  falfe  one. 

z.  If/  be  Sd  — ay  |  M,  then  will y  k - G  f 

which  again  may  thus  appear  :  Since  /  f  ay  is  ^  bb  per  Hy  - 
poth.  adding  to  both  fides  \aa,  the  firft  quantity  will  be  an  exabt 
Square,  and  / 1  ay  t  \aa  ~  t  bb.  Therefore  the  Roots 

will  be  alfo  equal,  •viz,,  y  f  \a  s  V \aa  -j*  bb ,  and  confequently 
y  s  Y\aa bb~—~la  or — y\aa\bb — ~lam9  which  is  a  falfe 
Root. 

The  value  of  thefe  Roots  may  be  had  geometrically,  z nz,. 
of  the  true  Root  DB  in  big.  6.  or  BE  in  Fig.  7.  and  of  the  falfe 
one  in  the  firft  AD,  in  the  fecond  AE. 

3.  If  xx  is  m  ax- — bb ,  you?l  have 
x  s  \a  |  y^aa—bb 
or  “  T  ^  ^  —  £  b: 

Which  may  be  demonftrated  after  the  fame  way  a  priori ,  as 
the  former  Cafes,  Since  x2 — is  2  - — bb,  adding  on 
both  fides  \  a  a,  the  former  quantity  will  be  an  exadt  Square, 
•viz,,  x 2 ax  -f  4 aa  zz  \ aa~ — bb.  Therefore  the  Root  of  the 

one  x — \a  ~  to  the  Root  of  the  other,  viz.  T  \aa  ■ — bb9  and 

adding  on  both  fides  \a9  x  S  \a  f  T  \  aa — bb  which  is  one  of 

the  true  Roots.  Or  \ a — —  T \aa — bb  which  in  this  cafe  is  al- 
fo  a  true  one.  But  the  value  of  each  may  be  obtain’d  by 
making  (Fig.  8.)  CB  zz  \a  and  by  eredfing  BD  perpendicu* 
larly  s  b9  and  making  the  Semi- circle  BEA,and  drawing  DE 
parallel  to  CB,  and  letting  fall  the  Perpendicular  EF  :  For 

thusCF  will  be  T \aa — bb  and  confequently  AF,  la^T^aa — bb9 

and  FB  la - T  \aa — bb. 

Or,  with  Cartes ,  making  (Fig.  9  )  CB  rr  \a  and  BD  Z3  b9 
drawing  DF  parallel  to  CB,  that  FD  may  be  one  root  and 
ED  the  other  •  as  is  manifelffrom  the  precedent  ConftrudKon, 
and  its  Rule.  See  alfo  another  DedudHon  from  Cartes' s  Con- 
ffrublions,  Schol.  1  Trop.  47.  Lib.  1.  Math.  Enucl. 

NB.  1  The  ingenious  Sthooten  has  before  fhew’d  this  Me¬ 
thod  of  demonftrating,  and  alfo  of  finding  out  thefe  Rules  in 
his  Comment  on  the  Geometry  of  DesCartes1  p.  m ,  163.  and 
moreover  deduces  another  ingenious  Method  tor  all  the  three 
Cafes  of  thefe  Equations,  by  taking  away  the  fecond  term  in 
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the  Equation,  jp.  290,  and  the  following,  wherawe  may  make 
only  this  Remark  concerning  the  third  Cafe  ;  that  perhaps  the 
Rule  might  be  better  deduc'd,  if  we  make  x  ^  \a — z  rather 
r  than  x  ~  2,——^. 

NB.  2.  If  any  one  has  a  mind  to  fee  the  new  Gonftrudtions 
of  affedted  quadratick  Equations  of  the  Abbot  Catelan ,  he  may 
find  them-  in  ABa  Erud.  Lipf.  Ann.  i6lx.  p.  86.  and  in  the 
%jth  Journal  des  Scavans.  1  Dec .  1681. 

IV.  For  Cubicle  and  Biquadratic!?  Equations  both  fimple 
ami  affeCted  j  and  aljo  for  all  before  mentioned, 
and  confequently  univ  erf  ally  for  all  not  .exceeding  the 
fourth  Dimenfion . 

THE  value  of  the  unknown  Quantity  or  Root  may  for 
any  Cafe  be  determined  by  one  general  Rule,  found  out 
by  Mr.  Thomas  Baker  an  EngliSh-man,  occasioned  by  what 
Des  Cartes  had  taught  concerning  this  matter.  Lib.  g.  Geom. 
p  8y,  and  the  following,  but  now  very  much  perfedted  by 
this  Rule,  and  made  more  fimple.  Now  that  this  Rule  may 
"  be  the  better  comprehended  by  Learners,  we  will  premife  thefe 
following  things. 

I.  That  all  Equations  occurring  under  thofe  Forms  wjhich 
we  have  before  Shewn  in  the  Article  of  Reduction,  or  the  like, 
mud  always  for  this  purpofe  be  lb  changed  as  to  have  all  the 
terms  or  parts  of  the  Equation  both  known  and  unknown,  af¬ 
fected  and  not  affected,  brought  over  to  one  fide  promifcu- 
oufly,  and  fb  on  the  other  there  wiliftand  0  or  nought,  as  eg. 
let  z>—b  be  a  or  y* — -ab  ~  0,  or  a  be  0,  or 

c 

j-5« — -aabb  0 ,  or  x *  f  ax- — b 2  ^  0  *  or 

c  a 

>  T  •  ° 

‘f-—-  2.  by  — —  xabc  ^  0  ,  or 

TT~  "  J  \ 

— -b7%>  t  c3  ~  ,o  ;  or 
y4, — .a  ji — ~b2  y2  y- — ~  d*  zO.  0  &C. 

which  alfo  was  ufual  to  Des  Cartes  in  Lib.  3. 

2.  In 


/ 
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i.  In  allegations  the  known  quantity  or  Co-efficjent  of 
the  fecond  Term  we  will  generally  denote  by  the  Letter  p9 
that  of  the  third  Term  by  the  Letter  q9  of  the  fourth  by  r, 
and  the  fifth  ( or  abfolute  Number  )  by  S  9  according 
to  Cartes ,  but  with  tome  little  alteration ;  So,  that  hence  the 
Equations  we  have  before  been  treating  of,  and  all  others  like 
them  (every  where  denoting  the  unknown  quantity  by  x) 
may  all  be  reduced  to  thefe  forms  ; 

x- - p  ~  o 

x2-\px— q  ^  o 

- px2- - r~o 

^4 - p  q  q  x2 - r  x  q  S  ^  o ,  &c.  &c. 

3.  Thefe  and  the  like  Equations  may  either  occur  whole, 
or  with  all  their  Terms,  as  here,  or  depriv’d  of  one  or  more 
of  them,  as  the  following  Examples  will  (hew,  where  we  will 
always  put  an  Afterisk  in  the  place  of  the  deficient  Term. 


x* 


0 


#4 


###' 


*  t  rx  i  S  —  » 

\  S  ~  0 


f  N.  Uis  is 
an  error ^as  his 
he:?i  prov'd  by 
Dr.  Wallis. 


X2)  #  f  q  xj_r  ^  0 

#4  g  t  q  x2  *j*  r  x^HJS  0 

q  pxij>_qx2  #  q  s  zz  0 

*4J* 

f  ?  *  # 

4.  The  unknown  quantity  in  any  Equation 
has  q  as  many  diverle  Roots  or  Values,  as  thp 
Equation  has  Dimenfions  3  which  Des  Cartes 
fihews,  Lib.  3.  Gtom.  p.  69.  at  the  fame  time 
evidently  demonftrating  this,  <viz».  that  fome  of  thole  Roots 
may  be  falfe  ones,  1.  e.  lefs  than  nothing :  Which  from  him 
we  here  (uppofe. 

When  therefore  Des  Cartes  in  his  Confiruction  of  Cubicle 
and  biquadratick  Equations,  p.  85,  and  the  following,  requires 
as  a  neccflary  Condition,  the  ejection  of  the  fecond  Perm  in 
the  given  Equation,  unlefs  it  were  already  wanting,  and  fo' 
was  obliged  to  fhew  a  way  to  eject  it,  with  feveral  other  Prepa¬ 
rations  •  and  afterwards,when by  help  of hisRule  delivered  p/yi . 
he  had  found  a  way  of  finding  two  mean  Proportional?,  and 
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dividing  any  given  Angle  into  three  equal  parts,  then  he  ufe 
it  for  folving  other  (olid  Problems,  or  finding  two  mean  Pro¬ 
portionals,  or  trifedfing  an  Angle.  But  the  general  Rule  of 
Baker  has  no  need  of  thefe  methods  or  helps,  neither  of  the 
Eje&ion  of  the  fecond  Term,  nor  any  other  Preparation,  but 
immediately  fhews  us  a  way, by  the  help  of  a  Circle  and  Para¬ 
bola  to  find  all  the  Roots  of  any  given  Equation,  both  true 
and  falfe,  whether  the  Equation  want  any  term  or  not,  and 
howfbever  affedled,  after  the  way  we  will  now,  and  perhaps  a 
little  more  difiin£lly,fhew. 

i.  It  fuppofes  with  Cartes  a  Parabola  NAM  to  be  already 
defcribed,  (See  Fig.  10.  and  n.)  whole  Latm  Rectum  fhall 
be  L  or  i,  and  its  Axe  ay\  which  Des  Cartes  only  making 
ufe  of,  and  never  thinking  of  the  other  Diameters,  was  forced 
to  take  away  the  fecond  Term  of  the  Equation,  Baker 

therefore  (flrangely  perfecting  the  Cartefian  Geometry  by  this 
one  thought)  if  the  quantity  p  or  fecond  Term  be  in  the  E- 
quation  applys  to  the  Ax  ay  (or  draws  an  ordinate  to  it)  BA 
K  p  i.  e.  he  eredls  at  top  of  the  Ax  a  on  the  right  hand  the 


X, 

perpendicular  aE  tZ  p  and  from  E  draws  E  Ay  parallel  to  the 

4 

Ax  ay ;  whereby  he  obtains  the  Diameter  A y  fought. 

a.  Having  made  this  Preparation,  the  whole  bufinefi  de¬ 
pends  on  this,  to  find  the  Center  of  the  Circle  to  be  defcribed 
through  the  Parabola,  which  (by  vertue  of  fome  arbitrary 
fuppofitions  in  the  beginning)  he  always  leeks  on  the  left  fide 

AD 

of  the  Ax  or  Diameter,  by  help  of  two  Lines  ^  ^  or  £,  and 

DH  or  dj  ‘viz,,  by  placing  the  former  upon  the, Ax  from  a 
to  D,  if  p  be  wanting  in  the  Equation,  or  upon  the  Diameter 
Ay  from  A  to  D  if  p  be  there  ;  and  letting  tall  from  the  point 
D  the  latter  to  aD  or  AD  perpendicularly  towards  the  left 
hand. 

3 .  He  fhews  how  to  find  the  quantity  of  either  of  thefe  Lines 
(which  is  here  very  requilite )  in  any  given  Equation,  by  a 
certain  general  Rule  (which  he  calls  the  Central  Rule,  becaufe 
it  alone  helps  to  find  the  Center  H)  comprehended  in  thefe 


terms : 
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0 
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4.  This  Rule  as  it  (lands  here  whole,  only  anfwers  to  thofe 
Equations  wherein  are  all  the  Terms  p,  <7,  and  r ;  and  in  the 
mean  time  may  alio  be  eafily  accommodated  to  all  other  Cafes, 
only  obferving  thefe  things.  1 .  Whatever  Term,  or  Quantities 
p,  r,  be  wanting  in  the  propofed  Equation,  that  mud  al(b  be 
refpedlively  omitted,or  put  out  of  the  general  Central  Rule, that 
the  remaining  quantities  may  determine  the  fpecialor  particular 
Central  Rule.  i.  As  for  what  belongs  to  the  Signs,- viz*' whether 
for  trt(which  latter  Sign  denotes  a  dubious  Cafe, either  that  the 
fird  mud  be  fubdradted  from  the  latter,  or  contrary -wile,  as 
the  matter  will  bear)  mud  be  put  in  the  Central  Rule,  he 
notes  ( <*)  that  in  the  Rule  you1!  always  have  f  r,  unlefs 

Tr? 


when  in  the  propoled  Equation  p  and  r  areaffedled  with  diverfe 
Signs  .*  (p)  By  what  Sign  (oever  in  the  propoled  Equation  it 
happens  that  the  quantity  is  marked  with,  it  mud  be  noted 
with  the  contrary  one  (altho5  involv’d  with  other  quantities) 
in  the  Rule  ;  as  may  be  leen  in  the  application  of  the  Rule  to 
all  (pedal  Cafes  done  by  the  Author  himlelf  for  the  lake  of  Be¬ 
ginners,  and  is  exhibited  in  the  Synopfis  hereunto  adjoyning^ 
which  yet  we  have  thought  fit  to  give  at  the  end  of  this  Trea® 
tile,  much  more  contra 61  as  to  the  Central  Rules,  in  a  fhort 
Compendium  by  way  of  Appendix,  , 

5%  By  thefe  Rules  therefore,  the  quantities  of  the  Lines 
or  AD  and  DH  will  be  fo  determined,  that  the  parts  in  the 
Rule  marked  with  the  Sign  j*  (taken  either  aggregately  or 
finglyj  will  be  put  downwards  from  a  to  A  towards  y,  and  on 
the  left  hand  of  D  }  but  the  negative  Parts,  or  thofe  afieded 
with  the  Sign — ,  will  be  cut  off,  on  the  one  part  above,  on 
the  other  on  the  right  hand  :  Which  being  done  the  Center  H 
Will  be  found. 

6.  From  the  Center  H  thro’  the  Vertex  of  the  Ax  a  (If  the 
point  D  is  found  in  the  Ax)  or  in  the  other  Cafe  thro1  the 
Vertex  of  the  Diameter  A,  you  mud  draw  a  Circle  which  by 
cutting  or  touching  the  Parabola  will  deermiue  the  Roots 
f  C  e  foughts 


r 
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fought,  if  the  Equation  be  not  a  Biquadratick  i.  e .  has  not  the 
quantity  S  *  other  wife  another  Point  L  or  Z  muft  be  found, 
(*vid.  Fig.  i2.  and  13.)  and  a  Circle  defcribed  on  the  Radius 
HL  or  HZ,  according  to  Des  Cartes  p,  86,  and  following,  of 
his  Geometry. 

7.  Viz.  If  you  have— S,  you  muft  take  on  the  Line  Ha 
or  HA  produced,  on  the  one  fide  Al  s  Lor  1,  and  on  the 
other  AK  E3  S,  and  defcribing  a  Semi- circle  on  IK,  draw  AL 

jj  I M  I  , |aS  11  i ial  H 

perpendicular  to  AH,  to  obtain  the  point  L.  (fee  Fig.  12 ,) 
Put  if  you  have  f  S,  then  in  another  Semicircle  defcribed  on 
AH,  apply  the  Line  AZ  to  AL  found,  thereby  to  obtain 
Point  Z,  (fee  Fig.  t 

8.  A  Circle  therefore  defcribed  from  H  through  of  A,  if 
S  be  wanting,  but  thro5  L  if  there  be- — S,  and  thro5  Z  if 
f  S,may  touch  or  cut  the  Parabola  either  in  1  ,2,$  or  4  Points 
from  which  if  you  let  fall  Perpendiculars  to  the  Ax  or  Diame¬ 
ter,  you  will  obtain  all  the  Roots  of  your  Equation  both  true 
and  falfe. 

9.  And,  1 .  If  in  the  Equation  p  be  wanting  and— r  be  there, 
the  true  Roots  will  be  on  the  left  fide  of  the  Ax,  as  NO,  and 
the  falfe  ones  as  MO  on  the  right  fide.  2.  But  if  there  be  in 
the  Equation  p  and  — p,  the  true  Roots  will  fall  on  the  left  fide 
of  the  Diameter,  and  the  falfe  ones  on  the  right ;  but  if  f  p9 
on  the  contrary  the  true  will  be  on  the  right  hand  and  the  falfe 
on  the  left. 

10.  But  if  the  Circle  neither  touches  nor  cuts  the  Parabola 
in  any  point,  it  is  a  fign  that  the  Equation  is  impoiTible,  and 
has  no  Root  either  true  or  falfe,  but  only  imaginary  ones.  All 
which,  how  they  may  be  found  out,  and  that  they  are  undoub¬ 
tedly  true,  are  demonftrated  a  posteriori ,  in  an  eafie  and  plain 
way  by  the  Author,  wherefore  we  (hall  not  give  the  Demon- 
ftrations  of  them  here ;  but  remit  the  Reader,  after  he  has 
made  a  little  progrefs  in  this  Art,  to  the  Author  himielf. 

1 1.  Wherefore  now,  (omitting  alfo  in  this  place  the  Do- 
cbrine  of  the  Compofition  of  the  plain  and  folid  Geometrical 
Loci]  or  Places,  which  would  ferve  for  a  Complement  of  the 
Analytick  Art)  we  will  fhew  the  Practice  of  thefe  Rules  al¬ 
ready  delivered,  premonifhing  only  this  from  Mr.  Baker ,  if 
the  Laws  Rectum  be  made  Unity,  that  L  in  the  Central  Rules 

and 
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and  all  its  Powers  may  be  omitted,  and  fo  the  Rules  exhibited 
more  compendioufly,  as  we  have  already  done  in  our  Synop- 
(is,  and  may  be  feen  from  the  form  of  a  general  Central  Rule 
hereunto  annexed. 


Part* 


i.  \  f  p2  f  aD 

8  AD 

DH. 

4  16  4  i 


!)■ 


To  which  Premonition  of  Baker  we  may  alfo  add  this,  if  any 
given  Line  in  the  Problem  it  felf  be  taken  for  Unity,  which 
may  be  often  very  commodioully  done  [as  a  *n  the  former 
Problem  p.  9 1 .  Geom.  Cartes ,  and  the  Line  N  O  in  the  lat¬ 
ter,  and  a  again  in  the  Equation  p.  83.  the  laft  line] 
and  then  the  fame  Line  alfo  may  be  taken  for  the  Latm 
Reftum  of  the  Parabola  to  be  defcribed,  if  we  have  a  mind 
to  make  ufe  of  this  Compendium  for  abbreviating  the  Central 
Rules.  Tor  otherwife  if  we  would  conftrudl  all  Problems,  as 
Baker  rightly  afferts  we  may,  by  only  one  Parabola,  we  fhall 
fall  often  into  very  tedious  Prolixities. 


C  C  2 
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SOME 


EXAMPLES 


O  F 


SPECIOUS  ANALYSIS, 


In  each  kind  of  Equations. 

I.  In  Simple  Equations „ 
PROBLEM  I. 


Awing  the  fum  of  any  two  fules  given  for  forming  a 
Triangle  A  B  C,  to  find  each  of  the  fides ,  and  form  the 

Triangle. 


Supppofe  e.  g.  three  Lines  given  in  Fig.  14.  the  firft  ^ 
A  B  t  A  C  in  the  Triangle  fought,  the  fecond  zZ  A  B  f  R  C, 
the  third  S3  BC  f  AC,  to  find  each  of  the  fides  e.  g.  to  find 
A  R,  which  being  known,  the  reft  will  be  fb  alfb. 


SOLVT  ION. 


1.  Denomination.  Make  AC  f  AB  S3  a ;  AB  f  BC  S3  h  ; 
t  AC  ~  AB  S3  x  ;  then  will  AC  ^  a—x,  and 

BC  ~  i‘ — x9  and  fb  the  Denomination  be  com  pleat.- 

2.  Equation .  Now  if  the  values  of  the  two  laft  Lines  BC 

and  AC  be  added  into  one  Sum,  which  we  had  before  given'  \ 
you5!  have  this  Equation  a  h - 2x  S3  c. 

3.  ReduCHon.  By  adding  on  both  fides  2  x,  you’I  have 

a  f  b  S3  cf  'LX  j  and  fubftrabHng  from 
both  fides  c  .  .  a  ^  b— ic  ~ix  ,  and  dividing  both 
fides  by  2  f . .  af  b—c  ~  x. 


% 


4.  The' 


V 
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4.  The  EffeBion  or  Geometrical  Confer uB ion ,  which  the 
Equation  thus  reduced  will  help  us  to 

Join  AE  —  a  and  ED  sr  b  in  one  Line  AD,  and  from  this 
backwards  cut  off  DF  ^  c  ;  and  divide  AF  which  remains  into 
two  equal  parts  in  B,  and  you’l  have  AB  the  firft  fide  of  the 
Triangle  to  be  formed  ;  and  BE  will  give  the  other  fide  AC, 
which  fiibftra&ed  from  ED,  will  leave  GD  r:  to  the  third 
fide  BC ;  of  which  you  may  now  form  the  Triangle  ABC. 

y.  A  general  Rule  for  Arithmetical  Cafes.  Add  the  two 
former  Sums,  and  from  the  Aggregate  fabftradt  the  third 
Sum ;  half  the  Remainder  will  give  the  fide  AB  common  to 
ahe  two-  former  Sums.  For  an  Example  take  this  Queftion  : 
There  are  three  Towns  of  ancient  Hetruria ,  viz.  Forum  Cajfei 
( which  the  Letter  A  denotes  in  A  ABC)  Sudertum  (B)  and 
Volfemi  (C)  which  are  at  this  diftance  one  from  another  ;  if 
you  go  from  Volfinii  to  Forum  Cajfei  and  thence  to  Sudertum , 
you  mil  go  330  Furlongs;  from  Forum  Cajfei  to  Sudertum 
and  thence  to  Volfenii  there  are  306  Furlongs ;  lallly,  from 
Sudertum  to  Volfinii  and  thence  to  Forum  Cajfei  272  Furlongs 
How  far  is  each  Town  diftant  from  each  other. 


PROBLEM  IL 


IN  a  right-angled  Triangle  ABC ,  having  given  the  Baja 
AB ,  and  the  difference  of  the  Perpendicular  AC  and  the 
Hypothenufa  BC  to  find  the  Perpendicular  and  Hjpothenuja ,  and 
form  the  Triangle.  ■  >  ‘ 

Make  e.  g.  the  Bale  AB  ( Fig.  x  y . )  and  the  difference  of 
the  Perpendicular  and  Hypothenufa  BD,  to  find  the  Perpen~ 
dicular  AC;  which  being  known,  the  Hypothenufa  AC  will 
be  known  aifb,  if  the  given  difference  be  added  to  the  found 
Perpendicular. 

§0  L  Vt  I  0  N. 


1.  Denomination.  Make  AB  £3  a ,  BD  tZ  b ,  AC  ~  x$ 

then  will  BC  £3  x^b.  \  */-' 

2.  Equation  by  the  Pythagorick  Theorem, 

xx  ^  aa  ^  xx^zbx^bb,  viz.  the  two  Squares 
of  the  Sides  to  the  Square  of  the  Hypothenufa. 

3,  Re  duff  ion 


1 8  introduction  to 

3 .  ReduBion .  Subftradting  from  both  (ides  x  x9  you^l  have 
aa'zl  zb  x\ bb \  and  moreover  by  fubftradiing  al(b  b b, 

a  a — bb  j-j  zbx'?  and  dividing  by  lb 
ci a — bb  zz  x. 

%b 

4.  EffeBion  or  Geometrical  ConfiruBion.  Having  defcribed 
upon  the  given  Bate  AB  a  Semi- circle, apply  therein  the  given 
difference  BD,  and  draw  AD,  whole  Square  is  tZ  a  a — -bb. 
Since  this  mutt  be  divided  by  zb,  make,  as  AE  Z  zb  to 

AD  tz  T  a  a* — -  bb,  fo  AD  Z  T  act- — -bb  to  AC  the  Per¬ 
pendicular  (ought.  To  which  if  you  add  CF  Z  BD,  you 
will  have  AF  Z  to  the  Hypothenula  (ought  BC  ;  which  wijji 
come  of  courfe  together  with  the  whole  Triangle  (ought,  if 
the  found  Perpendicular  AC  be  erected  at  right  Angles  on  the 
given  Bafe  AB. 

y.  The  Rule  for  Arithmetical  Cafes.  From  the  (quareofthe 
given  Bale  (ubitradt  the  (quare  of  the  given  difference,  and 
divide  the  Remainder  by  the  double  difference ;  and  you’l  have 
the  Perpendicular  (ought.  E.  g.  (uppofe  the  Bafe  £3  20  foot? 
and  the  difference  between  the  Perpendicular  and  Hypothenu- 
fa  10.  ■  ' 

PROBLEM  HI. 

IN  the  right  angled  Triangle  ABC,  having  given  the  fide 
AC  and  the  jum  of  the  other  fide  AB  and  the  Hypothenufa 
BC,  to  find  the  other  fide  and  the  Hypothenufa  fieparately,  and 
form  the  Triangle .  Suppole  the  given  fide  (that  is  to  be) 
AC  (Fig.  1 6.)  and  the  (um  of  the  other  (ides  AD,  to  find  the 
fide  AB,  which  being  known  the  Hypothenufa  BC  willl  be 
known  alia 

S0LVT10N. 

1. 

1 .  Denomination .  Make  AC  £3  a,  AD  Z  b9  AB  £3 
then  will  BC  tZ  b—x. 

2.  Equation .  xx  f  aa  £3  bh~~lh  x  f  x x  and  (ubftradt- 
ing  xx. 

3.  ReduBioni 


j 
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3.  Reduction.  aa~  bb - ibx ;  and  adding  zb  x, 

>  aa  \  lb x  ~  bb\  and  lubftradling  aay 

xbx  US  bb — -a a  ;  and  dividing  by 
x  in?  bb - aa. 

x  b 

1 

4.  The  Effeclion  or  ConfiruBion  is  like  the  former,  and  lb 
will  be  manifeft  only  by  infpedling  that  Scheme. 

y.  The  Arithmetical  Rule.  From  the  Iquare  of  the  given 
film  fubftradl  the  Iquare  of  the  given  fide,  and  divide  the  Re¬ 
mainder  by  double  the  given  liim  ;  and  youl  1  have  the  other 
fide,  and  lubftracting  that  from  the  given  lum,  you  have  the 
Hypothenula  alio.  E.g.  let  one  fide  be  iy,  and  the  lum  of 
the  other  two  45. 

/  X 

PROBLEM  IV. 

1 

*  • 

H Awing  given  the  Perpendiculars  and  [um  of  the  Bafes  of 
two  right-angled  Triangles  having  equal  Hypothenufes , 
to  find  the  Bafes  Jeparately ,  and  form  the  Triangles .  Sup- 
pole  e.g.  to  form  the  Triangle  ABC  (fee  fig.  17.)  you  have 
given  the  Perpendicular  AB,  and  for  the  other  A  ADC,  the 
Perpendicular  CD,  and  the  given  film  of  the  Bafes  BE,  to  find 
the  Bales  fingly,  viz,,  the  lels  for  the  greateft  Perpendicular* 
and  the  greater  AD  for  the  lels  Perpendicular. 


SOLUTION. 


"V 


1.  denomination.  Make  AB  irl  a ,  CD  tzt  b ,  the  lum 
BE  H  c ;  make  the  lefler  Bale  BC  x  ;  the  greater  AD  will 
£2  c  ■■ — x. 

2.  Equation.  Since  the  Hypothenufes  of  the  two  Ttian- 
gles  are  luppoled  equal,  the  two  □  □  AB  f  BC,  z.  e.  xx  f  a  a 
will  be  ~  to  the  two  □  □  AD  f  CD,  1.  e.  b  b  \  cc — -2  c  x 
\  xx. 

3.  ReduBion.  By  taking  away  therefore  xx  and  adding 
zex,  a  a  f  2  cx  will  tz  bb\cc ;  and  further  taking  away 
from  both  Tides  a  a,  zcxZZ  bb  f  c  c~-a  a  •  and  dividing  both 
Gdes  by  xc,  x  ~  bb\  cc- 


0  $  &  % 
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4.  Geometrical  Construction.  Join  the  Lines  h  and  c  i.  el 
CD  and  BE  at  right  Angles,  (n.  z  )  and  the  fquare  of  the 
Hypothenufa  DE  will  r3  bb  \  cc.  Upon  this  Hypothenufa 
having  defcribed  a  Semi  circle,  apply  therein  the  Line  AD,  and 
the* fquare  of  AE  will  ~  bb  \  cc — -a a.  Which,  fince  it  muft 
be  further  divided  by  zc9(;  make  (n.  %.)  as  BF  s  zc  to  BG 

ZZ  T  b  b  f  cc — aa9  fo  BG  to  BC,  the  lefler  Bafe  fought. 

5%  The  Arithmetical  Rule .  From  the  fum  of  the  lquares 
of  the  leilerPerpendicular  and  the  fum  of  the  Bafes  fubftradt  the 
fquare  of  the  greater  Perpendicular,  and  the  Remainder  divi¬ 
ded  by  the  double  fum  of  the  Bafes,  will  give  the  lefler  Bafe. 
E.g.  make  AB  76,  CD  57,  and  BE  i  14. 

r  *  j 

PROBLEM  V. 


Azfing 
angles 

P 


ments  of  the  Hypothenufes.  E.  g  fuppofe  the  common  given 
Bafe  be  AB  (Fig.  1  8.)  and  the  Perpendicular  of  one  Triangle 
AD  of  the  other  BC  ;  to  find  the  fegments  of  the  Hypothenu¬ 
fes,  cutting  one  another  geometrically. 

5  0  L  V  T  I  0  N. 

li  a  Geometrical  Solution  be  required  there  is  no  need  of 
any  Analyfis  *,  for  having  eredled  perpendicularly  on  the  com¬ 
mon  given  Bafe  AB  the  given  Perpendiculars  AD  and  BC, 
the  Hypothenufes  AC,  BD  being  drawn  immediately,  exhibit 
their  Segments  EA,  EB,  ECJ,  ED.  But  if  it  be  to  be  done 
arithmetically  by  a  general  Rule,  then  an  Analyfis  will  be  ne- 
ceffary. 

1 .  Denomination.  Make  the  common  Bafis  AB  S2  a,  BC 
£2  b-)  AD  ^  c  ;  and,  having  found  AF,  all  the  reft  may  be 
had  (for  as  AB  to  BC  fo  AF  to  FE  j  which  being  given,  you 
have  alfo  GD  and  HC,  and  confequently  alfo  DE,  CE,  &c.) 
make  AF  'K  x9  then  will  BF  or  HE  ZZ  a — -x, 
z.  The  Equation  from  FE  found  twice* 

1.  As  AB  to  BC  fo  AF  to  FE. 


a 


%9 
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£.  As  BA  to  AD  fo  BF  to  FE. 

a - c  —  a--x* - ac-cx. 


Therefore  b  x  ;zj  ac - >cx. 

a  a 

i 

3.  Reduction.  Multiplying  both  fides  by  a  vou’l  have  bx 
25  a  c ‘ —  c  x  ;  and  adding  on  both  (ides  c  bx  cx  ~  ac  j 
and  dividing  both  Gdes  by  b  f  c,  x  jr  a  c. 

b\c 

-  •  r- 

4.  The  Arithmetical  Rule.  Multiply  the  commom  bale 
by  the  lead  Perpendicular,  and  divide  the  Produdt  by  the  dim 
of  the  Perpendiculars ;  and  you’l  have  the  leffer  fegment  of  the 
bale,  which  being  given  youd  have  all  the  red.  Eg.  lup- 
pole  AB  zz  10,  BC  ~  9,  AD  ^  6. 

PROBLEM  VI. 

TO  infcnbe  a  Rhombus  in  a  given  Oblongs  i.  e.  having  the 
fides  of  the  Oblong  AB  and  BC  given,  (Fig.  iy.)  to  find 
the  Segment  BF  or  DE ,  which  being  cut  ojf  \  the  remainder  FQ 
or  AE  will  be  the  fide  of  the  Rhomb  Jou.ght. 

SOLUTION. 

Make  AB  ~  a,  BC~  b,  BF  ~  x  :  FC  or  FA  will  be  ^ 
b — x  (fo  far  the  Denomination.)  Therefore  the  Iquareof  FA, 
which  is  bb — zbx  f  xx  will  be  tz  aa  t  xx*  ‘Vtz*.  to  die  two 
Iquares  of  AB  and  BF  (lo  far  the  Equation  ;)  and  lubftradling 
:tom  both  Gdes  xx ,  bb — -2 bx  ZZ  aa  *  and 

bb  ^  aa  ' f  tbx  ,  and 

bb — aa  2 bx  ,  and 

bb - aa  ~  x.  ( lo  far  the  Re duB ion. ) 

z  b 

'The  Geometrical  CcnfiruFHon.  Having  defcn'bed  a  ferm- 
:ircle  on  B Gfin  2  )  apply  CD  or  AB,  and  the  □  BD  will  be 
~  bb  — ~ aa.  Which  hnce  it  mud  be  divided  by  1  b,  make* 
s  BE  zz  zb  to  BD  tZ  T  bb — a  a,  fb  BD  to  BF  fought,  ana 
o.be  cut  off  the  fidfc  of  the  Obion,®  BC  ( n .  1.) 

Bd  '  m 
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Tfhe  Arithmetical  Rule.  From  the  fquare  of  the  greater  fide 
fobftradt  the  fquare  of  the  Idler,  and  divide  the  remainder  by 
double  the  greater  fide,  and  the  quotient  will  give  the  Seg¬ 
ment  BF  fought.  E.  g.  foppofe  AB  ^  4,  and  BC  s  8. 

0 


PROBLEM  VII. 


TlO  infer  the  the  greatefi  fquare  pofiible  in  a  given  'Triangle , 
i.  e .  having  given  the  heighth  of  the  T riangle  CD  ( [Figs 
20.)  and  the  Bale  AB,  to  find  a  portion  of  the  altitude  CE, 
which  being  cut  off  there  ihall  remain  ED  5  FG. 

SOLUTION. 


Make  the  bale  AB  a ;  the  altitude  CD  K  b9  CE  jz;  x ; 
then  will  ED  or  FG  S  h—x. 

By  realon  of  the  fimilitude  of  the  Triangles  ABC  and  FGG 
you'l  have  as  AB  to  CD  id  FG  to  CE. 

a  .  y  - — y.'x  — -  x 

Therefore  the  Rectangles  of  the  means  and  extremes  will  be 
equal,  i.  e.  ax  Z  hh — ~bx\  and  adding  on  both  fides  bx9 
a  x  f  h  x  S  bb9  and  dividing  by  a  f  b0  x  ^  bb. 

a\h 

ConfiruBion.  Upon  the  fide  of  the  Triangle  CB  produced, 
make  CH  tz  b,  and  HI  22  a,  fo  that  the  whole  Line  {hall  be 
a  j  b.  And  having  joined  ID  and  parallel  to  it  HE  drawn 
from  H,  the  part  CE  will  be  cut  oft,  which  is  that  fought. 

For  as  Cl  to  CD  fo  CFI  to  CE, 

a\b-—b  —  b  —  x  according  to  the  fecond 
cafe  of  fimple  Eftedlions. 

Arithmetical  Rule.*  Square  the  given  heighth  of  the  Tri¬ 
angle,  and  divide  the  Produdt  by  the  (urn  of  the  bafe  and  al¬ 
titude  ;  and  the  quote  is  the  part  to  be  cut  off  CE.  E.  g.  fop- 
pofe  CD  tZ  10,  and  AB  s  1  y. 


PROBLEM  VIII.  ' 

IN  an  acute-angled  Triangle  having  all  the  fdes  given ,  to 
find  the  Perpendicular  that  Jhall  fall  from  the  Vertex  on  the 
Bafe0  l  e.  having  given  AB,  AC,  BQ  (Fig.zi.)  to  find  AD 

or 
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or  BD  ( for  having  found  the  one  you  may  eafily  find  the  o- 
ther)  Coroll.  Prop.  13.  Lib.  2.  Eucl. 

S  0  L  V  T  1  0  N. 

If  there  be  only  required  a  Geometrical  ConftrudHon  of  this 
Problem,  there  will  be  no  need  of  any  Analyfis-  for  having 
formed  a  Triangle  ABC  of  the  three  given  Tides,  you  need 
only  let  fall  the  perpendicular  AD  from  the  Vertex  A,  which 
would  determine  the  Segment  BD.  To  find  the  general  A- 
rithmetical  Rule,  which  is  the  general  Corollary  of  Euclid , 
or  if  any  one  for  exerciie  fake  had  rather  determine  the  Per- 
pendicular  DA  by  the  fegment  of  the  Bale  BD,  than  the  latter 
by  the  former,  the  Analyfis  will  proceed  thus : 

Make  AB  a  a ,  BC  £3  b,  AC  c,  BD  x  ;  then  will 
CDbeK^ — x.  Wherefore  by  the  Pythagorick  Theorem 
13  AD  £  a  a- — ~xx,  and  by  the  lame  realon  the  fame 
□  AD  £}  cc — +bb  f  ibx - — xx.  Therefore  ax — -xx  £lcc — 
bb  f  ibx —  xx',  and  by  adding  on  both  tides  xx,  aa  zz  cc  — 
bb  ibx  ;  and  by  transferring  cc — bb ,  aa~ — -ccf  bb  £J  xLc, 
and  dividing  by  nb,  a a — cc  f  bb  £1  x, 

x  b 

\ The  Arithmetical  Rule.  Subftracl  the  fquare  of  the  It  (Ter 
fide  from  the  Sum  of  the  □  □  of  the  bate  and  greater  tide,  and 
the  remainder  divided  by  double  the  bale  will  give  its  greater 
fegment  :  If  the  □  of  the  greatetl  tide  be  fubftradted  from  the 
fum  of  the  other  fquares,€^'c.you  will  have  the  lets  fegment  CD. 

Geometrical  Confirublion  Having  defcribed  a'femi  circle  upon 
AB  (n.  2.)  apply  therein  AC,  and  theD  BC  will  £}aa-—cc; 
and  continuing  AC  to  25,  till  CIS  be  £J  CB  (n.  t.)  the  □  of 
2dB  will  tHaa — —  cc  -f  bb  ,  which  fince  it  is  to  be  divided  by 

%b  make  as  25E  £  to  25B  J£  T  aa - cc  f  bb,  fo  £3 

2SB  to  25D  the  fegment  fought  £3  BD  n  1 . 

■  PROBLEM  IX. 

IN  an  obtufe  angled  ' Triangle  having  the  thr  e  [ides  given  to 
find  the  Perpendicular  let  pall  from  the  Vertex  to  the  Bafe 
being  continued :  i.  e.  Having  given  AB,  BC,  AC  (Fig.  X2. 
n.  1.)  to  find  AD  or  CD  (for  the  one  being  found  the  other 
will  readily  befoalfo)  Coroll  Prop .  12.  Lib,  x  Eucl. 

Dd  x  SO  LIT- 
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SOLUTION. 

What  we  premonifhed  about  the  former  Problem,  we  un¬ 
derhand  to  be  premonifh’d  here  alfo.  For  the  reft  make  here 
alfo  AB  ay  BC  £4  AC  K  c,  CD  a  a?  j  then  will  BD  K 
b  f  5c :  Wherefore  by  the  Pythagorick  Theorem  the  □  AD 
will  K  a — and  by  the  fame  1  heorem  the  fame  O  AD 
$3  aa — *  bb  - —  zbx  — — xx. 

Therefore  re — 3ocK  aa ——bb — —zbx- — ~xx  ;  and  adding 

to  both  fides  rr  K  aa - bb—  xbx  ;  and  tranfpofing  cc  and  *— 

%bxy  xbx  44  aa—cc—bb-7  and  dividing  by  %b9 
aa  — -  ccmm~m~  bb, 

«...  - — — — -  % 

a  b 

The  Arithmetical  Rule.  Subftraft  from  the  fquare  of  the 
greater  fide  the  film  of  the  fquares  of  the  bale  and  leffer  fide  ; 
and  the  Remainder  divided  by  double  the  bafe  will  give  its 
continuation  to  the  Perpendicular. 

Geometrical  Confiruttion  from  the  Equation  reduc’d:  Having 
defcribed  a  femi- circle  upon  AB  ( n .  2.)  apply  therein  AC,  and 
the  □  of  CB  drawn  will  H  aa—  cc — —  bb  •  which  fince  it 

mu  ft  be  divided  by  zb  make,as  CF  K  zb  to  CE  T  aa—cc — bby 
Iq  CE  to  CD  the  legmen t  fought,  n  i . 

.  PROBLEM  X. 

Commonly  afcribed  to  Archimedes. 

THE  Diameter  AB  of  a  given  femi- circle  (Fig.zz  n.  I .) 

being  any  how  divided  in  L,  and  from  L  ere  Sling  a  Per¬ 
pendicular  LX,  and  upon  the  fegments  LA  and  LB  having  de¬ 
scribed  two  other  femi-circlesy  whofe  femi- diameters  are  aljo  gi¬ 
ven  as  well  as  that  of  the  great  Circle  CB ;  to  find  the  Radii 
FM  and  Vy  of  the  little  Circles  that  are  to  be  fo  defcribed ,  that 
they  fall  touch  the  Perpendicular  LX ,  the  Cavity  of  the  greater 
femi- circle }  and  the  Convexities  of  the  left. 


Specious  Andyfis. 
SOIVTION. 

I.  For  the  Radius  FM. 


i .  Denomination.  Make  CB  n;  a,  EB  22  h  then  will  CE 
£2  a — b  ;  for  which  for  brevities  fake  put  c .  And  let  FM  or 
FN  or  FK  22  *  .*  Therefore  EF  will  be  £2  h  f  x,  and  CF  (dub- 
ftracVing  FK  from  CK)  22  a- — x.  Wherefore  now  you’l 
have  at  lead  the  names  of  the  three  Tides  in  the  A  CFE,  (b 
that  according  to  Poblem  8.  the  Segment  of  the  bale  GE  may 
be  determined  (which  indeed  is  determined  already,  as  being 

22  LE - LG  or  MF  i.  e.  b—*x)  for  which  in  the  mean  time 

we  will  put  y  j  and  now  will  CG  £2  c — y. 

z.  For  the  Equation.  If  the  □  GE  £2  y  be  fiibftrafted 
from  the  □  EF  £2  bb  f  zbx  f  xx,  you’l  have  the  fquare  of  the 
Perpendicular  FG  K  bb  t  zbx  f  xx  — yy  ;  and,  if  □  CG  £2 
•  cc — zcy  f  yy  be  (ubftradted  from  the  □  CF  22  aa* — zax  f 
xx,  you’l  have  the  fame  □  of  the  Perpendicular  FG  £2  aa  — 

zax  f  xx - cc  f  zcy — yy.  Therefore  bb  f  zbx  t  xx -■ — yy 

£2  aa - zax  f  xx  —  cc  f  zcy - — yy. 

3.  Reduction.  And  taking  from  both  fides  the  quantities 
xx  and  yy,  bb  f  zbx  £2  aa — zax< — cc  f  zcy  j  and  adding 
zax  and  cc,  but  taking  away  aa  from  both  (ides,  bb  f  zbx  £2 

aa - zax - ccf  zcy\  and  adding  zax  and  ee,  and  taking 

away  from  each  fide  aa,  bb  f  zbx  f  zax  f  cc - -aa  £2  'icy  y 

and  dividing  by  zc, 

bb f  zbx  -j*  zax  -j-  cc - aa  22  y. 

2  c 

but  the  fame  y  or  EG  is  £2  EL  — MF  i.  e.  b - x.  There¬ 

fore  bb  f  zbx  -j*  zax  -j-  cc  • — -  aa  2£  b — — x  • 

z  c  ( 

which  is  a  new  and  more  principal  Equation :  And  multiply¬ 
ing  both  Tides  by  zc  (you  have  a  new  Redu&ion^  kb  zbx 
f  zax  fee — aa*zx  zac—'Zbx  •,  andaduing  zcx,  and  tranfpo- 
iing  the  others,  zbx  f  zcx  f  zax  22  41a : — ~  bb — *  cc  f  ibe  • 
and  dividing  by  2  a  f  zb  f  z  c, 

.x  r:  aa— — bb - - cc  f  zbc 

za  f  zb  f  zc. 
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The  Geometrical  Conjlruclion  of  this  fir  ft  Cafe.  Add  the  de¬ 
terminate  (».  2.)  quantity  zbc  into  one  film  with  the  quantity 
aa9  as  in  the  beginning,  n.  3.  Then  from  this  lum  lubftradfc 
fucceffively  the  quantities  hh  and  ccy  and  there  will  come  out 

(the  fame  n.  3  )  FH,  whole  □  aa\  ihc - bh - cc  : 

Which  lince  it  muft  be  divided  by  xa  f  zb  t  zc9  make  (the 

lame  n.  3.)  as  FI  PS  za^ib^zc  to  FH  P3  Xaa\zbc — bb~—cc9 
lb  FH  to  FM  the  Radius  fought  of  the  little  Circle  to  be  de¬ 
fer  ibed.  This  quantity  FM  being  thus  found,  place  it  from 
L  to  G  (n.  1.)  and  from  G  eredl:  a  Perpendicular,  which  be¬ 
ing  cut  off  at  the  interval  CF  (which  may  be  had,  if  from  CB 
or  CK  you  cut  off  FK  K  FM )  or  from  E  at  the  interval  EF 
(which  is  com  poled  of  the  Radii  EN  and  FN Ogives  the  Center 
of  the  little  Circle  to  be  deforibed.* 

7 he  Arithmetical  Rule .  Add  twice  the  [13  CEB  to  the 
fquare  of  the  greateft  fomi -diameter  CB,  and  from  the  fum 
fubftradt  the  Aggregate  of  the  □  □  CE  and  EB  ;  divide  the 
remainder  by  the  fum  of  all  the  three  Diameters,  (AB,  AL 
and  LB)  i .  e .  by  double  the  greateft  AB  ;  and  you5l  have  the 
Radius  FM,  &e.  For  Example  fake  let  a  be  ^  12,  b  £4*, 
c  will  be  PS  and  x  will  be  produced  PS  2  §» 

1 

II.  For  the  Radius  Vy  by  help  of  the  obtufe- angled  A  DVC. 

1.  Denomination.  CA  K  a  as  above,  DA  or  DL  K  b ,  and 
putting  x  again  for  the  fought  Vy  or  VK,  CV  will  be  P  <? 
—x9  DL  or  DR  PS  b,  and  conlequently  DV  pj  b  f  xy 
and  DC  PS  a—b9  for  which  for  brevity’s  fake  we  will  put  c. 
Now  you3!  have  at  leaft  in  Denomination  in  the  A  CVD  the 
three  fides,  fo  that  according  to  Problem  9.  the  fogment  CW 
may  be  determined,  for  which  in  the  mean  while  we  will  put 
y  ,  then  will  DW  PS  c  \  y,  which  is  the  lame  as  DL — WL 
or  Vy  i.  e.  b  — *  x. 

z.  For  the  Equation .  If  the  U  CW  PS  yy  fubftradl  it  from 
the  □  CV  £}  aa : — *  *■  2 ax  j*  xxy  and  you’l  have  the  □  of  the 
Perpendicular  VW,  aa—zax  -j*  xx— yy'\  and  if  the  □ 
DW  PS  cc  2 cy  \  yy9  fobftradt  it  from  the  □  DV  PS  bh  f  ibx 
j  xxy  and  you5!  have  the  lame  □  of  the  Perpendicular  V  W 
g  2 hx  p  xx— cc— **  zey  — — yy.  Therefore 

aa—zax  y  xx—yy  US  bb  f  zbx  f  xx—cc—icy 

yy.  2 *  Redu- 
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3*.  ReiuBion.  Therefore  taking  from  both  Tides  and yy9 

aa - zax  H  bb  t  ^ x - ™cc - ;  and  adding  icy 

and  zax ,  aa  t  2 cy  «  bb  t  2^x  f  - cc  •  and  fubftra&- 

ing  aa ,  xc/  H  ^  t  2.^*  t  ^bx  'cc,  and  dividing 

by  xc, 

ytl  bb - aa  f  zax  f  ibx - -cc 

■  ■■  — - -  ■■■-  ^  — - -  »-  - - - 

z  c 

But  if  you  add  to  the  fame  y  or  CW  DC  K  c,  you’l  have 
DW  S  bb - aa  -J*  zax  f  zbx - — -  ccfc  i.  e. 


z  c 

reducing  this  c  to  the  fame  Denomination, 

bb - *  aa  f  zax  ibx  f  cc  H  DW.  But  the  fame  DW 

z  c 

H  DL— — WL  S  b - x  Therefore 

bb  ^—aa  f  lax  f  zbx  f  cc  b - x,  and  multiplying 


2  c 

xc,  bb - aa  f  zax  f  zbx  f  cc  3  zbc  f  zcx ,  and  adding 

zcx,  and  tranfpofing  the  reft,  zax  f  zbx  -f  zcx  S  aa— — *bt> 

- - cc  f  zbc,  and  dividing  by  za  f  zb  f  xc, 

x  H  a  a- — — ^bb> — —cc  f  ibc  juft  as  above  in 

the  firft  Cafe. 

4.  The  Geometrical  ConplruBion  therefore  will  be  the  fame 
as  there.  See  Fig.  23.  n.  4.  and  y. 

y.  The  Arithmetical  Rule  is  alfb  the  fame,  but  the  given 
quantities  in  this  Example,  which  the  figure  of  the  Problem 
will  (hew,  thus  vary,  while  a  remains  n,  b  will  be  8,  and 
C4,  from  which  data  (or  given  quantities)  there  will  not- 
withftanding  come  out  again,  for  x  or  the  Radius  Vy  z  3. 


II.  Some 
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II.  Some  Examples  of  fimple  or  pure  Quadratic!: 

Equations. 

PROBLEM  L 

TO  make  a  Square  equal  to  a  given  Re  Bangle ;  i.  e.  having 
given  the  fedes  of  the  ReB  angle ,  to  find  the  fide  of  an 
equal  Square ,  Eucl.  Prop.  14.  Lib.  2,.  Suppofe  e.g.  the  gi¬ 
ven  fides  of  the  Oblong  to  be  AB  and  BC  {Fig.  24.)  to  find 
the  Line  BD  whole  fquare  (hall  be  equal  to  that  Rectangle. 

SOLUTION. 

Make  AB  ~  a  and  BG  S  b ,  and  the  fide  of  the  fquare 
fought  S  xy  and  the  Equation  will  be  ab  k  xx  j  and  extra- 

fling  the  root  on  both  fides  T  ah  z*  x. 

Geometrical  GonfiruBion.  Join  AB  and  BC  in  one  right 
line,  and  defcribing  a  femi-circle  upon  the  whole  AC,  from 
the  common  junflure  B  erefl  the  Perpendicular  BD  which  will 
be  the  fide  of  the  fquare  fought,  according  to  Cafe  1 .  of  the 
Effeflion  of  pure  quadraticks. 

Arithmetical  Rule.  Multiply  the  given  fides  of  the  Oblong 
by  one  another,  and  the  fquare  root  extra  fled  out  of  the  Pro  - 
dufl  will  be  the  fide  of  the  fquare  fought, 

PROBLEM  II.  ' 

TH  E  fquare  of  the  Hypothenufd  in  a  right  angled  A  being 
given ,  as  alfio  the  difference  of  the  other  two  fquares  to 
find  the  fides.  E.g.  If  the  Hypothenufa  be  BC  (Fig.  25 .) 
and  the  difference  of  the  fquares  of  both  the  legs,  ana  confe- 
quently  its  Leg  alfb  BE  given  (for  the  fquares  being  given 
the  fides  are  alfb  given  geometrically^)  to  find  the  fides  of  the 
right-angled  A  which  fhall  have  thefe  conditions  j  or  more 
plainly,  to  find  one  fide  e.  g .  theleffer  which  being  found,  the 
other,  or  the  greater,  will  be  found  alfb. 


SOLU- 
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Let  the  □  of  the  given  Hypothenufa  ~  aa]  and  the  fquare 
by  which  the  two  other  differ  S  bb.  Let  the  lefs  fide  ~ 
and  its  □  c  xx.  Wherefore  the  greater  will  be  xx  *j*  lb.  And 
fince  the  film  of  thefe  is  ^  to  the  □  of  the  Hypothenufa,  you! 
have  i*xx  f  bb  ^  aa  ;  and  fubflra&ing  bb9 

2 xx  aa — bb  ;  and  dividing  by  z' 

xx  ^  aa —  bb.  Therefore 

I  z 

X  £5  T  aa — bb. 

"  i 

z 

Geometrical  Confer  u5l  ion.  Having  defcribed  a  femi -circle  on 
BC,and  apply ed  therein  BE,  the  □  EC  will  H  aa —  bb  ;  and 
having  defcribed  another  femi  circle  upon  EC  divided  into  two 

Quadrants  the  □  DC  will  be  a  a — bb,  and  fo  DC  £}  Y  aa—bby 

2  Z 

or  the  fide  fought ;  which  being  alfo  transferr’d  upon  the  other 
femi- circle  defcrib*  d  on  BC,  viz.  from  C  to  A  gives  the  other 
fide  AB  and  the  whole  A  fought. 

The  Arithmetical  Rule.  From  the  fquare  of  the  Hypothe¬ 
nufa  fubflrabt  the  given  difference,  and  the  fquare  root  extra¬ 
cted  out  of  half  the  remainder  gives  the  leffer  fide  of  the  A 
fought.  '  ' 

PROBLEM  III. 

HAving  an  equilateral  A  ABC  given  (Tig.  z6.  n,  i.)  to 
find  the  Center  and  Semi- diameter  of  a  Circle  that  jhall 
circumfcribe  it.  i.  e.  Find  the  BD  the  fide  of  an  Hexagon  that 
may  be  infcribed  in  it.  For  if  we  conhder  the  thing  as  already 
done  ?  it  will  be  manifeft  that  the  fide  of  the  Hexagon  BD 
will  fall  perpendicularly  on  the  fide  of  the  A  AB,  as  making 
an  angle  in  a  femi-circle,  fb  having  bifeCted  the  Hypothenula 
DA  you  1  have  E  the  Center  fought. 


JO 
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Make  the  fide  of  the  T wangle  AB  £3  a,  BD  £3  x,  then  will 
AD  K  ix.  Since  therefore  the  fquare  BD  /.  e .  xx  being  fub- 
ilra&ed  out  of  the  fquare  AD  i.  e,  ^xx,  there  remains  the  fquare 
AB  gxx,  you’l  have  the  Equation 

%  xx  ^  aa  ;  and  dividing  by  3 
xx  H  aa\  therefore 

3  _____ 

X  K  T  aa. 

I 

The  Geometrical  Confer  uBion.  Having  produced  AB  (n.2.) 
to  F  a  third  part  of  it,  the  fquare  of  a  mean  proportional  BD 
between  BF  and  BA  will  be  \aa  or  aa,  and  fo  the  Line  BD 

_  ^  r  f  fr  |j 

£3  T  aa.  Therefore  the  Hypothenufa  DA  being  divided  in 


two  in  E,  or  at  the  interval  BD,  making  the  interfeflion  from 
B  and  A,  you’l  have  the  Centre  fought. 

The  Arithmetical  Rule .  Divide  the  fquare  of  the  given  fide 
into  three  equal  parts,  and  the  fquare  Root  of  a  third  part  will 
give  the  femi-diameter  AE  or  BE  fought,  by  the  interfedtion 
of  two  of  which  you5l  have  the  Centre. 

PROBLEM  IV. 

S) 

V  '  a 

Aving  given ,  in  a  right-angled  Parallelogram,  the  Dia - 
gonal, ,  or  for  a  right-angled  A,  the  Hypothenufa  and  tht 
proportion  of  the  fides ,  to  find  the  fides  feparately  and  conferuB 
the  Parallelogram  or  A.  Suppofe  e.  g.  the  given  Diagonal  te 
be  AB  ( Fig .  27.  n  x.)  and  the  given  reafon  of  the  fides  as 
AD  to  DE,  to  find  the  fides. 

SOLUTION. 

Make  AB  £3  a,  the  reafon  of  AD  to  DE  as  h  to  c  ;  mak<j 
the  lefler  fide  £3  a;,  then  will  the  greater  be  cx. 

T 
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For  the  Equation ,  the  □  □  of  the  Tides  are  xx  f  ccxx  3J  aa, 

IT 

□  AB  ;  and  multiplying  both  fides  by  bb, 

bbxx  t  ccxx  33  aabb  ,  and  dividing  by  bb  f  cc, 
xx  53  aabb.  Therefore 

bb-\cc 

x  53  Y  aabb  i.  e.  Extra£Hng  the  roots  as  far 
bb\cc 

as  poflible  x  a  b 

Y  bb  f  cc 

.  '  / 

Another  Solution . 

Call  the  name  of  the  given  reafon  e,  fo  that  afluming  any 
line  for  unity,  the  value  of  e  may  alfo  be  expreffed  by  a  right 
line,  which  fhall  be  equal  e.  g.  to  DE  above.  Wherefore  be- 
caufe  we  make  the  lefs  fide  x ,  the  greater  will  be  e  x ,  and  fo 
xx  f  eexx  35  aa,  i.  e.  dividing  by  1  j*  ee, 

xx  35  a  a  > 

I  \ee 

i  —  . 

x  &  Y  aa,  1.  e. 

- — 

i\ee 

X  &  a 
T  1  j?e 

The  Geometrical  Conftrubtion.  The  laft  Equation  above 

being  reduc'd  to  this  proportion  as  the  T  bb  *(*  cc  to  b  lb  a  to 
x,  make  (n  z  )  AD  and  DE  at  right  angles,  and  AE  will 

be  35  T  bb  f  cc,  and  continuing  AE  and  AD  make  as  AE  to 
AD  fo  AB  to  AC  the  leffer  iide  fought.  Having  therefore 
drawn  BC  which  determines  the  leffer  fide  AC,  the  greater  hde 
and  fo  the  A  ABC  will  be  already  formed,  and  may  be  eafily 
compleated  into  a  Redlangle.  In  the  other  Solution  the  laft 
Equation  agrees  with  the  precedent  (Tor  it  gives  us  this  pro¬ 
portion  as  V 1  y  re  to  1  fo  a  to  x  in  which  1  is  31  b,  and  ee 
32  cc  by  what  we  have  fuppofed)  and  fo  the  Co,nftru£tion  will 
be  the  lame. 

The 
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The  Arithmetical  Rule  may  be  more  commodioufly  expref** 
ed  by  this  laft  Equation  under  the  laft  form  but  one,  after  this 
way,  divide  the  □  of  the  Diagonal  by  the  □  of  the  name  of 
the  Reafon  lefien’d  by  unity,  and  the  root  extradted  out  of  the 
Remainder  is  the  lefler  fide  fought. 

PROBLEM  V. 

'  /  '  , 

(Which  is  in  Pappus  Alexandrinus ,  and  in  Cartes'* s 
Geometry,  p.  83.  in  a  Biquadratick  affedted  E- 
quation,  and  p.  84.  he  gives  us  thereon  a  very 
remarkable  Note.) 

HAving  given  the  Square  AD  (Fig-  2.8  )  and  a  right 
line  BN. ,  you  are  to  produce  the  fide  AC  to  E ,  fo  that  EF 
drawn  from  E  towards  B  jhall  he  equal  to  BN- 

It  will  be  evident,  if  you  imagine  a  femi- circle  to  pafs  thro5 
the  points  B  and  E,  that  the  mofl  commodious  way  will  be 
to  find  the  line  DG,  that  you  may  have  the  Diameter  BG  ; 
upon  which  having  afterwards  defended  a  femi  circle,  there 
will  be  need  of  no  other  operation  to  fatisfie  the  queftion,  than 
to  produce  the  fide  AC  ’till  it  occur  to  the  preferib’d  Peri¬ 
phery.  > 

T 

$  0  L  V  T  I  O  N. 

(As  found  by  Van  Schooten,  in  his  Com¬ 

ment  on  Cartes V  Geometry ,  which  we  will  here  give 
jomewhat  more  dtjlincld) 

1.  Denomination.  Make  BD  or  DG  S  tf,  BN  or  FEWc, 
BF  H  y,  and  DG  {=5  •  the  Perpendicular  EH  will  be  jzj  a, 

and,.  EG  H  BF,  viz,  y  (becaufe  the  A  EHG  is  fimilar  to 
A  EDF,  by  n.  3  Sc  hoi  x  Prop  34.  Lib.  1.  Mat  hi f  Enucl( 
and  BD  in  the  one  t!  to  EH  in  the  other)  and  BG  a  f 
BE  ££  y  'I*  c p  and  BH  will  have  its  Denomination,  if  you 
make  (by  reafda  of  the  fimilarity  of  the  A  A  BED  and 
pEH)  ‘  ■  '  :  ; '  ' 

F .  '  '  ■  '  ,  l  ■  \  c-.’i  1  |  I  &'M 


/ 


Specious  Analyfis. 
as  BF  to  BD  fo  BE  to  BH 

y  ■  -- *  #  - jfo — : — ay-fa c. 


and  you’l  have  alio  HG  ^  a  ■)*  x—ay — ac ,  i,  e.  having 

y 

reduc’d  them  all  to  the  fame  Denomination, 

ay  *i*  xy—ay - ac,  i.  e.  xy—ac.  Having  therefore  na- 

y  y 

med  all  the  lines  you  have  occafion  for,  you  mufl:  find  two  E- 
quations,  becaule  there  are  affumed  two  unknown  quantities, 
viz,,  x  and  y. 

2.  For  the  fir  ft  Equation  and  its  Reduction.  By  realon  of 
the  fimiliarity  of  the  A  A  BGE  and  BEH , 
as  BG  to  GE  lo  BE  to  EH 

.  a-fx  - - y - y\c - a :  Therefore  the  P.edfan- 

gle  of  the  Extremes  will  be  s  to  the  Rectangle  of  the  means, 
i .  e.  yy  iyc  ~  aa  f  ax  ,  and  taking  from  both  fides  yc9 
yy  Z2  aa  f  vx - yc. 

g.  For  the  (econd  Equation  and  its  Reduction,  Since 
BH,  HE  and  HG 

ayfac— a - xy-ac  are  continual  proportionals,  the 

y  .  r  • 

Reflangle  of  the  extreams  are  equal  to  the  fquare  of  the  mean, 
i.  e.  axyy  *j*  acxy 'aacy< — aacc  ^3  aa  ,  and  multiplying 

yy,  .  . 

both  fides  by  yy,  and  dividing  by  a 

xyyf  cxy  —  acy  acc  ^  ayy9  and  taking  away  ayy  and 

tranipohng  the  reft-, 

xyy — - ayy  tz:  acy* — -cxy  *j*  acc  •  and  dividing  by  a 
yy  22  acy- — cxy  j*  acc  j  i.  e.  dividing  adtually  as  far  as  may 

x  “—**  a 

be  by  x — ~a9  yy  ^  —cy  f  acc.  .  o 

x-a 

4.  The  companion  of  thefe  two  Equations  thus  reduc’d* 
gives  a  third  new  one,  in  which  there  will  only  one  un¬ 
known  quantity,  viz,. 

*~~~  cy  \  aa  \  axftz  —  cy  f  acy  •  and  adding  to  both  fides  cy , 
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da  f  ax  £3  ,acc\  and  multiplying  by  x  —~a9 
& — a 

aax  f  axx~~ — — ~~aax  ^  aac ;  i.  e.  axx—(fi  !zj  acc  j 
and  dividing  both  Tides,  by  a ,  xx~-~~aa  r:  and  adding  00, 

xx  n:  **  f  Therefore  x  *—  T  *?<?  f  cc. 

5*.  'The  Geometrical  Confiruffiion,  which  is  the  fame  Vappm 
preicnbes  in  Cartes ,  having  prolonged  the  fide  of  the 

iquare  BA  to  N,  lb  that  BN  lhall  be  a  to  a  given  right  line, 
fince  BA  is  ^a}  and  BN  £2  c,  the  Hypothenula  DN  will  be 
K  V  aa  f  cc  Having  therefore  made  DG  £2  DN,  and 

ck/cribd  a  femi* circle  upon  the  whole  line  BG,  if  AC  be  pro¬ 
longed  until  it  occur  to  the  Periphery  in  E,  you’l  have  done 
that  which  was  requir'd. 

PROBLEM  VI. 

("Which  Van  Schooten  has  in  his  Comment , 
p.  ra  150,  and  following.) 

TT  Aving  given  a  right  line  AB>  from  the  ends  of  it  A  and 
JL  JL  B  ( Ftg,-  zg.)  to  infleU  two  right  lines  AC  and  BC\ 
which  JhaH  contain  an  angle  ACB  {zj  to  the  given  one  D,  and 
whoje  Jqaares  ft hall  he  in  a  given  proportion  to  the  Triangle 
ACB ,  viz.  as  4 d  to  a . 

Viz.  You  mail:  determine  the  point  C,  which  the  two  right 
lines  AH  and  HC  or  EH  and  HC  will  do,  affuming  the  mid¬ 
dle  point  E  in  the  line  AB,  Wherefore  here  will  oe  two  un¬ 
known  quantities  HE  and  HC,  and  conlequently  two  Equa¬ 
tions  to  be  found  in  the  Solution ;  one  whereof  tfie  given 
proportion  in  the  Queftion  fopplies  us  with,  and  the  other  we 
have  from  the  fimilar  Triangles  AIG  and  GFD,  which  repre- 
lent  equal  angles. 

t 

S  O  L  V  T  I  0  N. 

)  -  '  .  ■  '  .  ■  .  . . 

Denomination.  Make  AE,  half  AB  K  a ]  HE  H  x  and 
HC  £2  y\  therefore  AH  will  be  K  a—x  and  HB  K  a  -f  x  , 
whence  the  Denomination  of  the  Iquares  AC  and  BG  is  eahly 
had  ,  viz,  the  one  aa— ~zax  f  xx  fyy,  and  the  other,  aa  f 

zax  ' 


1 


q  ,  20  , 


Vi 


Specious  Andy  [is.  ^  ? 

zax  if  xx  -fyy,  fo  that  the  fum  of  the  fquares  is  zaa  f  zxx  f 
zyy.  An  *  the  A  ACB  will  be  a  ay  :  And  fmce  the  A  A 
GFD  and  AIC  are  fimilar,  and  the  fides  of  the  former  FD  and 
FO  arbitrary,  fo  that  for  FD  we  may  put  b  and  for  FC,  c  ; 
and  the  fides  of  the  latter  are  determined  by  the  fimilitude  of 
the  A  A  ABI  and  HDB,  as  being  right-angled  ones,  and  ha¬ 
ving  the  common  angle  B  ;  they  will  be  obtain'd  by  making 
as  the  Hypothen.  BC  to  the  Hypoth.  AB  fo  the  bale  HB  to 
the  bale  Bl,  z*  e. 

e - — ’d  f  x—zaaf  zax, 


e 


from  whence  liibftracfing  BG  |zj  e,  there  remains  Cl  K 

zaa\  lax — ee. 

- - —  *  - 

s  c 

z.  For  the  firfi  Equation ,  by  virtue  of  the  Problem  as  \d 
to  a,  fo  zaa  f  zxx  f  2yy  to  ay.  And  the  Redfcangle  of  the 
extremes  is  H  to  the  Re&angle  of  the  means,  i.  e.  A^ady  zal 
f  zixx  -j*  zayy. 

o,  For  the  other  Equation,  fince 
as  DF  to  FG  fo  Cl  to  AI 

h  — —  zaa\zax- — - ee- — zay 

.  e  e 

and  the  Re£iangle  of  the  extreams  will  again  be  to  the  Re- 
bangle  of  the  means,  i.  e,  zayb  a  zaac  fzaoxy—cee; 

e  e 

and  multiplying  both  fides  by  e ,  zayb  ^  zaac  f  zacx— * 
which  is  the  lecond  Equation, 

4.  The  Reduction  of  both  Equations. 

The  firft  was  4 ady  ~  f  zaxx  f  zayy . 

Therefore  dividing  by  la,  idy  s  aa  xx  f  yy. 

And  fabftrabing  aa  f  yy,  zdy  — *aa — — yy  ~  xx.~ 

The  latter  Equation  was  zayb  s  Zaac  f  zacx-~~ - eec9 
fubftituting  again  the  value  ee,  which  was 
aa  *jf  2  ax  f  xx  \yy. 

zayb  s  zaac  f  zacx - -aac~ — •  zacx— — •*  cxx— 

i.  e.  zayb  es  aac - cxx — cyy  ,  and  by  tranfpofition, 

cxx  S  aac  — — zayb - cyy  *  and  dividing  by  c , 

XX  £  a# — zay - yy,  or  aa  —  yy— zayb. 


cee 


•  Vf’ 

1.  c 


cyy 


n- 


or 
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or  ( putting  if  for  iah)  xx  ^  aa—yy* 


if/. 


Wherefore  we  have  the  value  of  xx  twice  expreffed,  but  by 
quantities  partly  unknown,  becaufe  y  is  found  on  both  tides.' 
Wherefore  now  we  mull  make  a  new  companion  of  their 
values,  whence  youl  have  this  new 

y.  Third  Equation ,  in  which  there  is  only  one  of  the  un¬ 
known  quantities : 

xdy - aa- — yy'zlaa—yy— — %fy ;  and  adding  on 

both  Tides  bothyy  and  aa9 

%dy  S  iaa~  zfyj  or  dividing  by  2, 
dy  a  aa—fy  j  and  tranfpofing  fy9 
dy  f  fy  S  aa-9  and  dividing  by  d  f  f9  N 

y  s  a  a  ;  which  is  the  value  of  the  quantity^  m 

known  terms. 

But  this  value  in  one  of  the  precedent  Equations,  viz,,  in 
this  xx  tz!  idy* — aa- — yy>  being  fubftituted  for  y  and  its 
fquare  for  yy,  will  give 

xx  s  3 daa- —  aa — -a^ 

d  -\f  dd  f  idf  -\ff ,  i.  e.  all  being  reduced 

to  the  fame  denomination,  - 

xx  tu  aadd — -aajf — -a*  •  and 


M 


f 


_ M  t  'jUf  iff 

T aadd  — — •  aaff* — — -  a* 

dd’lzdj  -fff. 


“C; 


6.  The  Geometrical  ConflruBion ,  which  Schooten  gives  us 
p.  *53.  Having  made  the  angle  KAB  ( [n .  2.  Fig.  29.)  e- 
qual  to  the  given  one  D,  eredf  from  A,  AL  perpendicular  to 
KA,  meeting  the  Perpendicular  EM  in  L ;  and  from  the 
Centre  L,  at  the  interval  of  the  given  right  line  d9  defcribe  a 
Circle  that  (hall  cut  KA  and  EL  produced  to  K  and  M.  Then 
afluming  EN  rz  KA,  join  MA,  and  from  N  draw  NH  pa¬ 
rallel  to  it,  which  fhall  meet  AB  in  H,  Afterwards,  having 
deferibed  from  L,  at  the  interval  LA,  the  fegment  of  a  Circle 
ACBj  draw  from  H,  HG  perpendicular  to  AR  meeting  the 
circumference  in  C,  and  join  AC,  CB. 


NB,  The 


Specious  Analjfis .  3  j 

NB.  The  reafbn  of  this  elegant  Conftru&ion,  which  the 
Author  conceal’d,  for  the  fake  of  Learners  we  will  here  (hew.1 
L  Therefore,  he  reduc’d  the  laffc  Equation  (extradfing  the 
root,  as  well  as  it  could  bear,  both  of  Numerator  and  Deno¬ 
minator')  to  this:  x  £2  a  multipl.  by  Ydd~— ff — ~aa9  fo 

d\f 

that  after  this  way  the  Conftrudfion  would  be  reduced  to  this 

proportion,  as  d~\  f  to  a  fo  T  dd—jf : — aa  to  x.  2.  He  made 
the  angle  KAE  ZZ  to  the  given  one  D,  and  the  angle  KAL, 
a  right  one,  fb  that  having  deferibed  the  fegment  of  a  Circle 
from  L  the  inferibed  angle  will  alfo  be  made  equal  to  the  gi¬ 
ven  one,  according  to  the  33,  Lib.  3:  Eucl.  3.  By  doing 
this,  EL  exprelles  the  quantity  f  fince  by  reafbn  of  the  fimi- 
larity  of  the  A  A  KQA  f.  GFD,  n.  1.  and  AEL  (for  the 
angles  LAE  and  AKO  are  equal,  becaufe  each  makes  a  right 
one  with  the  fame  third  Angle  KAO )  you  have 
as  KO  to  OA  fo  AE  to  EL  i.  e.  f 
c  — - b  - — —  a——ab 

c 

4.  Making  now  LM  and  LK  £3  d  you  had  EM  £3  d  f /, 

and  AK  £3  V dd—jf - •aa  (for  the  □  AL  is  £3  to aa^'fu 

which  being  fubftra&ed  from  □  LK  £3  ddy  there  remains  □ 
AK  zz  dd — — aa- — —  ff.) 

y.  Wherefore  there  now  remains  nothing  to  cbnflrudl:  the 
laft  Equation  above,  but  to  make  EN  £3  AK,  .  and  to  draw 
HN  parallel  to  AM  ;  for  thus  was  the  whole  proportion 
as  EM  to  EA  fo  EN  to  EH 

djf  —  a  ■ — *  T  dd  — ff- — -  aa  to  "X.  e.  £ 

For  the  point  H  being  determined,  a  perpendicular  HC  thence 
eredfed  in  the  fegment  already  deferibed  defines  the  Point  C, 
which  anfwers  the  Queftion. 

\  .1 . 

PROBLEM  VII. 


HAving  given  the  four  fides  of  a  Quadrangle  to  be  infrd'ed 
in  a  Circle ,  to  find  the  Diagonals  and  their  Segments^ 
and  Jo  to  conjhuci  the  Quadrangle ,  and  infer icbe  it  in  the  Circle . 
As  e.  g.  fuppofe  the  given  fides  are  AB,  BE,  CD,  DA  (F/g. 
30  n.  i  Q  wh;ch  now  we  fuppofe  to  he  joined  Imp  a  quadnni- 

4  Ff  '  4  gW 


/ 

© 
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gle  infer  ib5d  in  the  Circle,  *  the  Diagonals  alfo  AC  and  BD 
being  drawn  (n,  3.)  to  find  firft  the  fegmentsof  the  diagonals 
Ac3  Be,  &c*  which  being  had,  the  Conftruflion  is  ready. 

S  0  L  V  T  1  0  N. 


Denomination :  Make  AB  t=s  a,  AC  a  CD  53  e,  DA 
K  d>  Ae  K  a  [for  this  fegment  alone  being  found,  the  reft 
will  be  found  alfo,  as  will  be  evident  from  the  procefs.  ]  Since 
therefore  the  vertical  angles  at  e  are  equal,  and  likewife  the 
angles  in  the  fame  fegment  BCA,  BDA,  alfo  DAC,  DBC, 
€ fa.  are  equal,  the  Triangles  AeD  and  B*C,  alfo  AeB  and 
CeD  are  fimilar  •  wherefore  it  will  follow  that, 

1.  As  DA  to  Ae  fo  CB  to  Be 
d  —  x  — —  h—bx 

1 

2*  As  AB  to  fb  CD  to  Ce 
a——1  bx — —  c - hex 

"  <1  in  1  VfcjwMUsg. 

d  ad 

As  AB  to  Ae  fo  CD  to  De 

- -~c-—CX 

a 

(  % 

Therefore  the  whole  Diagonal  AC  will  be  H  #  f  btx 

\  s  ad 

and  BD  E2  bx  *{■  cx. 

d  a 


2..  The  Equation.  But  now  by  Prop,  48.  Lib .  1.  Math . 
EnucL  the  Redkngle  of  the  Diagonals  is  equal  to  the  two 

Redkngles  of  the  oppefite  fides, 

Diag.  AC,  x  ■f’  hex  x  •„ 

ad 

Diag,  BD,  bx  f  cx 
d  a 


exx  f  bbcxx 
*  a  add 


Therefore 


r 


59 


Specious  Amlyfis, 

Therefore 

the  □  of  the  Diagonals  bxx  f  cxx  f  bhcxx  f  bccxx  is 

d  a  add  (tad 

S3  ac\bd, 

-  -  .  ...  J 

3.  Reduction,  i.  e.  casing  (4)  for  unity 
bxx  •(*  caw  f  bhcxx  “J*  £c«ca?  s  c  f  ^  i 

,  r 

i.  e.  the  quantities  on  the  left  hand  being  reduc’d  to  the  fame 
denomination. 

bdxx  -j*  cddxx  f  bhcxx  f  bccdxx  S3  bd  \ 

'  IT 

and  multiplying  both  fides  by  dd, 

bdxx  f  cdxx  -J*  bhcxx  j-  bccdxx  S3  cdd  f  bd?  j 
and  dividing  both  fides  by  d 

bxx  t  cxx  t  bhcxx  -J-  bccxx  S3  cd\  bdd  • 

~T~ 

and  then  dividing  both  fides  by  b  f  cd  f  hhc  f  bcc f 

T 

O'  #  S3  c  d  f  bdd 

b  |  cd  f  bhc  |  bcc ;  i.  e.  in  the  prefent  cafe,  where 
<4 

&  by  chance  happens  to  be  S3  ay 
XX  S3  cd  *(■  dd 

i  -j*  cd  f  c  *jf  cc 

J 

Therefore  x  S3  Vcdm j-  bdd 

b\  cd'f  bbc  *}■  bcc 

y 

or  In  our  cafe 

X  S3  Ycd-j  dd 

i  t  cd  f  c  f  Ci c 

1 

4.  The  Geometrical  Confiruttion,  which,  by  fuppofing  a 
(and  in  the  prefent  cafe  alfo  b)  to  be  unity,  ought  to  deter- 

F .  f  z  mine 
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mine,  i,  The  quantities  cd,  c,  cc,  and  their  aggregate  with 

»■ 

d 

unity,  z,  The  aggregate  of  cd  and  dd.  3.  To  divide  the 
one  by  the  other.  And,  4.  To  extrabl  the  root  out  of  the- 
quotient.  Or  alfo  to  extrabl  the  roots  firft  out  of  each  quantity, 
and  divide  them  by  one  another ;  which  may  all  of  them  be 
feparately  done  in  fb  many  feparate  Diagrams,  but  more  ele¬ 
gantly  connected  together  after  the  following  or  fome  fuch  like 
way.  j.  join  AD  and  DC  (n«  2.)  into  one  line,  and  having 
defended  a  femi- circle  thereupon,  erect  the  Perpendicular  DE ; 

and  the  line  AE  drawn  will  £3  Ted  ft  dd .  2.  Making  the 

angle  CAG  at  pleafure,  make  AF  S  AB,  and  draw  CG  pa¬ 
rallel  to  the  line  DF  ,  fb  f  G  will  be  £5  c*  Now  if,  3.  in 

7  * 

the  vertical  angle  you  make  AH  fcj  CD,  the  line  HI  drawn 
parallel  to  DF  will  cut  oft  AI  cd.  4,  In  AK  erebled-  ►— 1 
to  AB,  if  you  take  AL  H  AH  or  CD,  and  draw  LM  paral¬ 
lel  to  KH,  you5!  ha*e  AM  S  ec.  y.  Having  prolonged 
AG  to  N  and  AH  to  O,  fb  that  GN  fhall  be  K  AI  ft  AM 
and  AO  ~  AB  or  AK,  and  having  deferibed  a  femi- circle 
upon  the  whole  line  NO,  a  perpendicular  erebted  AP  wiil  be 
ZZ  T  1  ft  cd  ft"  c  ft"  cc  *  and  fo,  6.  if  AQ_  be  made  ~  AE 

7  •  ,  -  ^ 

and  AR  s  AF  or  AB,  and  you  draw  a  line  RS  from  R  pa¬ 
rallel  to  F Qj  AS  will  be  s  /.  e  the  fegment  fought  Ae  of 
the  Diagonal  AC ;  which  being  given,  by  force  of  the  ftrft 
Inference  premis’d  in  the  Denomination  above,  by  drawing 
TS  and,  having  made  DT  zz  BC,  TV  parallel  to  it;  yoifl 
have  alio  the  other  fegment  Be  ^SV  and  by  their  InterfebHon 
on  the  line  A  j>  ( n .  $.)  the  point  e ,  thro’  which  the  Diagonals 
mult  be  drawn  which  will  be  terminated  by  the  other  given 
hdes,  and  thence  you’i  have  the  quadrilateral  figure  A  BCD 
fought,  to  be  circumscribed  about  the  Circle,  according  to  Con* 
jeer.  6  Dejin.  8,  Mathej.  Enucl.  .  • 

NB.  Unlefs  we  had  here  confiilted  the  Learner’s  eafe,  the 
artifice  of  this  ConftrucMon  might  be  propofed  after  a  more, 
fhort  -and  occult  way,  thus.v  Make  DE  a  mean  proportional 
between  AD  and  DC,  and  draw  AE.  Then  having  made 


any  angle  CAG,  make  AF  ^  AB,  and  at  this  Interval  dc 


ferib 
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foribe  the  circle  FROK,  and  draw  CG  parallel  to  DF.  More¬ 
over  in  the  oppofite  vertical  angle,  having  made  AH  su  CD, 
draw  H  l  parallel  to  DF,  and  having  eredted  the  perpendicular 
AK,  and  thence  the  abfcifla  AL  AH,  make  LM  parallel  to 
HK,  and  thence  having  prolonged  AH  to  O,  and  GN  being 
made  equal  to  Al  AM,  make  AP  a  mcam  proportional  be¬ 
tween  AO  and  AN,  cutting  the  hidden  circle  in  R  ;  and  laft- 
1  y  having  made  AQ_r:  AE,  if  RS  be  drawn  parallel  to  QP, 
you’l  have  AS  the  value  of  x  fought,  &c. 

X  •  ' 

III.  Some  Examples  of  Ajjeeled  Quadratic!:  <  ' 

Equations. 

PROBLEM  I. 

HAv'mg  given,  to  make  a  right  angled  Triangle  ABC , 
the  differences  of  the  leffer  and  greater  fide ,  and  of 
the  greater ,  and  the  Hypothenufa ,  to  find  the  fides  feparately 
and  form  the  Triangle .  E.  g  Having  given  the  right  line 
DB  {Fig.  g  i.)  for  the  difference  of  the  perpendicular  and  bafo, 
and  CE  for  the  difference  of  the  bafo  and  Hypothenufa,  to 
find  the  perpendicular  AC,  which  being  found,  you’!  have  al- 
fo,  by  what  we  have  foppofod, the  bale  AB,and  the  hypothenu¬ 
fa  BC. 

/  ~  .  1  *■ 

SOLUTION. 

Make  the  difference  DB  r?  a ,  CE  b  ;  put  x  for  the 
perpendicular  j  the  bafo,  which  is  greater  than  that  will  be 
x  f  a  and  the  Hypothenufa  x  f  a  f  b.  Therefore  by  vertue 
of  the  Pythagorick  Theorem, 

zxx  f  zax  f  aa  Z?  xx  f  zax  y  zbx  f  aa  f  zab  -f  bb  , 
and  fubffradling  from  both  fides  xx  zax  -J*  a  a, 

xx  in  zbx  *J*  zab  f  bb.  , 

Wherefore  by  the  Drib  cafo  of  aftedled  quadratick  Equati¬ 
ons  x  zz  b  -f  T  %ab  f  zb  b, 

ConftruBion.  Find  a  mean  proportional  AK  between  AH 
tr:  2bandAI;r:  (n.l.)  ( Fig .  31.)  and  having  made  both  . 

AF  and  AG  tz  by  place  the  Hypothenufa  K.F  from  AL,  and 

cue 


l 
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cut  off  GC  equal  to  the  hypothenufa  GL ;  thus  you’l  have  AC 
the  perpendicular  of  the  Triangle  (ought,  and  adding  DB  you’! 
alfb  have  the  bafe  AB,  and  from  thence  having  drawn  the  hy- 
pothenufa  BC,  it  will  be  found  to  differ  by  the  excels  required 
CE. 

The  Arithmetical  Rule .  join  twice  the  product  of  the 
differences  mulciplyed  by  one  another,  to  twice  the  fquare  of 
the  difference  of  the  bale  and  the  hypothenula ;  and  if  the 
Iquare  root  of  this  fum  being  extra&ed  be  added  to  the  afore- 
faid  difference,  you’!  have  the  perpendicular  fought,  Suppofe 
e.g.  both  the  differences  of  GE  and  DB  a  io. 

PROBLEM  II. 

IN  a  right-angled  A  having  given  the  Hypothenufia  and  fum 
of  the  fides ,  to  find  the  fides .  E.  g.  If  the  Hypothenula  BC 
be  given  (Hg/32.)  and  the  liira  of  the  fides  CAB,  to  find  the 
fides  AB  and  AC  feparately,  to  form  the  Triangle. 

s  0  i  v  r  1 0  n. 

Make  the  Hypothenula  BC  £3  ay  the  film  of  the  fides  a  h . 
Make  one  fide  e.g.  AB  a  then  will  the  other  fide  AC  be 
a  b~™*x.  Therefore 

zxx—xbx  "J*  hb  ££  aa •  and  adding  xbx,  and  taking  a- 
way  bb,  %xx  a  ibx  f  aa—hb  ;  and  dividing  by  2, 
xx  a  bx  f  aa—bb. 

2 

Therefore  according  to  Cafe  1 .  of  affedted  Quadraticks, 

X  a  lb  f  T \bb  f  aa—bb 

_ _  2 

h  e.  ^|T  l2aa—\bb 
or  2  b — T  J  aa—\bb. 

'The  Geometrical  ConfiruClion .  Having  defcribed  a  lemi- circle 
upon  BD  zz  BC  lo  a  apply  therein  the  equal  lines  BE  and  DE, 
arid  having  defcribed  another  lemi  circle  on  BE  apply  therein 
BF  a  I  b,  to  be  prolonged  farther  ouc.  Laftly,  if  another  little 
lemi  circle  be  defcribed  at  the  Interval  EF,  the  whole  line  AB 
. '  v  will 
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will  be  the  true  root  or  the  fide  fought,  and  GB  the  falfe 
root,  &c. 

The  Arithmetical  Rule.  From  half  the  fquare  of  the  Hy- 
pothenufa  fubftra&  the  fourth  part  of  the  fquare  of  the  given 
film,  and  the  root  extra&ed  out  of  the  remainder,  if  it  be  ad¬ 
ded  to  half  the  fum,  will  give  one  fide  of  the  Triangle  ; 
and  fubftrafted  from  the  given  fum,  will  give  alio  the  other 
Suppofe  e.  g.  BG  to  be  zo,  and  the  fum  of  the  fides  z8. 

PROBLEM  III. 

H Awing  given  again  in  the  fame  A  the  Hypothenufa ,  as 
above ,  and  the  difference 'of  the  (ides  DB  {Fig.  33  j  to 
find  the  fides . 

S  0  L  V  T  I  0  N. 

'  *  / 

Make  the  lefs  fide  x ,  the  difference  of  the  fides  s  h ;  th« 
greater  fide  will  be  x  b.  Let  the  Hypothenufa  be  s  a. 
Therefore,  2xx  |  xbx  f  bb  zzaa,  and  taking  away  %bsc  t  bb9 

2. xx  —  aa> — ibx - bb  •  and  dividing  by  z, 

xx  a  — —bx  ff  aa — -bb. 

z  __ 

Therefore  by  cafe  2,  x  ^  — — l  b  f  T  \bb  f  aa — —bb 

z 

i.  e.  —lb  |  T  2  aa* — \bb. 

The  Geometrical  Confirutlion.  Having  defcribed  a  femi-drcle 
upon  BD  e  BC  or  apply  therein  the  equal  lines  BC  and  DC, 
and  having  defcribed  another  femi  circle  on  DC  apply  in  it  OF 
and  if  at  the  fame  interval  you  cut  off  FA  from  FC, 
the  remainder  AC  will  be  the  leffet  fide  fought,  &*c. 

The  Arithmetical- Rule.  From  half  the  fquare  of  the  Hy¬ 
pothermia  fubftratfr  the  fquare  of  half  the  difference,  and  if  you 
take  half  the  difference  from  the  root  extracted  out  of  the  re¬ 
mainder,  you5l  have  the  lefier  fide  of  the  Triangle  required, 
and  bv  adding  to  it  the  given  difference  you1!  have  alio  the 
greater,  E,g,  Let  the  Hypothermia  be  10,  and  the  difference 

of  the  fides  4.* 

* 


PRO- 
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PROBLEM  IV. 

/ 

'  Av'ing  given  the  Area  of  a  right-angled  "Parallelogram, 
,  and  the  difference  of  the  fides  to  find  the  fides.  E.  g.  If 
the  Area  is  s  to  the  fquare  of  the  given  line  DF,  and  the 
difference  of  the  fides  ED  (Fig.  34.)  to  find  the  fides  of  the 
rectangle. 

S  0  LV  T  ION. 

Make  the  given  Area  ~  aa,  the  difference  of  the  fides  s  h , 
the  leffer  fide  x ;  then  the  greater  will  be  x  f  h.  Therefore 
the  Area  xx  f  bx  S  aa  \  and  fubffra&ing  hx 


xx 


-  hx  f  aa . 


Therefore  according  to  cafe  x,  x  zl.—  lb  f  Y  J  bh  f  aa. 

The  Geometrical  C  onfiruBion.  Join  at  right  angles  AG  S 
a,  and  GH  ^  l  b9  and  having  drawn  AH  and  prolong^  it, 
de/cribe  the  little  Circle  at  the  interval  GH :  fo  you’l  have 
~AE  the  leffer  fide,  and  AD  the  greater  of  the  Rediangle 
fought,  <&c. 

The  Arithmetical  Rule.  Add  the  given  Area  and  the  fquare 
of  half  the  difference,  and  having  the  fum,  fubftradi  and  add 
the  difference  from  or  to  the  root  extradfed,  and  fo  you’l  have 
the  greater  and  lefs  fides  of  the  rectangle. 

PROBLEM  V. 

‘  Aving  given  for  a  right-angled  Triangle  the  difference  of 
bcth  the  Legs  from  the  Bjpothenufa ,  to  find  the  fdes  and 
Jo  the  whole  Triangle.  E,  g.  Suppofe  the  difference  of  the  lefs 
fide  to  be  BD  and  of  the  greater  DE  (n.  1.  Fig.  gj.)  to  find 
the  fides  them  (elves,  and  io  make  the  Triangle. 

S  OLVT  ION. 

For  BD  put  a,  for  DE,  h.  Let  the  greater  fide  be  x  , 
the  Hypothenufa  will  be  x  h ;  therefore  the  leffer  fide  will 
be  x  b* — -a.  Now  the  □  □  of  the  fides  are  £3  to  the  □  of 
the  Hypothenufa,  i,  e.  ixx  -~~zax  -f  zbx  f  bb~- —  x ab  aa 
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E  xx  f  ibx  -f  bb  ;  and  taking  away  xx  f  ibx  f  bb, 

xx ~ — zax - 'Lab  f  aa  E  0  *  and  adding  2,<?x  and 

and  taking  away 

xx  E  2,;zx  t  lab — *aa*  Therefore 
-  x  E  ^  f  X aa  f  zab-' — aa  ,  i.  e. 
x  ~  a  f  T  zab. 

*  *  <• 
The  Geometrical  ConfimBion.  Between  the  given  diffe* 

rences  BD  and  DE  find  ( n.  z.)  a  mean  proportional  DF, 
and  join  to  it  at  right  angles  the  equal  line  FG,  and  cut  off 
DH  equal  to  DG;  and  fo  you!  haveBH  the  greater  fide  of  the 
triangle  fought.  This  being  prolong’d  to  C,  fb  that  HC  fhall 
be  E  b ,  having  defcribed  a  femi-circle  upon  the  whole  line 
BC  apply  therein  BA  E  BH  ;  and  having  drawn  AC,  the 
Triangle  fought  ABC,  will  be  formed. 

The  Arithmetical  Rule,  ■fthefquare  root  extracted  from 
the  double  rebtengle  of  the  differences  be  added  to  the  greater 
difference,  you’l  have  the  greater  fide  fought,  &c. 


PROBLEM  VI. 

HAving  given ,  to  make  two  unequal  Re  Bangles,  but  of ’ 
equal  height h,  the  fum  of  their  Bafes  with  the  Area  of 
either  (viz  the  greater ,)  and  the  proportion  of  the  /ides  0/  the 
other  (viz  the  leaf ,)  to  find  the  (ides  feparately .  E  g.  Let 
the  fum  of  the  bafes  be  AB  (n.  1.  Fig.  36  )  and  the  fquare  of 
the  line  BC  e  to  the  Area  of  the  greater  rebtangle  ;  and  let 
the  fides  of  the  Idler  re&angle  be  to  one  another  as  CD  to  DE  : 
To  find  the  fides  of  both  the  re&angles ;  i.  e  to  find  the  com¬ 
mon  altitude,  which  being  found  the  other  fides  will  be  eafily 
obtain’d  from  the  Data  ;  or  to  find  the  bale  of  the  greater 
which, with  the  fame  eale,  will  difcover  the  reft. 

•  a 

S  0  L  V  T  1  0  N. 


y  t 

Make  AB  E  a,  and  the  Area  of  the  greater  reSangle  E  bb ; 
and  the  proportion  of  the  altitude  to  the  bale  in  the  Idler,  as  & 
to  d  j  to  find  e.  g.  the  greater  bale  which  call  x.  Therefore 
the  common  altitude  will  be  E  bb ,  and  the  bale  of  the  Idler 


redtengl 


1 


a 


x. 


Where- 
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Wherefore  you5!  have  for  the  Equation, 
as  c  to  d  fo  bb  to  a—^oc 

x  r> 

Therefore  ac- — >cx  |zj  bbd  ■  and  multipi.  by  x9 

x 

acx — cxx  £j  bbd}  and  adding  cxx  and  taking  away  bbd9 
acx * — bbd  H  cxx.  Now  that  you  may  conveniently 
divide  both  Odes  by  e ,  make  firfl:  as  c  to  b  fo  d  to  a  fourth 
which  call  f,  and  then  put  cf  for  bd9  and  you’l  have 
ac-x—bcf  £3  cxx  \  and  dividing  by  c 
ax* —  bf  a  xx  ;  and  fo  according  to  cafe  gi 

x  H \a  f  Y  \  aa  —  bf 

ox\a~*V\aa - bf. 

The  Geometrical  ConfiruEtion.  Find  firfl:  the  quantity  f 
( num .  x  %•  36-)  according  to  the  following  proportion,  as 
c  to  b  fo  d  to  f ;  and  a  mean x  proportional  between  b  and/ 

will  be  a  T  bf.  Then  having  at  the  interval  \  a  defcribed  a 
femi  circle  (n.  gj  upon  the  given  line  AB,  and  ere&ed  BD  B 

T  bf  and  having  made  EF  to  it,  CF  will  be  T  \  aa — bfi 
To  which  AC  being  added  will  give  x  for  one  value  and  FB 
for  the  other.  And  for  the  common  altitude,  which  we  called 
hb,  make  as  x  to  b9  fo  b  to  a  fourth,  i,  e .  as  AF  to  FM  fo 

*  .  .  .  ~  ' 
f  Hto  FG ;  which  will  be  the  altitude  of  both  rectangles  Kg 

and  B g  which  may  now  eafily  be  conftru&ed. 

The  Arithmetical  Rule  might  eafily  be  bad  from  this  Equar 

cion  reduced  j  but  you  may  have  it  more  commodioufly  from 

this  other 

S0LVT10N.  * 

Let  the  Denomination  remain  the  lame  as  above,  only  here 
put  :>c  for  the  common  altitude,  and  exprefs  the  reafon  of  the 
lefler  bale  oi  the  rectangle  to  this  altitude  by  e ,  and  that  bafo 
will  be  S  cx  :  Therefore  the  bale  of  the  greater  Rectangle 
will  be  a  a— ex.  Having  now  multi plyed  the  com¬ 
mon  altitude  by  each  bale,  the  area  of  the  greater  redtangle 
will  be  ax~* exx,  and  hence  you!  have  the  Equation 

ax 


F  *- 


Ji 


■h - 


-  B 
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ax — — exx  H  lb\  and  adding  exx,  and  taking  away 

bb,  ax - bb  ZZ  exx  ;  and  dividing  by  e , 

a* — ££  ~  Therefore  by  cafe  3. 

-fc.  ,  ,  — — — — 

e  _ 

x  S  <2  "f  T  — bb  or  x  zz  a  - — Y  aa—bb: 
ie  A^.ee  e  'te  /\.ee  e 

Wherefore  now  this  will  be  the  Arithmetical  Rule.  If  from 
the  fourth  part  of  the  fquare  of  the  film  of  the  bafes  divided 
by  the  □  of  the  name  of  the  reafon  you  fubftradl  the  given  area 
divided  by  the  fame  name  of  the  reafon,  and  if  the  root  extradfed 
out  of  the  remainder  be  added  to  or  fubftradled  from  hall  the  fum 
of  the  bales  divided  by  the  fame  name  of  the  reafon ;  this  film  or 
remainder  will  give  the  altitude  of  the  given  Rediangles,  and 
that  multiplyed  by  the  name  of  the  reafon  one  of  the  bafes : 
And  that  being  fubftradted  from  the  given  fum  of  the  bafes 
will  give  the  other  bale.  For  Example,  let  the  fum  of  the  ba¬ 
les  be  16,  the  area  of  one  of  the  redfangles  30,  the 
name  of  the  reafon  which  the  common  altitude  has  to  the  bale 
or  the  other  redlangle  zz  *l.  There  will  come  out  the  com¬ 
mon  altitude,  on  the  one  fide  7,  on  the  other  3,  &c. 

PROBLEM  VII. 

HAuing  given  the  Verpendicular  of  a  right- angled  Trian¬ 
gle  let  fall  from  the  right  angle ,  and  its  Bafi,  to  find  the 
figments  of  the  Bafe,  and  fo  to  form  the  Triangle . 

E  g<  if  the  bale  of  the  right  angled  Triangle  you  are  to 
form  be  AB  (Rig-  37 .)  and  the  length  of  the  perpendicular 
BE  or  BF  }  to  find  the  fegments  of  the  bale,  and  fo  the  point 
D,  from  which  you  are  to  make  the  perpendicular  CD,  to  lor 01 
the  Tiangle  ABG. 

$  0  L  V  T  1  0  N. 

Let  the  given  bafe  be  zz  a  ,  and  the  given  perpendicular 
ZZ  b  :  Then  will  one  of  the  fegments  of  the  bate  be  zz  x  ; 

and  the  other  zz  a - x,  a;id  b  a  rneat^  proportional  between 

the  faid  fegments,  i.  e. 

x  to  b  as  b  to  a — x9 

Therefore  ax—xx  zz  bb  •  and  by  adding  xx  and  taking 
way  bb,  > 


G  g  a 


,8 


ax- 
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•bb  zi  xx.  Therefore  by  cafe  3] 


x  ZZ  la  f  T  \aa- — bb 


ox  \a~ — T  I  aa 


bb. 


The  Geometrical  Construction.  Having  deferibed  a  femi- 
circle  upon  the  given  line  AB,  if  you  eredi:  the  perpendicular 
BE,  and  from  the  point  G  (which  is  determined  by  EG  pa¬ 
rallel  to  kb)  let  fall  GD  equal  to  it,  you  will  have  the  two 

fegments  fought,  AD  Z2  la  f  T  \ aa- - bb  and  DB  ^  l  a—* 

T  4 aa- — bb,  which  ConftrudHon,  it  cannot  be  denyed,  but 
it  may  be  evident  to  any  attentive  perlon  even  without  the  A- 
nalyfis.- 

But  that  cafe  may  by  the  by  be  taken  notice  of  wherein  the 
given  perpendicular  would  not  be  BE  but  BF.  For  in  this 
cafe  the  perpendicular  BF  being  eredled  upon  AB,  the  paral¬ 
lel  FG  would  not  cut  the  ferni- circle  •  which  is  an  infallible 
fign  that  the  Problem  in  this  cafe  is-  impcfiible,  where  the 
perpendicular  is  fuppofed  to  be  greater  than  half  the  bale  ; 


which  is  inconfiftent  with  a  right  angle. 


The  Arithmetical  Rule .  From  the  fquare  of  half  the  bafe 
take  the  Iquare  of  the  given  perpendicular,  and  add  or  fub- 
ftradl  the  iquare  root  extradied  out  of  the  remainder,  to  or 
from  hall  the  bafe;  and  on  the  one  hand  the  fum  will  give 


the  greater  fegment?  and  on  the  other  the  difference  will  give 


the  lels. 


V  '  PROBLEM  Via 

HAruing  given  the  perpendicular  of  a  right-angled  Triangle 
that  is  to  he  let  pall  from  the  right  angle ,  and  the  diffe¬ 
rence  of  the  fegments  of  the  bafe0  to  find  the  fegments ,  and  de¬ 
scribe  the  Triangle . 

E.  g.  If  the  perpendicular  is,  as  above,  BE,’  and  the  diffe¬ 
rence  of  the  fegments  AH  (n.  1  .Fig,  38.)  to  find  the  feg- 
ments  AD  and  DB,  from  whole  common  term  you  are  to  e~ 
redl  a  perpendicular  DG  or  DC  to  iorm  the  Triangle. 


SOLV - 


1 


■/ 


Specious  Andyfis . 
SOLVTION. 


49 


Make  the  lefTcr  fegment  £3  and  the  difference  of  the  feg- 
ments  s  the  greater  fegment  will  b  ex  fa.  Make  the  gi¬ 
ven  perpendicular  as  before  zz  £  :  Therefore  yoffl  have 
as  x  t  a  to  b  id  b  to  xj  and  confequently, 
xx  f  ax  ZZ  bb ;  and  fubftradiing  ax, 
xx  ZZ  bb — ax.  Wherefore  according  to  cafe  x. 

x  —  —  2  a  f  T  \  aa  f  bb. 

\ the  Geometrical  Confer  uBion .  Make  HD  ^  \  a,  DG  equal 

and  perpendicular  to  b ;  HG  will  be  zr  X\aa  f  bb  zz  HB  or 
HA,v  'viz,  having  drawn  a  femi' circle  from  H  thro5  G. 
Therefore  DB  is  the  lefs  fegment,  and  AD  the  greater  ;  and 
having  drawn  AG  and  BG,  or  on  the  other  fide,  ( making  the 
perpendicular  DC  zz  DG)  having  drawn  AG  and  BC,  the 
Triangle  will  be  .conftru&ed.  Or  with  Cartes ,  make  ( n .  %.) 
HE  ^  \a  and  EB  Z  ^  and  having  defcribed  a  Circle  from 
H  thro3  E  draw  BHA  ;  and  fo  yoffl  have  the  two  fegments 
fought  AB  the  greater  and  DB  the  leffer. 

The  Arithmetical  Rule.  Join  the  fquares  of  the  half  diffe¬ 
rence  and  perpendicular  into  one  fum,  and  then  having  extra¬ 
cted  the  root  fubftraCt  half  the  difference  from  it,  and  the  re¬ 
mainder  will  be  the  leffer  fegment  fought  3  and  having  added 
the  difference  yoffl  have  alfo  the  greater. 

. 

PROBLEM  IX. 

Hr 

HAving  given  for  a  right-angled  Triangle  one  fegment  of 
the  baje  and  the  fide  adjacent  to  the  other  fegment ,  to  find 
the  refi  and  confiruB  the  Triangle. 

As  if  the  leffer  fegment  of  the  bafe  DB  be  given  (Fig.  39. 
n.  1.)  and  the  fide  AC  adjacent  to  the  other  fegment ;  to  find 
the  greater  fegment  of  the  hafe,  which  being  found  the  reft 
are  eafily  obtain’d,  and  confequently  the  whole  Triangle. 

■  .1  ^ 


\ 
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SOL  V  T  10  N. 

Make  the  greater  fegment  s  b ,  the  given  fide  a  c ,  the 
fegment  (ought  £3  x  Now  if  we  (uppofe  the  triangle  ABG 
to  be  already  found,  it  is  evident,  i.  If  from  the  (quare  of  AG 
you  fubffradi  the  □  AD,  you’l  have  the  □  CD  3:  cc  xx. 
■r  The  feme  □  CD  may  alio  beotherwife  hence  obtain’d,  be¬ 
cause,  the  angle  at  C  being  a  right  one,  CD  is  a  mean  pro¬ 
portional  between  BD  and  DA,/.  e.  between  b  and  x  j  whence 
the  redlangle  of  the  extremes  bx  is  h  P  of  the  mean  CD, 
Wherefore  now  it  follow?,  3 ,  that 

cc — - xx  zz  bxmy  and  adding  xx, 
cc  £3  bx  f  xx  ;  and  (ubftradling  bx, 

f  cc  E3  xx.  Therefore  according  to  cafe  %. 

r  X  £3  *~2  b  f  T  ^  bb  f  cr.  '1 

Geometrical  Con  fir  uB  ion.  Join  FF  *3  lb  (n.  %•  Fig,  39.J 
and  FA  £3  *  at  right  angles  an  •  having  aeferibed  a  Circle  from 
Ethro  F  draw  AEB9  ib  you3!  have  DA  the  greater  fegment 
and  Dt>  he  lefi ;  having  eredfed  therefore  a  perpendicular 
from  D,  and  defended  a  femi-circle  upon  AB,  you’l  have  C 
the  vertex  of  the  triangle  (ought,  whence  you  are  to  draw 
the  fides  AC  and  BC. 

The  Arithmetical  Rule .  Join  the  □  of  hdf  the  given  feg¬ 
ment,  and  the  □  of  the  given  fide  into  one  (urn  ;  and  having 
extradled  the  root  of  it,  if  you  thence  take  half  the  given  feg  - 
mentj  yoifl  have  th@  fegment  (ought. 

"t  v  Iproblem  x;  f  t  "f| 

HAving  given  in  an  oblique  angled  Triangk  the  perpendi¬ 
cular  height ,  and  the  difference  of  the  fegments  of  the 
.  bafe ,  and  the  difference  of  the  other  fid's,  to  find  the  fides  and 
form  the  triangle. 

As,  if  the  altitude  CD  be  given  (n.  1.  Fig.  40.J  and  alfo 
the  difference  of  the  fegments  of  the  bafe  E8,  and  the  diffe¬ 
rence  of  the  fides  FB  (as  is  evident  from  the  triangle  ABC 
(n.  %.)  conceived  to  be  id  formed  beforehand^  and  you  are  to 
determine  the  bafe  it  felf  and  both  fides, 


SOLV 
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Make  the  given  perpendicular  CD  S  a  ( fee  n.  2.  Fig  40.) 
EB  ~  by  FB  £2  c  :  For  the  leffer  fegment  of  the  bale  AD  put 
x,  and  the  greater  will  be  x  f  b.  It  is  now  evident  that  you 
may  obtain  the  □  CB  by  the  addition  of  the  □  □  DC  and  BD, 
aa  f  xx  f  lbx-\  bb  ,  and  the  □  AG  by  the  addition  of  the 
□  □  AD  and  DC,  viz.  aa  f  xx :  '  So  that  the  fide  AC  will 

be  £2  V  aa  xx,  and  the  fide  BC  ^  T  aa  *(■  xx  -J*  2 bx  bb . 
But  Iince  alio  this  lame  fide  BC  may  be  obtain’d  by  adding 

the  difference  c  to  the  fide  AC,  fo  that  it  fhalibe  s  c\Xaa-\xx: 
you’l  have  this  Equation, 

c  f  T  aa  t  xx  £2  T  aa  j*  xx  t  ibx  *j*  bb ;  and  fquaring 
both  fides, 

cc  *j*  a  a  f  xx  f  T4  ccaa  4  ccxx  ^  a  a  f  xx  2  bx  f  bb  • 
and  fubftradfing  from  both  fides  cc  f  aa  j*  xx\ 

T \ccaa  f  4 ccxx  tH  %bx  ■j*  bb  ' — 
and  again  fquaring  it, 

4 ccaa  f  4 ccxx  £3  4 bbxx  f  4^ 

t*4 ;  .  ;  }  : 

and  fubftracEng  from  both  fides  4 ccxx  (becaufe  c  is  lefs  than  b  ) 
and  tranlpofing  the  reft, 

^ccaa- —  4  blx  — -  b 4 

f  4 bccx  f  2 bbcc  s  4 bbxx  —  4 ccxx  ■ 

— —  C4 

and  dividing  by  4 bb — 4 cc, 

4( cccaa - 4^  x — b*  ^ 

4 bccx  f  2  bbcc  ^  XX 
• — -c4 

4^  — — cc 

i.  e.  dividing  the  affected  quantities  by  4  both  above  and  un¬ 
derneath, 

~—blx  *[*  4 ccaa- — b 4  f  2 bbcc- — -  c4 
t  h  ™  4 Tb  ——4 cc 

bb —  cc 


-4 bcx  f  £4,—^  2^Ctf 


and  actually  dividing  the  former  part  by  ■ 
—  bx  f  4^-2 - £4  t  'ibkcc — r4  ^ 

46/?- — —4^ 


cc 


Therefore 
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Therefore  according  to  the  fecond  cafe,  ^ 

■ — —  *  b  f  T  4 bb  \  ^cGtia—b^  f  ibbcc ■ — b +  #  • 

4^  - — 4  cc 

or  reducing  J  bb  to  the  fame  denomination  with  the  reft 

—2 b  f  T b*' — -~bbcc  f  4 ccaa<—~*b^  f  'ibbcc — c *■  —  x  * 

Afbb — —  cc 

and  leaving  out  thofe  quantities  that  deftroy  one  another 
J  b  f  T  4 ccaa  ~jf  bbcc  - — -  c^  ^  x. 
qbb-~*cc 

J  '  •  ■  '  ,  ’  •  -  V 

The  Arithmetical  Rule .  Multiply  four  times  the  fquare  of 
FB  by  the  fquare  of  the  perpendicular  CD,  and  add  to  it  the 
produd  of  the  fquare  of  EB  into  the  □  FB,  and  from  the  fum 
fiibftrad  the  biquadrate  ofFB  ;  and  the  remainder  will  be  the 
firft  thing  found.  Then  fiibftrad  four  times  the  fquare  of 
FB  from  four  times  the  fquare  of  EB;  and  the  remainder  will 
be  the  fecond  thing  found.  Laftly,  divide  thehrft  thing  found 
by  the  fecond,  and  from  the  quotient  take  half  after  having 
extraded  the  root ;  Thus  you"!  have  the  leffer  fegment  of  the 
bale  fought,  &c.  E.  g.  In  numbers  you  may  put  2  for  FB, 
4  for  EB,  1 2  for  CD.- 

As  for  the  Geometrical  ConftruBion,  the  quantity  of  the  laft 
Equation  contain'd  under  the  radical  fign  will  help  us  to  this 

proportion, 

as  /fbb—^cc  to  4 aa  f  bb  —  cc  fo  cc  to  a  fourth  ;  or  divi¬ 
ding  all  by  4,  -  '  '  '  .  •  |f  ?  ,  •' 

as  bb~—  cc  to  aa  f  \bb — \  cc  ;  (b^cc  to  a  fourth,  which 
is  4  of  the  quantity  under  the  radical  fign,  Affuming  there- 
-  fore  the  quantity  c  for  unity,  make  (n 3  )  IK  H  c  IN  and 
KL  K  £  •  NO  will  be  H  bb ,  and  fubftrading  OP  cc  (i.  e» 
to  unity )  there  will  remain  NP  K  bb—cc.  In  like  manner 
IS  and  KM  K  a ,  ST  will  aa  ;  to  which  if  you  add  SX  H 
4  NO,  and  take  thence  XV  S  \  unity  ;  TV  will  be  {=J  aa  f  \ 

bb - 4  cc.  Wherefore  if  you  make  NR  equal  to  this  TV, 

and  PQjzJ  \  of  unity  or  cc,  imee  NP  is  t3  bb—~cc  ;  by  the 
rule  of  proportion  there  will  come  out  D  R  5  of  that  quantity  $ 
which  is  under  the  radical  fign.  Therefore  this  being  taken 
four  times  will  give  DZ  for  the  whole  quantity  ;  to  which  if 

you 


r 
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you  join  H  to  unity,  and,  having  defcribed  a  femi-clrcle 
upon  the  whole  line  Y Z,  eredl  the  perpendicular  DE  ;  this 
will  be  the  root  of  the  (aid  quantity,  and  taking  hence  more¬ 
over  EF  £3  2  K  you’l  have  DE  or  DA  the  lefs  fegment  of  the 
bale  fought.  1  herefore  adding  GB  K  b  to  DG,  DB  will  be 
the  greater  fegment,  and,  having  let  fall  the  perpendicular 
DG  £3  a ,  BC  and  AG  will  be  the  fades  fought.  Q^E.  F. 

IV.  Some  Examples  of  A  felled  Biquadratic k  Equa* 
tiens 7  but  like  A  fife  bled  Quadratick  ones. 

PROBLEM  I. 

•  .  '■  .  >  , 

t  '  ,  x  .  v  • 

TO  find  a  fquare  ABCD  (finch  as  in  the  mean  while  well 
fuppofe  n.  \  .to  be  in  Fig.  4  r .)  from  which  having  taken 
away  another  fquare  AEFG ,  which  Jhall  be  half  the  former + 
there  will  be  left  the  Rett  angle  GC  whofie  Area  is  given.  E.  g. 
Suppofe  the  given  area  equal  to  the  fquare  of  the  given  line 
LM,  to  find  the  true  Tides  of  the  fquares  AB  and  AE,  anfwer- 
ing  to  thefe  fuppofed  ones,  n,  1. 

S0LVT10N. 


Make  the  area  of  the  redfangle  that  is  to  remain  £$bb,  and 
GB  S  x  ;  BC  or  AB  will  be  £2  bb,  and  fubftradfing  hence 


x 


GB,  the  remaining  fide  of  the  Jeffer  fquare  AG  £2  bb  — x§ 


x 


i.  e.  bb - xxm  Since  therefore  the  fquare  of  this  is  fuppofed 

x  •  ' 

to  be  half  of  the  fquare  of  AB,  this  will  be  the  Equation  2 
£4 - 2.bbxx  *(■  x4  ^  ^4  * 

XX  %x% 

and  multiplying  by**, 
b^—^xbbxx  f  *4  ^  £4 


and  multiplying  by  %> 

f  a*4  $ 


m 


and  fubftraciring  2M,  and  adding  4 bbxxs 
xtf  4  ^  4 bbxK  ~™  M  j 


and  dividing  by  2, 
#4  'tbbxx~~ — 


2 

KB.  The  fame  Equation  may  be  obtain’d,  if*  putting  & 
for  GB  or  FH,  and  having  found  the  □  of  AG  or  GF  as  a- 
hove,  you  infer 

£4. - ibbxx  f  ~  2W — 


This  la  ft  Equation,  tho2  it  be  a  biquadratic!?,  yet  maybe 
rightly  efteem’d  only  a  quadratic!?  one,  becaufe  there  is  neither 
^3  nor  fmgle  x  in  it,  and  fb  you  may  lubftitute  this  for  it, 

- i4  >  by  fuppofing  y  ^  xx*  Whence 

x 

according  to  the  third  cafe  of  affe&ed  quadraticks, 
y  will  ^  f  T  M i.  e.  T  M 


or  k  ^  •— “T  £4 


•'“> :  3 


Therefore  x  £  T  bb  j  y  K 

% 

Geometrical  ConfiruBion.  Now  if  the  given  line  b  be  affu- 
med  for  unity,  bb  and  fc4  will  be  5  m  to  the  fame  line. 
Therefore,  if  between  LM  as  unity,  and  MN  S  1^  viz  E* 

;  2 

you  find  a  mean  proportional  MO  ( n .  2,  E/g.  41.)  that  will 
be  ^  V  M,  which  being  lubftradted  from  LM,  and  added  to 


x  -  - 

it,  will  give  the  two  values  of  the  quantity  y.  Moreover  there¬ 
fore  by  extracting  its  roots,  i.  e.  by  finding  other  mean  pro¬ 
portionals  LR  and  LS  between  the  quantities  found  LP  and 
LQ  and  unity  ( n .  3  )  they  will  be  the  two  values  ol  the 
quantity  x  fought  •  the  firft  whereof  LR  will  fatisfie  the  que- 
ftion,  and  the  other  LS  be  impoffible.  Wherefore  to  form 

the 


v 

\ 
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the  fquare  it  felf,  fince  its  fide  will  be  &bb  ;  by  making  (n  4.) 

x 

as  x  to  b  fo  b  to  a  fourth,  it  will  be  obtain’d  :  And  this  may  1 
be  further  prov’d,  if  finding  a  mean  proportional  BK  between 
BI  K  LR  and  the  fide  of  the  □  BG,  it  be  equal  to  the  given 
quantity  LM.  .  ~  v  j 

Arithmetical  Rule.  From  the  given  area  or  the  fquare  of 
the  given  line  LM  fubftra&  the  root  of  half  the  biquadrate 
of  the  fame  line  ;  thus  you  will  have  the  value  of  the  □  FC, 
viz,,  xx  :  Therefore  extracting  further  the  fquare  root  of 
this,  it  will  be  the  value  of  x  fought. 

1 

PROBLEM  II. 


TO  find  another  fquare  ABCD  (Fig-  4 1.  n .  1.)  out  of  the 
middle  whereof  if  you  take  another  fquare  EtGH ,  'which 
fliall  he  a  fourth  part  of  the  former ,  the  area  of  the  retd  angle 
BK  intercepted  between  BC  and  FG  prolonged ,  (hall  be  equal 
to  the  fquare  of  a  given  line  LM  ,  i.  e.  having  thefe  given  to 
find  the  fegment  BI,  and  confequently  alio  the  fide  BC  or 
AB. 


.  S  0  L  V  T  I  0  N. 

Make  the  area  of  the  given  re&angle,  or  the  fquare  of  LM 
S  to  bb9  and  the  fide  fought  of  the  redfangle  BI  tzj  xmy  the  o* 
ther  fide  BG  will  be  G  bby  and  having  fubftradkd  out  of  it 

x 

IF  and  GK  (i.  e,  zx)  the  fide  of  the  leffer  fquare  FG  will 
hb  —r~zxy  i.  e,  bb — — mg  whole  fquare  fince  it  is  the 

x  x  1 

fourth  part  of  the  greater  fquare  by  the  Hypoth^fis,  you’ihav'e. 
4  b*>'—  - 1 6bbxx  *j*  4*4  b*  x 

v*  Y*  *Y*  'V* 

*/v  v/v 

and  multiplying  both  fides  by 
4^4 - i6bbxx‘ {* 45c4  h  b*  j 

and  taking  away  4^,  and  adding  1 6bbxxx 
Ax*  £5  i6bbxx — m%b*  j 

Hh  a 


r  a, 
^  ^ 


< 


■ 


4  ' 
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4  b*. 


y 


$6 

and  dividing  by  f, 
a  4  Q  4, bbxx - — *  ^ 

Therefore  according  to  the  third  cafe  of  affected  quadratiek  E- 
quations3 

ftA-  oA/  SfMUMl 


-• 


ibb  b  T4M— 4 M  I.  e. 


ibb  f  Y3 


Therefore  a  S  Y  2.W  f  Y  3  * 


Geometrical  Confer  uBion.  If  the  given  line  &  be  taken  for 
unity,  £4  and££  will  be  equal  to  it.  Therefore  if  between 
LM  as  unity,  and  MN  Jzl  3  j  you  find  a  mean  proportio- 

nal  MO  ( n .  a.  Tig”.  4-1.)  "twill  be  T  3  which  fubftra- 
cfed  from  MQ_5  2&,  or  added  to  it,  will  give  two  values  of 
the  quantity  xx ,  ' viz FQand  IQ  j  the  firft  whereof  will  be 
only  a  true  one,  and  of  ufe  here.  Now  therefore  a  mean 
proportional  QR  found  between  PQ_and  unity  will  exprefs 
the  quantity  fought  x. 

Therefore  for  forming  the  fquare  it  felf,  fince  its  fide  AR  is 
pJ  bb^  you  may  proceed  as  in  the  former  Conftrudon,  (vieh 


x 

V.  3.) 


PROBLEM  III. 


'ILj  A^uing  given  the  bafe  of  a  right-angled  Triangle ,  and  a 
JL  A  mean  proportional  betjueen  the  Hypothenufa  and  Perpen¬ 
dicular,  to  find  the  Triangle.  As  if  the  given  bale  be  AB 
(^Jf  43-)  and  the  mean  proportional  between  AC  and  BC 
be  CD.;  to  find  the  perpendicular  BC,  and  Hypothenufa 


v-u 


S  0  L  V  T  I  0  N. 


Make  the  given  bale  k  o,  and  the  mean  proportional 
the  perpendicular  BC  S  x}  then  will  the  Hypothenufa  be  by 

the  Hypotb^  —  bb. 


os 


Therefore 


I 


V 
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.  Therefore 

M - -cm  f  xx ; 

^  .XX 

and  multiplying  both  fides  by 
b\  tS  aaxx  t  *  4  i 
and  fubftra&ing  aaxx , 

£4 - - aaxx  r;  .x4. 

Therefore  by  the  fecond  cafe  of  affe&ed  quadraticks 
xx  s  - — \aa  t  T  4  t  ^ 
and  *  a  V - 2 ^tT4^4t  K 

1 

Or 

X 

Make  the  Hypothenufa  AC  a  xr  then  will  the  perpendi¬ 
cular  be  BC  ^  bb.  Therefore  \  .  »  C"  '  , 

x 

xx  tzi'aa  f  b*; 

~  -  % 

xx 

and  multiplying  by  xx, 
x 4  a  iixx  f  b*. 

Therefore  by  cafe  1 . 

tfX  a  2^  t  T4^4  t 

and  x  S3  T  5  ^  f  T  j*  M. 

.  \ 

Geometrical  Conftrublioij  •  the  firft  for  the  latter  Equation.- 
If  a  be  put  for  unity,  the  line  AB  will  be  alfo  zt  aa ,  and 
making,  as  a  to  b  fo  b  to  a  third,  i.  e .  as  LM  to  MN  fo  LO 
to  OP,  and  you’l  have  bb.  Having  eredled  the  perpendicu¬ 
lar  AQ  ~  OP  upon  AM,  and  drawn  MQjor  Mn  equal  to 

it  j  T 4^4  t  and  confequently  An  will  be  S3  \aa\T\a^\b^, 
i.  e .  the  value  of  xx.  Moreover  a  mean  proportional  AC 
found  between  An  and  AR  unity  will  be  the  value  of  x}  i.  e. 
the  Hypothenufa  fought ;  which  being  found,  you  may  eaiily 
complete  the  Triangle,  ABC. 

2.  In  the  cafe  of  the  former  Equation,  making  every  thing 
as  before  AK  would  be  the  value  of  the  quantity  xx,  i.  e. 

• - 1  a  *J*  V  i  a*  f  £4.  Therefore  a  mean  proportional  RT 

found  between  RS  S3  AK  and  AR  unity  will  be  the  value  of  x, 

i.  e.  the 
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i .  e.  the  perpendicular  fought,  and  fo  AT  the  Hypothenufa  of 
the  Triangle  fought. 

Arithmetical  Rule.  In  the  firft  Solution  add  the  biquadrate 
of  the  given  mean  proportional  to  the  biquadrate  of  half 
the  given  ba'^e;  and  having  extracted  the  iquare  root  of  the 
lum,  take  from  it  half  the  fquare  of  the  given  bale  ;  the  root 
of  the  remainder  will  give  the  perpendicular  of  the  triangle 
fought,  and  the  root  of  the  film  will  give  the  hypothenufa  of 
it.  (J. 


PROBLEM  IV. 


HAiving  the  Hypothenufa  of  a  right-angled  Triangle  given], 
qpd  a  mean  proportional  between  the  files  to  find  the  Tri - 
angle.  As  if  the  hypothenufa  be  AC  (Fig.  44J  and  a  mean 
proportional  between  the  fides  BD,  to  find  the  fides  AB  and 
BC. 


S  OLVT  ION. 


r 


Make  the  given  Hypothenufa  {r}  ay  and  the  mean  propor¬ 
tional  by  and  the  perpendicular  BG  £5  x$  the  bafis  AB  by 
the  hypoth.  will  be  bb.  Therefore 

x 

bf  f  xx  Z*  a;  ' 

OCX 


and  multiplying  by  xx9 
b 4  f  ^4  ^  aaxx  ; 
and  fubftradHng  b\ 
rn  aaxx — b*J  - 
Therefore  by  the  third  cafe, 


XX  a  laa  f  T  \a*  " — M 


and  x  a  T  laa  f  T  \  —  F. 


Geometrical  ConfiruEHon.  If  a  be  put  for  unity,  AC  will 
be  alfb  ^  aay  and  by  making  as  AC  to  CG  (a  to  b)  fb  AF  to 
GH  (b  to  a  third )  this  third  will  be  GH  s  bb.  Afluming 
therefore  OC  S3  l  aa  S  OB  the  radius  of  a  ferni- circle, and  ha¬ 
ving  erebted  CD  bb  P?  BE  parallel  to  ic^  EO  will  b^ 
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V  J  a* - b\  and  conlquently  EC  tn  \  a- — T  \cf — b\  and 

EA  \  a-f  T  la4- — A,  viz.  the  double  value  of  the  quantity 
xx.  Therefore  for  the  double  value  of  x9  you  mud  extract 
the  roots  out  of  them,  /.  e.  you  mud  find  the  mean  proporti¬ 
onals  AL  and  AM  between  unity  AC  and  A I  zz  EC  on  the 
one  fide,  and  AK  ZZ  AE  on  the  other;  Altho"*  thele  lad  may 
be  more  compendioufly  had,  and  the  triangle  it  feif  immedi  ¬ 
ately  condru&ed,  if  having  round  EC  and  EA,  you  drawCB 
and  AB ;  For  thele  will  be  thole  two  lad  mean  proportionals 
ZZ  ZZ  AL  and  AM  ;  for  by  reafon  of  the  A  A  ABC,  AEB, 
and  BEC,  BC  is  a  mean  proportional  between  AC  and  CE, 
and  AB  a  mean  proportional  between  the  lame  AC  and  AE  by 
the  8.  Lib .  6.  Eucl.  which  is  Confitct.  3.  Schol.  2.  Prop.  34. 
Lib .  1.  Math .  Enucl. 

PROBLEM  V. 

/ 

HAving  given  the  Area  and  Diagonal  of  a  right-angled 
Parallelogram.,  to  find  the  fides  and  Jo  the  Parallelogram, 
As  if  the  given  Area  be  ZZ  to  the  Iquare  of  a  given  line  BD 
(Fig.  45*  )  and  the  Diagonal  AC,  to  find  the  fides  AB  and 
PC 

_  V  S  0  L  V  T  10  N. 

If  for  the  given  Area,  or  fquare  of  the  line  BD  you  put  bb9 
and  make  the  Diagonal  AC  zz  a9  and  put  for  the  lefler  ii4& 
BC,  Xy  the  other  fide  will  be  bb, 

/  x 

Therefore  b *  f  xx  ZZ  aa ; 

Jv  vV  ^ 

and  multiplying  by  OC  OC  j  » 

y  -f  ~  aaxx  ;  and  fubdraeHng  b\ 

ZZ  aaxx - y.  Which  Equation,  fince  it  is  the  lame 

with  that  of  the  preceding  Froblem  ( which  is  no  wonder, 
fince  this  fifth  perfedly  coincides' with  the  fourth  ;  for  the  Di¬ 
agonal  AC  is  the  hypothenula,  and  BD,  whole  Iquare  is  ZZ 
to  the  given  area  of  the  rectangle,  is  a  mean  proportional  be¬ 
tween  the  fides  AB  and  P>C)  and  lb  will  have  the  lame  Con¬ 
fer  notion* 


'  V  " 
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firudlion,  (fee  Fig.  45* .)  and  the  fame  Arithmetical  Rule, 
which  may  be  eafily  formed  from  the  laft  Equation  of  the 
p  ceding  Problem; 

,v  ,  m  u 

PROBLEM  VI. 

f '  if  A  ■' L  .  /  *  ■  f'  ‘ 

HAving  given  the  fir  ft  of  three  proportional  lines ,  and  am - 
therwhofe  fquare  is  equal  to  both  the  fquare  s  of  the  other 
twoy  to  find  thofe  two  proportionals .  As  if  AC  ( Fig .  4 6.)  be 
the  fir  ft  of  the  three  proportionals,  and  another  line  ED  gi¬ 
ven,  whole  fquare  equals  the  two  Iquares  of  the  others  taken 
together  j  to  find  thole  two  as  fecond  and  third  proportio¬ 
nals. 

S  0  L  V  T  I  0  N. 

If  for  AC  you  put  a ,  and  make  the  given  line  ED  VZ  c, 
and  the  lecond  proportional  ~  x,  the  third  will  be  xx.  Where- 

1  /  a 

fore  the  Iquares  of  the  two  laft  will  be  x4  -f  xx  ^  cc9  □  ED 

)  aa  » 

hy  the  hypoth.  and  multiplying  both  fides  by  aa. 

x*  f  aaxx  £3  aacc  j 
and  luhftradlmg  aaxx , 

x 4  S  —aaxx  f  aacc.  Therefore 

--■■■■  >1  1  -  »— - ,  ■  -  -■* 

xx  &  —  2  aa  t  V  4  a*  f  aacc 

rfTT  rl>-.r,r,  rm.  ,  ,  „,»-—■■■  —U  „  ■-  r 

and  x  £3  T  *  $<3  f  T  \  a*  f 

Geometrical  Confer uEtion.  If  ^  be  put  for  unity,  AC  will 
alio  S3  ^  and  and  making  as  AC  to  CD  (a  to  c)  fo  AF 
to  DE  (c  to  a  third)  DE  will  be  ZZ  cc.  Now  having  made 
AK  H  DE,  i.e.  cc9  a  mean  proportional  Al  found  between 

AC  and  AK  will  be  T  aacc.  Therefore  taking  AO  cs  2  AC, 

*viz.  laa3  the  hypothenula  01  will  bfc  H  V  \cft  f  aacc.  And 
OAxh  I  &  being  liibftradled  from  OI  or  OH  equal  to  it  will 
leave  AH  the  value  of  xx  j  and  the  root  of  that  being  extra- 
died,  i.  e.  finding  another  mean  proportional  AG  between 
AC  and  AH,  it  will  be  the  value  of  xy  i.  e.  the  lecond  of  the 
proportionals  fought,  and  fince  AC  is  the  firft  given,  AH  will 
be  the  third*  Q-  E«  F* 

-  ■  -  A  ,,  ,  -  ^  m  TWI 
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NB.  This  Conftru&ion  may  be  abbreviated,  and  the  firffc 
Operation,  by  which  you  find  DE,  to  which  afterwards  AK  is 
made  equal,  may  be  omitted.  For  fince  you  make  u/e  of  a 
mean  proportional  between  CA  and  DE  fought,  which  is 
3  to  the  given  line  ED,  and  afterwards  A  l  a  mean  pro¬ 
portional  between  AC  and  AK  is  fought ;  it  is  evident 
that  Ai  will  be  equal  to  ED  given,  and  confequently  that  they 
may  be  immediately  joined  at  right  angles  at  the  beginning 
of  the  given  line  AC,  and  the  reft  may  then  be  done  as  before. 

Some  Examples  of  Cubick  and  Biquadratic k  Equations , 
both  fimple  and  affe£tedy  whether  reducible  or  not. 

PROBLEM  I. 

BEtween  two  given  right  angles  to  find  two  mean  proportio¬ 
nals.  E.  g.  Suppofe  given  AB  the  firft  and  CD  the 
fourth,  (Fig.  47.  n.  t.)  between  thefe  to  find  two  mean  pro¬ 
portionals. 

S  0  L  V  T  1  0  N. 

Make  the  firft  of  the  given  quantities  AB  3  a ,  the  other 
CD  3  q ,  the  firft  mean  3  then  will  the  latter  be  and 

a 

confequently  x*  3  q  ,  and  multiplying  by  aa9  3  aaq. 
aa 

The  Central  Rule  will  b  L  3  AD 

2 

-  «  -  c  .  # 

r 

zL2  3  DH.  i  e.  according  to  a 
foppofition  we  (hall  by  and  by  make,  i  0  3  AD,  and  \  f  3 
DH. 

Geometrical  Confiruffion.  If  AB  or  a  be  made  unity,  and 
alfo  the  Latus  Rebhim  of  your  Parabola,  and  you  deferibe,  by 
means  of  this  Latus  ReBumy  the  Parabola,  according  to  Schol. 
1.  Prop.  1.  Lib.  2.  Math.  Enucl.  [fee  n.  2.  and  3.  Fig  47.] 
in  which  AB  is  the  Latus  Rebhim y  Ai,  A2,  &c.  the  Ablcii- 
fo’sj  AI,  AH,  e ire.  the  femiordinates  j  make  moreover  (n. 
4)  AD  3  in,  and  having  from  D  erected  a  perpendicular 
=3  2  qy  deferibe  a  circle  at  the  interval  AH  cutting  the  para- 

1  i  -  bola 
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bola  in  N :  Which  being  done,  a  perpendicular  to  the  Ax 
will  be  the  root  fought  or  the  value  of  #,  i.  e.  the  firft  of  the 
means,  and  confoquently  OA  the  other;  fince  NO  by  the  firft: 
property  of  the  Parabola  (fee  Prop.  i.  Lib.  z.  Mathefi.  Enucl) 
is  a  mean  proportional  between  the  Latus  ReCium  AB,  and 
the  abfoiffa  AO.  And  by  this  means  there  will  come  out,  by 
Baker's  Central  Rule  the  very  conftru&ion  of  Des  Cartes ,  Ge- 
om.  p.  m.  9 1 . 

The  Arithmetical  Rule.  Multiply  the  fquare  of  the  firft  by 
the  fourth  given,  and  the  cube  root  extra&ed  out  of  the  pro¬ 
duct,  will  exprefs  the  firft  of  the  means  fought. 


PROBLEM  II. 

HAving  given  the  [olid  Contents  of  a  / olid  or  an  hollow  Pa - 
raHelepipedy  and  the  proportion  of  the  fidesy  to  find  the 
fides .  As,  if  the  given  capacity  or  folid  contents  be  to  the 

cube  of  a  certain  given  line  IK  (Fig.  48.  n.  1 .)  and  the  pro- 
portion  of  the  heighth  to  the  length  be  as  AB  to  BC,  and  to 
the  latitude  as  the  fame  AB  to  BD ;  to  find  firft  the  altitude, 
which  being  had,  the  other  Dimenfions  will  alfo  be  known,  by 
the  given  proportions. 

SOLUTION. 

1  i 

Make  IK  £2  a,  AB  s  b,  BC  £2  c9  and  BD  ££  d ;  and 
laftly  the  heighth  fought  £2  #,  then 

as  b  to  Cy  fo  x  to  the  length  required  cx ; 

b 

and  as  b  to  d,  fo  x  to  the  latitude  fought  dx . 

‘  ^  '  T 

Multiplying  therefore  thefo  three  dimenfions  of  the  Parallelepi¬ 
ped  together,  you!  have  its  capacity  or  folid  contents  cdx* 

Tf 

and  multiplying  by  bb,  \ 

cdx 5  zz  d*bb  ;  and  dividing  by  cd , 
x*  £2  a3bb  i  e.  #3  ## - a*bb  ~  q. 

cd  cd 


There- 


/ 
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Therefore  the  Central  Rule  will  be  the  lame  as  above, 

L  b  AD  and  jp _ J=5  DH,  i.  e.  according  to  the  fuppofi- 


x  xL2 

tion  which  will  by  and  by  follow, 
a  B  AD  and  a^bb  DH. 

x  2cd 


Geometrical  ConflruElion.  If  IK  or  a  be  made  unity,  and 
at  the  fame  time  Latus  Refium,  and  by  means  of  it  you  de- 
(cribe  a  Parabola,  after  the  way  we  have  (hewn,  Fig.  47.  n.  x. 
and  3.  and  (hall  always  hereafter  make  u(e  of }  and  then  to 
prepare  the  quantity  a?bb  (which  in  the  Central  Rule  is  the 

xcd 

the  quantity  r)  make  (n.  x.) 


x 


IK — IM  «  BC - KL  a  BD— MN 

as  a  to  e  fo  d  to  e  ; 

fo  that  for  cd  you  may  put  ae ,  and  afterwards  divide  by  a 
both  above  and  underneath ;  you’l  have  the  quantity  r  K  aabb. 

x  xe 

Therefore  by  further  inferring 

as  xe  to  bb7  fo  a  a  to  a  fourth 

IO - IPs  IT - IK- — IQ_,  and  you’l  have  the 

quantity  DH,  which  will  determine  the  centre,  after  AD  is 
made  equal  a  Having  therefore  deferibed  from  that  centre 


r 

4 


X 


a  circle  through  the  vertex  of  the  Parabola  A  (n  3 ,)  a  femi- 
ordinate  NO  drawn  from  the  interfedfcion  will  be  the  altitude 
(ought,  which  will  eafily  give  you  the  length  and  breadth  by 

the  realons  above  (hewn. 

* 


Another  Solution . 

Which  TviU  be  more  accommodated  to  the  Arithmetical  Rule . 

■N 

Let  the  reft  of  our  Portions  or  Data  remain  as  above,  but 
the  name  of  the  proportion  which  the  altitude  has  to  the  length 
be  S  e>  and  of  that  which  it  has  to  the  latitude  H  /,  the 

1  i  x  ■  length 


/ 
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length  will  be  to  ex,  and  the  latitude  to  ix.  Wherefore 
multiplying  the  fides  together,  you’l  have  the  whole  folidit 
eix 3  £3  ^  j  and  dividing  by  f/, 
x?  3  Therefore 

ei 

TC.  Hence 


■  ‘  -  .  /7  ” 

v  -  '•  •  ■,  .  i  ■  .  / 

>  /  ‘  **  '  ! 

The  Arithmetical  Rule .  Multiply  together  the  given  names 
of  the  reafbns,  and  divide  the  given  cube  by  the  produft  ; 
which  done,  the  cubick  root  extradled  out  of  the  quotient  will 
be  the  altitude  of  the  fblid  fought. 

Another  Geometrical  Confirutlion .  Now  if  we  would  alfb 
conftrudt  this  Equation  x$  £3  a*  geometrically,  putting  AB  S  h 


ei 

ior  unity,  BC  and  BD  will  be  the  names  of  the  reafbns  £3  e 
and  /.  Making  therefore  firft 

IK— IM — KL  — MN 

as  a  to  e  fo  t  to  a  fourth  f  {Fig.  49.  n  1 .)  af  will 
be  £2  ei ,  and  the  propofed  Equation  will  have  this  form  ; 

*3  3  *3  l  e.  aa. 


Therefore  x.  making 

-as  f  to  a  fo  a  to  a  third  IQ_,  that  will  be  the  value  of 
But  hence  3  by  extrabling  the  cube  ro'ot,  i.  e.  by  finding  two 
mean  proportionals  between  unity  h ,  viz,.  AB  and  the  line 
found  IQj  the  firfl  of  them  will  give  the  root  fought. 

NB.  The  fame  Central  Rule  would  come  out  according  to 
Baker  s  Central  Rule,  which  would  have  the  fame  form  of  the 
Equation^  as  the  precedent  Example  x*  m—aa  Jzj  0 ,  i.  e. 


taking  b  for  the  Lai. 
ReCL  and  unity, 


AD  and  r  S  DH, 

xlF  J 

AD  and  aa  i.  e.  '  IQ,.  K  DH. 

2f 


(fee  Fig.  49,  w.  z  ) 


PRO- 


V 


Specious  Analyfis . 

PROBLEM  III. 


6$ 


HAving  given  the  [olid  contents  of  a  [olid  or  hollow  Taral - 
lelepiped,  and  the  difference  of  the  fides ,  fa  JW  the  fides% 
As,  if  the  given  capacity  be  equal  to  the  cube  of  any  given 
line  LM  {Fig-  S°  71  1  •)  and  the  difference  whereby  the 
length  exceeds  the  breadth  sNO,  and  the  difference  by  which 
the  breadth  exceeds  the  altitude  or  depth  ZZ  PQ?.  to  find  the 
length,  breadth  and  depth. 

\/  ; 

SOLVTION. 


Make  the  fide  of  the  given  cube  £2  ay  the  exceli  of  the 
length  above  the  breadth  NOa  and  of  the  breadth  above 
the  depth  PQE5  c,  make  the  depth  £-  x,  the  breadth  £5  x\c% 
and  the  length  ZZ  xj;  c.  Multiplying  therefore  thefe 
three  dimenfions  together. 

Length  x  t  h  f  c 
Breadth  x  |  c 

xx  f  hx  i*  cx 

cx  ■}•  ch  *j*  cc 

xx  -j*  zcx  f  hx  f  ch  -\.cc 
Depth  x 


X 5  f  2  c 


Or  according  ro  the  forms  of  Baker  and  Cartes 
x*  f  b  f  be 

•  M  V  * 


.  **  ,*  X  — 

j  1C  J  cc 


■a*  zz  °- 


Wherefore  the  Central  Rule  contra&ed  by  the  fuppofition 
which  will  hereafter  follow  will  be  this, 

L  f  p2  co  cj  ^  AD 


*  x  8  z 

and  f  pjptn  r  ~  DU. 


4164 

i  e.  by  virtue  of  the  fuppofition  juft  now  mentioned  (which 
takes  LM  vix».  a  for  unity  and  alio  for  Lat,  Rtclum) 


*  t 
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±  +  hh  ^  4^  t  ^  rc  sj  AD.  And 

x  8  — x 

£  f  zc  f  J>3  -j*  6bbc  f  x2&fc  f  8c  c/3  bbc  c/3  gicc  c/3  xc3 

4  16  4 

(c/3  43  £*  DR  •  ■-  .  '• 

Or  more  Abort ; 

f_t ^  t ^ t  cc-~~*~-bc—~cc  u  e«  £f  W  a  AD;  and 

2  8  2  x  x  8 

£  t  2c  f  f  1  \bbc  f  g&cc  f  i&-~~bbc - 3^— —  2c* 

"  n.  ... ,  — — — — , 

4164  4 

(c/3  ^3  I.  e. 

2 

f  ^  f  Wc  cn  *3  ~  DR 
4  x6  8  2 

Geometrical  ConflruCHon.  If  LM  or  a  be  taken  for  unity 
t  or  Lotus  Re  Bum  of  the  Parabola  to  be  defcribed,  that  being 
belcribed  (Fig.  yo.  n.  3.)  you  are  firft  of  ail  to  determine  two 
quantities  AD  and  DH  ;  which  may  be  done  two  ways;  either 
by  Bakers  form  of  his  Central  Rule,  or  by  ours  immediately 
divided  by  the  quantities  of  the  lalt  Equation. 

1.  For  AD  by  our  form,  af  bb  ~  AD,  you  muft  make 

z  8 

Tc«  «.  1 .)  as  a  to  b  fo  b  to  a  third  ( AB  to  AC  (b  BE 
to  cFy  which  will  be  bb9  and  D2  the  eighth  part  of  this  CP' 
irruft  be  added  to  A2  the  half  of  AB.  And  by  Bakers  form 
you  mud  make,  1.  as  AB  (m  a ,  n.  z.)  to  AC  Ip  i.  e. 
lb  f  c)  to  BE  ( rr  \  p  i.  e.  \b  j  \  c)  to  a  fourth  CF  ( which 
will  be  r:  P7 0  z .  iViake  moreover  as  AB  to  AG  ( [a  to  k)  io 

J  "  -  -  . 

BH  to  Gi  (cto  be)  and,  as  AB  to  AK  (a  to  c)  io  BH  to 
KL  ( c  to  cc)  and  the  two  quantities  found  G  1  and  KL  (be 
and  cc)  being  added  into  one  fum  will  give  the  quantity  q  ^ 
MN,  the  ball  whereof  MO  will  expreis  the  quantity  q  in  the 

z 

Rule$ 
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Rule]  and  to  be  fabftra&ed  from  the  former  a  f  p\ 


Actually 


2  8 

therefore  to  determine  the  quantity  AD  not  on  the  Ax,  but 
on  another  Diameter  of  the  deferibed  parabola  n.  3.  (becaufe 
the  quantity  p  is  in  the  Equation,)  having  made  a  perpendi¬ 
cular  to  the  Ax  aE  p  i.  e.  to  the  line  BE  n.  2.  and  from 


E  having  drawn  EA  parallel  to  the  ax,  according  to  our  form 
AD  n.  1.  transfer  it  only  on  the  diameter  of  the  parabola  n.  3. 
from  A  to  D,  either  by  parts  a  i.  e.  \  LM  from  A  to  c,  and  bb 

7  .  8" 

i.  e.  JCF  n .  1.  from  c  to  D:  But  according  to  Baker  % 
form,  firft  you  mull  put  a  E3  l2  LM  n.  1.  from  A  to  1 .  Se- 

2 

condly  you  mud  put  from  1  to  z  the  quantity  p2  a  CF  n.  2. 

J 

Thirdly  you  mud  put  from  2  to  3  backwards  the  quantity  to 
be  fubftradled  q  ~  MO  n .  2.  which  being  done,  the  point  D 

2 

will  be  determined. 

[It  is  evident  by  comparing  thefe  two  ways  of  ConfiruBiony 
that  we  may  join  our  forms  not  mcommodioujly  to  Baker’ s y  becauje 
by  ours  the  quantity  AD  was  obtained  more  compendioujly  than 
by  Baker’/,  which  will  alfo  often  happen  hereafter.  And  where 
this  Compendium  cannot  be  hady  there  is  another  not  inconfide - 
rable  one ,  thaty  if  the  quantities  AD  and  DH  determined  ac¬ 
cording  to  both  ways  jhall  coincide ,  ( which  happens  in  the  pre- 
fent  cafe )  we  may  be  Jo  much  the  more  fare  of  the  truth  j 
2.  As  for  DH  by  our  form, you  mud  put  it  from  D  to  e  on 
a  perpendicular  creeled  from  D  on  the  left  hand,  the  quantity 
b  f  2c  s  BE  n .  2.  falling  here  upon  the  Ax.  Then  for  the 


quantity  b?  make  n .  4.  as  a  to  2X bb  (LM  to  LN)  fo  lb  to  b* 
1 6  f  16 

(MO  to  NP)  and  this  quantity  mud  be  put  from  e  to  f  in  a 
perpendicular  to  the  Diam.  Thirdly,  for  the  quantity  bbc 

8 
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you  muft  farther  make  n.  4.  as  a  to \bb  (DM  to  LN)  fb  \c 
to  a  fourth  (MQ,  to  NR  j  which  muft  be  put  from  f  to  g. 
Laftly  the  quantity  &  C which  isgMO  n.  2.)  muft  be  put 

% 

backwards  fbecaule  to  be  fiibftra&ed)  from  g  to  H,  which 
Is  the  centre  fought.  In  like  manner  by  Baker  %  form,  firft 
BE  is  put  from  D  to  1  even  to  the  Ax.  Secondly,  for 

the  quantity  ft*  make,  n.  4.  as  a  to  p7  (  LM  to  LS  S  CF 
16  8 

n .  2.)  fb  £  to  a  fourth  (MT  £2  AC  n.  2.  to  SV)  and  this 

2 

SV  is  further  put  ( n;  3.J  from  1  to  2.  Thirdly,  make  in 
the  fame  Fig,  n«  4.  for  the  quantity  pq9  as  a  to  p^  (DM  to 

D  ”  '  '  ,  -  *  4  2  f 

MT)  fb  q  to  a  fourth  (LX  to  XZ)  and  this  XZ  is  put  back- 

2 

wads  ( n.  3.)  from  2  to  3,  which  precifely  coincides  with  the 
point  g,  Laftly  the  remaining  quantity  r  fs  MO  n.  2.  and 

fb  by  what  we  have  laid  above,  precifely  coinciding  with  the 
interval  g  H)  is  put  backwards  from  g  to  H  the  Centre 

fought. 

[Hence  it  appears  again  that  Baker’*  form  is  more  laborious 
than  ours  }  tho '  both  accurately  agree ,  and  hereafter ,  for  the 
mofi  party  we  JhaU  ufe  them  both  together ,  tho  in*  the  work  it 
/elf  rather  in  Figures ,  than  in  that  tedious  procefs  of  words , 
which  we  have  here  for  once  made  ufe  of  that  it  might  be  as 
an  Example  for  the  following  ConflruBions. ] 

Having  therefore  found  by  one  or  both  ways  the  Center  H, 
and  thence  defcribed  a  circle  thro?  the  vertex  of  the  parabola 
A,  the  interfedtion  N  will  give  the  perpendicular  to  the  dia¬ 
meter  NO,  the  value  of  the  quantity  *  fought. 


PRO- 


Speclbm  Analysis. 


PROBLEM  IV. 


TO  divide  a  given  angle  NOT* ,  or  a  given  arch  NQjP 
(Ftg.  5-1.  n.  i.)  into  three  equal  farts  ,  i.  e.  having  gi¬ 
ven  or  a  Turned  as  pleafure  the  Radius  NO,  and  confequenrly 
alfo  the  Chord  of  the  arch  NP,  to  hnd  NQ^the  (ubtenfe  of 
the  third  part  of  the  given  arch. 


S  OLVT  ION. 

%  '  ■  * 

If  NO  be  made  unity,  NP  ^  q,  and  NQ^  be  fuppofed 
z,  having  drawn  QS  parallel  to  TO,  youl  have  three 
hmilar  triangles  NOQ^  QNR  and  RQS.  For  (ince  the  an¬ 
gle  QOP  is  double  of  the  angle  QON,  and  the  fame  (as  be¬ 
ing  at  the  Center )  double  alfo  of  the  angle  at  the  Periphery 
QNR  ;  it  will  be  equal  to  the  angle  QON.  But  the  angle 
at  Qjs  common  to  both  triangles:  Therefore  the  whole  are 
equi-angular,  and  confequently  the  legs  NQ_and  NR  equal, 

,  as  alfo  NO  and  QO  ;  and  by  the  like  reafon  alfo  PY  and 
PT.  Wherefore  if  RS  fhould  be  added  to  RY,  the  line  NP 
by  this  addition  would  be  triple  of  the  line  NQj  and  fo  would 
give  the  Equation,  if  RS  was  determined  ;  which  may  be 
done  by  means  of  the  A  QRS,  (imilar  to  the  two  former 
NOQand  QNR  ;  for  the  angle  RQS  is  equal  to  the  alternate 
one  QpF  ^  QNR,  and  the  angle  at  R  common  to  the  tri¬ 
angles  QNR  and  RQS,  grc.  Wherefore 
as  NO  to  NQ.  fo  NQ_to  QR 

I  ~ — -  £, - -  2, - ZZ 

and  as  NQj:©  QR  fo  QR  to  RS 

z  — — zz*—~  zz* — 

z 

Therefore  according  to  what  we  have  above  (aid 
q  f  z*  3  y  and  fubftradling  q 
z*  z:  3  z  — -  q  •  or 
— ~$z,' f  q  z:  os 


Therefore  the  Central  Rule  will foe  (fiippofing  alfo  unity 
NO  for  the  Laws  RellumI) 


L| 


Kh 
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L  f  q  AD  i.  e,  by  our  \\\  u  e.  2NO  S  AD 

;  x  2  form, 

and_r  CJ  DH,  and  f  EJ  DH. 

2  2 

Geometrical  ConfiruBion,  Having  defcribed  your  parabola 
(Fig  y  i .  n. 2.)  take  on  its  Ax  f becaufo  the  quantity  f  is  want¬ 
ing  in  the  Equation)  AD  {zj  iNO,  and  from  D  having  e- 
reded  a  perpendicular  52  1 NP  to  H  ;  that  will  be  the  Center, 
from  which  a  circle  defcribed  thro5  A,  by  cutting  the  parabola 
in  three  places,  will  give  the  three  roots  of  the  Equation, 
viz,.  NO  and  n  o  true  ones,  the  fir  ft  whereof  will  exprefs  the 
quantity  fought  NQa(w.  i .)  the  latter  the  line  NV,  being  the 
iubtenfo  of  the  third  part  of  the  compl.  of  the  arch ;  and  MO 
will  exprefs  the  falfe  root,  which  is  equal  to  the  former  taken 
together*  All  the  fame  as  in  Cartes  p.  91.  but  here  fome- 
what  plainer  and  eafier. 

PROBLEM  V. 

HAving  three  fides  given  of  a  quadilateral  Figure  to  be  in*> 
fcribed  in  a  circle ,  AB,  BC\  CD,>  (Fig,  fz.  n,  r.)  to 
find  the  fourth  fide ,  which  Jhall  be  the  Diameter  of  the  Cir - 

cle. 

SOLUTION. 

*» 

If  we  confider  the  bufinefs  as  already  done,  and  make  AB 
^  BC  tz;  b,  CD  5  c,  and  AD  K  y  j  we  fhall  have  fir  ft 
in  the  right-angled  A  ABD,  □  BD  z:  yy — * aa9  and  (finee 
in  the  obtufo  angled  A  BCD  the  □  BD  is  3  □  □  BC  f  CD 
f  2  i— Zj  of  BC  into  CE)  if  thofo  two  □  □  BC  f  CD  (i.  e . 
bh  f  cc)  be  fobftradted  from  □  BD  (yy — aa')  you’l  have  2. 
yy—aa* — —bb—cc  e:  to  the  two  faid  re&angles  of  BC 
into  CE.  But  thefo  two  redangles  may  alfb  be  otherwife  ob¬ 
tain  VI,  3,  if  the  fegment  CE  be  otherwife  determined  ,  which 
may  be  done  by  help  of  the  fimilar  A  A  ABD  and  CED 
(for  the  angles  at  B  and  E  are  right  ones/  and  ECD  and  BAD 
equal,  becaufe  each  with  the  fame  third  I3CD  makes  two  right 

ones  j 


Specious  Amlyfi'r  71 

ones ;  the  one  ECD  by  realbn  of  Its  contiguity,  the  other  at 
A  by  the  22.  Eucl.  Lib.  3 .)  viz.  by  inferring* 
as  DA  to  AB  fo  DC  to  CE 
y - a  -  —  c  ■  ■  -  ac 

y 

for  now  multiplying  CE  a  ac  by  BC  a  b ,  the  dZU  of  BC 


into  CE  will  be  *5  abc  and  two  fiich  zabc. 

y  y 

Now  therefore  yy — a.a—bb~*~cc  a  zabc'7  and  multipl. 

k  y 

tyy, 

y** — 

—  bb>y~  zabc\  i,  e.  by  Bakers  and  Cartes’*  forms. 


f  *' 


*aa 

'bbfy 

«cc. 


> zabc  £3  0 . 


Therefore  the  Central  Rule  will  be  (ftppofing  the  fame 
quantity  e.  g.  a  for  unity  and  Lat .  Rett.) 

JL  f  £  S  AD  and 

z  z 

r  s  DH,  i.  e.  according  to  our  form, 
z 

a  t  aa  f  bb  f  cc  L  e.  a  |  bb  f  cc  ^  AD,  and 
z  z  z 

Geometrical  ConftruBion ,  which,  without  any  circumlocuti¬ 
on,  from  our  form  is  founded  on  the  foil,  in  Fig.  52.  n.  z. 
LM  s  a  »q,A  i.m  LM  from  n.  z, 

MN  and  LPk  b  1,  2  E2  \  PQ_ 

PQ_K  bb  2,  2^  ST 
LSandMO«cDH  ~  PR 
PR  S  be  MO  and  mo  two  falfe  roots 

ST  a  cc  NO  the  true  root ;  upon  which  having  cle- 

feribed  a  (emi*circle  the  quadrilateral  will  be  eafily  made.  Ac¬ 
cording  to  Baker's  form,  for  AD  there  would  be  n.  3.  firfl 

Kkx  A  c 
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Ac  2  LM,  then  cDK  f  S  VX7  half  the  line  VZ,  which 

2  4  , 

is  compounded  of  LM7  PQ_and  ST ,  but  DH  is  K  PR  as 
above. 


PROBLE 


VI. 


' Aving  given  to  form  a  right-angled  'Triangle  the  leaf 
.  fids  BA  (Fig-  S3’  7l’  I*)  and  the  difference  of  the  [eg - 
ments  of  the  hafe ,  to  find  the  difference  ofi  the  Jides9  and  fio  form, 
the  Triangle.  If  we  reprefent  the  bufinefs  as  already  done,  ha- 
ving  given  AB  and  EC  to  find  FC. 


SOLVTION. 


Make  AB  K  a ,  and  EC  S  h  and  FC  R  x  ;  then  will  BC 
>3  a  ^  x  :  1  herefore  the  □  AC  tr  2^  f  zax  t  DC  DC  and  the 

line  AC  T  zaa  4  2 ax  f  xx  and  T  iaa  f  2^x  f  xx—b.  Now 

therefore  ACE  i.  e.  X  2  aa-\  zax  f  xx  multiply ed  by  b  or  T bb 

i  e.  T  2aabb  4  zabbx  f  bbxx  is  ^  GCF  [but  GC  is  s  la 
i>  e.  2  ax  f  xx  by  Con/,  i .  Frog  47.  Lib.  1,  Mat  kef  K - 
to/.  and  fquaring  both  fides 

zaabb  f  zabbx  f  /hxx  ^  4<$r<2xx  f  4#x 5  4  x4  , 
and  tranfpofing  all, 

x4  4  4^x3  f  4^xx zabbx - zaabb  £2  0. 

— bb 

(f)  (?)  ftJ 

Therefore  (taking  a  for  i  and  the  Lalus  Re  cl  urn  of  the 
parabola)  the  Central  Rule  will  bea 

L  4  AD  I  "7  FT.  'A’/J| 

28  2 

•  H 

and  p  4p3~ — r  ^  DH  h  e.  according  to  our  form  and 

4  1  <5  4  2  •  ^  v- 

Reduction, 

a  4  i  6a a — -4, aa  f  bb  i.  e.  a  4  bb  ..£} 

i  8  2  2  2  v 


Qeonn- 
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Geometrical  ConptruBion.  Firft  from  our  form,  the  com- 
pendioufnels  whereof  will  here  appear,  for  it  requires  only  one 
preparation  n.  2.  in  which  LM  ^  a7  MN  and  LO  zz 
OP  K  kb,  which  being  premis’d,  and  the  diameter  Ay  (be- 
caufe  the  quantity  p  is  in  the  Equation,)  being  drawn  (n.  3.J 
make  AI  S  iLM,  and  i,xonDs  l  OP,  and  DH^  LM. 
The  reft  therefore  being  alio  perform’d,  which  the  quantity 
S  occurring  ifi  the  prelent  Equation  requires,  according  to 
the  laft  precepts  of  our  introduction,  you’l  have  NO  the  va¬ 
lue  of  x  (ought ;  whence  (n.  4.)  at  the  interval  AB  having 
defcrib’d  a  Circle,  and  made  a  right  angle  at  B,  if  FC  be 
made  53  to  the  found  NO,  you’l  have  the  A  ABC  required, 
and  EC  will  be  found  at  the  beginning  of  the  prelcribed  mag¬ 
nitude. 

Now  if  you  were  to  find  the  center  H  by  Bakers  form  with¬ 
out  our  Reduction,  1.  you  muft  put  of  ( n.  3.)  I  AB  from  A 
to  r.  2.  For  the  quantity  p2  make  as  1  to  p  {opto  a  fourth, 

8  2,  4 

which  would  be  53  2AB,  m.  2 DM,  and  to  be  let  from  c  to 
d.  3.  The  quantity  q  (to  obtain  which  you  muft  fubftract 

% 

OP  (n.  2.)  from  the  quadruple  of  LM,  and  divide  the  re¬ 
mainder  by  2)  rnuft  be  let  oft  backwards  from  d  to  e,  by  thus 
determining  the  point  D.  4.  The  quantity  p,  which  here  is 
precifely  K  LM,  muft  be  transferred  from  D  to  f  on  a  perpen¬ 
dicular  erected  from  D.  ,  55.  For  the  quantity  p3  make  as  1 

16 

to  f  2AB)  lo  p  (alio  53  2AB)  to  a  fourth  quadruple  of 
8  <2.  ^  L  M 

LM  ;  and  this  muft  further  be  produc’d  from  f  to  the  point 
g  (which  here  the  paper  wil  not  permit  )  6.  For  the  quanti¬ 
ty  gq  make  as  1  to  p  lo  q  to  a  fourth,  (  which  would  be  53  to 

422 

the  quadruple  of  LM,  but  taking  away  OP)  which  muft  be 
let  backwards  from  g  to  h.  7.  Laftly  the  quantity  r  ( 3;  OP ) 

2 

let  off  from  h  backwards  or  towards  the  right  hand  to  i  will  at 
length  give  the  point  H  required. 


Another 
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Another  Solution  oj  the  fame  Problem, 

This  Problem  may  be  more  eafily  folved,  and  will  give  i 
far  more  fimple  Equation,  if  you  are  to  find  not  FD  but  AE, 
Make  therefore  (n.  I'  Fig.  ygj  S  x9  and  the  reft  as  above; 
AC  will  be  H  ac  t  and  its  □  xx  \rtbx  f  bb  ^therefore  the 
D  BC  rd  xx  -\ibx  f  bb  — — aa  ;  therefore  the  P  of  the  tan¬ 
gent  HC  s  xx  f  ibbx  f  bb—zaa.  But  the  redangle  ACE 
will  be  bb  f  hx.  Therefore  by  Frop,  47*  Lib,  1 .  Math,  E- 
nucl 

xx  t  ibx  f  bb—zaa  a  bb  f  bx  ; 
and  turning  all  over  to  the  right  hand, 
xx  f  bx—iaa  tn  0  ;  or 

3  ——bx  f  200.  Therefore  by  cafe  a  of  affeded 

quadraticks,  __ _ 

a?  f  T \bb\zaa. 

The  Geometrical  ConftruBion  may  be  performed  according 
to  the  rules  of  quadraticks  Fig.  5*4.  n  1 .  as  will  be  evident  to 
any  attentive  Reader.  Having  therefore  defcribed  a  circle  at 
the  interval  BA,  whether  it  be  done  from  any  arbitrary  cen¬ 
ter  (Tee  n.  4.  Fig.  yg.J  or  upon  AE  found  in  the  pref  Fig . 
making  an  interledion  at  the  laid  interval  in  B  ;  and  apply¬ 
ing  AE,  and  producing  it  until  EC  become  equal  to  the  gi¬ 
ven  quantity  f,  and  at  length  having  drawn  BC  you’l  have 
the  triangle  right-angled  at  B,  and  alfo  the  difference  of  the 
Tides  FC.  Eut  to  make  it  more  fhort  and  elegant ;  having 
determined  AE  by  a  little  circle  (Fig  5*4  n.  5.)  prolong  it 
to  the  oppofite  part  of  the  circumference  in  C,  and  draw  AB 
and  CB  ;  for  as  the  radius  of  the  little  circle  is  \  by  lo  EC  is 

.  1 

*— « *  a. 

Now  if  you  would  conftrudl  the  Equation  above  by  Baker’s 
rule  fthat  its  univerfality  may  alfo  be  confirmed  by  an  Exam¬ 
ple  in  quadraticks )  viz*, 
x 2  f  bx - iaa  3  0  \ 

The  central  rule  will  be  (  taking  a  for  1  and  the  L  R.) 
Lfp2t^  =:  AD 
-  8  a 

and. 


f 


aiid£f 

4  4 

«  t  ii  t  w  i. e.  i\a^  bb  ^  AD 

a  “8  *8 

and  b  ^  b^  vaab  i.  e.  fb  f  fa  £*  DH. 

4  16  4  4  id 

The  ConftruBion  therefore  will  confift  in  thefe:  LM  (n.  z. 
Fig.  54')  ^  a ,  MO  s  \b,  LP  ^l2b9  therefore  PR  ~  bb  : 

16 

MN  K  PR  viz.  bb,  therefore  Q_!=J  bf  In  Fig.  $  3 .  3^ 

8  16 

a<&~  l4by  21  1  tz  ILM,  *,  2,  or  1 3D  a  PR  •  SD  1  LP 
f  MO,  t  ,  a.,  or  1  m  PQ.  Having,  drawn  a  circle  from 
thro’  2i  youl  have  the  true  root  JR£D  S  to  AE  fought ; 
and  the  falfe  roo&. 

NB.  Hence  it  is  evident  that  one  Problem  may  have  feve- 
ral  Solutions  and  Conftru&ions,  fbme  more  eafy  and  fimple, 
others  more  compound  and  laborious ;  'viz.  according  as  the 
unknown  quantity  is  aflumed  more  or  leis  commodious  to  the 
purpofe  :  which  may  not  be  amils  here  to  note  for  the  fake 
of  Learners. 

PROBLEM  VIL 

/ 

SUppofe  a  right  line  BD  (Fig.  $$■)  any  how  divided  in 
A,  to  divide  it  again  in  C,  Jo  that  the  Jquare  of  BAJhall 
be  to  the  fquare  of  AC  as  AC  to  CD. 

S  0  LVT  10  N. 

Since  the  firft  legments  BA  and  AD  are  given,  call  the  firfl 
a  and  the  other  b ,  and  call  AG  the  quantity  AC  xj  and  CD 
will  be  K  b — x.  Now  therefore  fince  we  fuppofe 
as  the  □  of  A  B  to  the  □  AC  fo  AC  to  CD 

aa  — — - xx - x~—*b~  x 

aab-—aax  will  a  x5,  and  transferring  the  qu  ndties  on 
the  left  hand  to  the  right, 

&  #  aax  — -nab  K  0. 
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DH.  i.  e .  by  our  Reduction, 
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Where- 


/ 
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Wherefore  the  Central  Rule  (taking  a  for  i  and  the  L.  JR.) 
will  be  l—q  y  AD 

z 

and  r  s  DH.  i.  e.  by  our  form  a — •aa  i.  e.  o  £5  A Df  that 

z  z  z 

D  may  fall  on  the  vertex  of  the  parabola; 

and  aab  i.  e.  b  ^  DH.  The  Conftru&ion  therefore 


be  very  Ample,  as  is  evident  from  the  fifty  fifth  Figure^ 


PROBLEM  VIII. 

'Here  is  given  AB  the  capital  line  of  a  horn  work  ( which 
we  reprefent  (tho*  rudely)  n.  i.  Fig.  56  )  and  the  Gorge 
AD.y  alfo  part  of  the  line  of  defence  EF \  to  find  the  face  BE9 
the  flank  DE,  the  curtain  (or  the  chord)  DF \  alfo  the  angle 
of  the  Baft  ion  ABE ,  &c.  and  fo  the  whole  delineation  of  the 
horn  work .  It  is  evident  if  you  have  the  flank  DE  or  the 
curtain  DF,  the  reft  will  be  had  alfo.  Suppofe  therefore,  the 
capital  line  AB  and  the  gorge  AD,  and  part  of  the  line  of 
defence  EF  to  be  of  the  magnitudes  denoted  by  the  Ldtters  a9 
b,  c ,  on  the  right  hand. 

S0LVT10N. 

Make  AB  S  a,  AD  ^  b9  and  EF  tr  c,  and  DF  ^  x : 
then  will  AF  t=!  x  f  b,  tffrd  by  reaion  of  the  fimilitude  of  the 
A  A  BAF  and  EDE  and  ECB, 
as  FA  to  AB  fo  FD  to  DE 
xfb  — *  a  ■ — ■ —  x  — —  a  x 

x'fb 

But  now  Q  Q  DF  F  DE  are  h  h  D  EF  i.  e.  a  a  xx 


,  xx^zbx^bb 

f  nHcc;  or  giving  the  fame  denomination  to  all  the  quan¬ 
tities  on  the  left  hand,  V  -  1 

x 4  j*  ibx*  f  a  a  xx 

■j*  bb 


v  V 


xx  F  zbx  Jf  bb 


and' 
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and  multiplying  both  fides  by  xx  f  zbx  f  bb9 
f  xbx*  f  aaxx  £  ccxx  f  zbccx  +  bbcc  : 

t  bb 

and  tranflating  all  the  quantities  on  the  right  hand  by  the 
tontraryhgns  to  the  iefc, 

x*  f  ibxl  f  aaxx—'ibcQx^-^bbcc  H  o. 

f  bb 

),  ,  —  cc  f  , 

Wherefore  (putting  a  for  i  and  L.  Rett  urn)  the  Central  Rule 
will  be, 

f_  t_f  (becaufe  the  quantity  q  is  negative  in  the 
282, 

quation,  for  cc  is  greater  than  aa  f  bb )  AD  ; 

and  p  -j*  *j°  yq ■  - . y  55  DH.  dr  according  to  our 

4  id  4  i 
£tion> 

^_f  W  f  cc~—att — - bb  i.  e.  cc  a  AD 

x  a  x  2 

and  x£  8^5  -j*  2frcc — xaab  ~ ■■ « ■■■■■*  a^c 

1  6 


,4  4 

i.  e.  b  ^  bt\  bcc  "~aub - b?> 

2x  2 

c — £cc  a  DH. 


bcc  i.  e. 


Wherefore  the  Geometrical  ConfiruBion  requires  no  other 
preparatory  determination  by  our  form  than  of  the  quantities' 
cc  for  AD,  bcc  for  DH  at  the  center/  and  bbcc  to  determine 

the  radius  of  the  circle  ;  which  are  exhibited  by  n.  2.  Fig.  5 '6. 

• viz*  NP  is  K  cc,  RS zz  bcc ,  RV  ZZ  bbcc9  which  arc  found 
by  means  of  DM  zz  DR  w  by  LN  and  MO  z;  c,  MQ- 
t;  NP  and  MT  s  RS.  Having  therefore  deferibed  a,  para¬ 
bola,  n.  j.  and  drawn  its  diameter,  transfer  ADm  NP 
upon  it  (becaufe  the  quantity  p  is  in  the  Equation)  and  alfd 
2 RS  from  D  upon  H  perpendicularly,  and  on  the  right  hand, 
(becaufe  DH  zz' ~~~  bcc  -J  and  fo  y ou’i  Have  the  center  H  j 
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thro’  which  having  drawn  KAI  fb  that  AK  (hall  be  jrj  to  the 
quantity  bbcc  or  S,  u  e.  R V,  &c.  a  circle  defcribed  at  the 
interval  HL  will  cut  the  parabola  in  M  and  N,  and  applying 
the  magnitude  NO  it  will  be  that  of  the  Curtain  fought ;  up¬ 
on  which,  n.  4.  having  laid  down  the  circumference  of  the 
horned  work  by  help  of  the  given  lines  AB  and  AD,  you’l 
have  the  line  EF,  of  the  magnitude  which  was  above 
fuppofed.  Now  if  any  one  has  a  mind  to  do  the  fame 
thing  by  Bakers  way by  laying  down  firfl:  the  interval  AB 
22  L  and  then  making  be  and  laftly,  putting  cd  for  the 

7  '  ’  8 

quantity  he  will  fall  upon  the  feme  point  D,  and  in  like 

2 

manner  may  exprefs  the  other  parts  of  the  Central  Rule  by  the 
intervals  De9  tf,fg}  and  fetting  back  the  laftg^he  will  fall  upon 
the  famecenterH:  But  this  is  done  with  a  great  deal  more  trou¬ 
ble  and  labour  to  determine  fb  many  quantities,  and  alfo  is  in 
more  danger  of  erring  by  cutting  oft  fo  many  parts  feparately* 
as  experience  will  {hew  $  and  thus  we  have  by  a  new  argument 
(hewn  the  advantage  of  our  Reduction, 

Another  Solution  of  the  fame  'Problem . 


Things  remaining  as  before  (only  a  (fuming  the  given  lines 
AB,  AD  and  EF,  n.  1.  Fig.  y6.  one  half  lefs,  that  the  Scheme 
may  take  up  lefs  room)  make  BE  22  x,  as  the  firfl  or  chief 
unknown  quantity  ;  then  will  BF  22  x  f  c9  and  its  □  xxf  zcx 
t  cc:  And  fince 

as  BE  to  BC  22  AD  fb  BF  to  AF  a  fourth,  which  will  be 

-  ..  y  ,.|  ,  —t  ng  Q 

22  bx  f  be  and  its  fquare  22  bbxx  *J-  zbbex  f  bbcc.  Where- 

x  xx 

lore  if  this  fquare  be  fubftradled  from  the  fquare  of  BF,  there 
will  remain  the  fquare  of  BA,  i  e. 

xx  f  zcx  f  cc — — bbxx — zbbex— bbcc  22  aa  ;  i,  e.  all 

_  - 1 — 1 — —  ■—  _  * 

XX 

being  reduced  to  the  fame  denomination,  •  . 

<x4  2cx^  f  ccxx  — ~  zbbex ™  bbcc  22  aaxx  2  • 


or 

\ 


r 
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or  according  to  the  forms  of  Cartes  and  Baker , 
f  xcx*  t  ccxx* — 'i.bbcx—bbcc  £5  o . 

*  1  m  aa 

— bb 

Therefore  the  Central  Rule  (putting  again  a  for  i  and  the 
L.  R .)  will  be 

L  |  f - jfjr;  AD 

x  8  x 

and  p  |  — Y  s  DH  j 

4  16  4  x 

or  by  our  RedudHon, 

a  f  cc - cc  f  act  j  bb  i.  e.  a  f  bb  S  AD  j 

X  2  2  .X 

and  c  *}*  c3 — c?  ^  aac  f  bbc — bbc  i.  e. 

xx  x 

c— bbc  XI  DH, 

2 

Geometrical  ConftruBion.  Having  therefore  defcribed  a  para¬ 
bola  (Fig  $6,n.$. )and  drawn  the  diameterA^make  A  i  xia  and 

i7  x  z?  bb,  fb  you’l  have  the  point  D  j  make  moreover  D* 

\  '  » 

x 

or  x,  3  a  c,  and  backwards  3,  4  £J  Wc  fwe  here  omit  to 

x  ■ 

exprefs  the  Geometrical  determination  of  thefe  quantities  bb 

'.V  4  ,  x 

and  as  being  very  caly)  and  you’l  have  the  point  H,  &c. 

x 

and  there  will  come  out  the  quantity  fought  NO  ;  which 
fince  it  is  equal  to  half  BE  n .  4.  the  bulinefs  will  be  done ; 
which  Baker  %  form  will  alfo  give,  exaftly  the  fame,  but  after 
a  more  tedious  procefs. 

PROBLEM  IX. 

IN  any  Triangle  ABC  (the  fcheme  whereof  fee  n.  1.  Fig. 57 1) 
fappoje  given  the  P erpendicular  AD ,  and  the  differences  of 
the  leaf  fide  from  the  two  others  EC  and  FC  to  find  all  the  three 

L 1  x  fdes. 
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fides.  i.  c.  Chiefly  the  leaft  fide  AB  which  being  founds  the 
others  will  be  Co  alfo. 


SOL  V  T  10  N. 

Make  AD  s  a9  EC  K  b,  and  FC  Sr,  AB  K  then 
will  BC  ^  x  b  and  its  fquare  be  f  xfoc  -J-  and  AC 
K  *  t  c  and  its  Iquare  be  xx  f  zcjc  f  cc ;  and  BD  will  be 

or  xx- — and  D  G  Txx-f  %cx  f  cc—aa.  But  the  Q 
BC  may  alfo  be  obtain’d  otherwife,  and  the  Equation  alfo? 
if  O  D  BD  f  DC  f  z  lZU  of  BD  by  DC  be  added  info  one 
fum  according  to  Prop.  4.  Lib.  z.  Eucl.  viz. 

2XX  J  %cx  t  re — —  laa  f  Y  4^ 4  f  f  4^  7  ~  __ 

'  ^  _ _ _ _ _ 

\aacx  'j'  4^4 - j^aacc  will  be  H  xx  '}'  ibx  'f'  bb9 

[For  DC  53  Y  xx — aa  '{'  zcx  '[  cc9  multiplyed  by  BD 
Y  xx - *aa9  gives  the  re&angle  of  the  fegments 


Tx4!  zcx^ '{'  ccxx* 
~—zaa 


zaacx  '{-  a 4 - ~aacc— —  zaa 


and  this  doubled  i ■  e.  multiplyed  by  '¥'4,  gives  the  quanti¬ 
ty  which  is  contained  under  the  radical  fign  in  the  Equa¬ 
tion  j 

Therefore  turning  a]]  over  on  the  left  hand  which  are  be¬ 
fore  the  fign  Y  to  the  right  hand,  prefixing  to  them  the 
contrary  figns,  you’l  have 


>  xx- 


%aacx  '['  4^4 - 4 aac 


Y4a4  f  4 cc^ 

■—  8  del  J 

*7*  &  ~  4  # 

x'Ybb- — fcjzaa,  and  taking  away 


\r* 


ZC 


the  V in cnlum  on  the  left  hand,  and  fquaring  on  the  right 
4'< 4  ']'  8  c& 


t— t 
I 


T  Ace 

1  r  xx 

—  8  a  a 
A 4  'f*  4 ex3*  —  4 


4  b 


pjrf-N  'j' 

f;  i^(vvf 
]*  6cc 
~  %bc 


aacx  '{"  An*  ■ 

1 4^3 


xx 


4^ 


'f  4^ 4 
*f\M 


t  8  aab  e  v  f  c* 

— '8  aac  f  T 

-—4 bbc  \  - — 4 aacc 
—  4 bcc  J  — %bbcc 
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and  adding  and  fubftra&ing  on  both  fidcs,  as  mu^h  as  can  be, 

33c*  *J*4 ex? - 4 aaxx 

xx  t  4c3 
■f  8  aab 
--^.bbc 
—4 bcc 


b^  f  %bb 

*}■  1 .cc 
—8  be 


and  transferring  all  to  the  left, 
t  4CJ 


XX 


0 


and  dividing  all  by  3, 
f  \b 


xx 


- \c 5 

■%*aabt 


\\bbc 

\\bcc 


■ — 

—  \aabb 
f  \bbcc 


Note,  i  fought  this  Equation  alfb  after  two  other  ways ; 
I  By  a  comparison  of  the  □  AG  with  the  two  fquares  ABfBC, 
after  2  □  □  CBD  thence  fubftradled,  according  to  Trop .  13. 
Lib  i.Eucl  which  is  the  4 6.  Lib,\ .  Math. Enucl.  and  I  form’d 
the  fame  with  the  prefent.  2.  By  putting  at  the  beginning  y 
for  x  f  b  and  z,  for  x  f  c,  and  going  on  after  the  former  me¬ 
thods,  ’till  you  have  this  Equation, 


x 4 


2.X' 


t4  aa 


h 


lx 

V 


-r* 


t  r 

f 


0. 


in  which,  when  afterwards  1  fabftituted  the  values  anfwering 
the  quantities  yy  and  z,z,9  O’c.  This  fame  lad  Equation  came 
out  a  little  eaher,  but  (NB  )  with  all  the  contrary  figns. 

Now  to  form  the  Central  Rule,  and  thence  make  the  Geo¬ 
metrical  Condru£tion,  we  mud  determine  fird  each  of  the 
quantities  p9  q9  r  and  S ,  that  we  may  know  whether  they 
are  negative  or  poheive  •  and  you  1  find  (n.  2.  Fig,  5*7.)  p  CS 
G2  pofitive,  q  zi  H4  negative,  and  K4  s  S  alio  negative  ; 
and  that  by  help  of  the  quantities  LM  ^  b  or  1 ,  MN  and 

*  LO 


I 
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LO  K  a,  OP  K  aa,  MQ_  and  LR  K  c,  RS  K  cc,  and  alfo 
LT  ;r  cc,  TV  and  LX  S  £5,  XY  H  c4.  Wherefore  the 
form  of  the  laft  Equation  will  be  like  this, 

x*  f  ptf—qxx - rx~ — S  a  0 ,  and  fb  the  Central 

Rule  (taking  here  b  for  1  and  the  L.  Ri) 

L f£a  AD 

%  8  2 

and  f  f  pi  f  ££ — DHL 

4164  2 

Wherefore,  having  now  delcribed  a  parabola  (as  may  be 
feen  n ,  4.)  having  found  the  diameter  A y  transfer  upon  it  firft 
Ab  l2  LM  ( n.  a  )  and  then  be  a  2&P  ( n.  g.)  i.  e.  p2  ;  and 

•  T 

thirdly  cD  ^  i.  e.  I H4  (n.  2  )  moreover  from  D  to  e  put 

2. 

off  (n.  3.  ^  p,  and  from  e  to  f  put  off' SDK  a  p\  and 

4  1 6 

from  f  to  g  put  oft  C$  a  ;  and  from  ^  backwards  to  h 

4  '  .  1 1 

put  off  half  the  quantity  r,  or  I (n.  2.)  and  having  done  the 
reft  as  ufual,  youff  have  NO,  the  fide  required  of  the  Trian¬ 
gle  to  be  deferibed  ;  the  deferi  priori  whereof  will  be  now  eafy 
(».  5*)  having  all  the  three  Tides  known.  This  may  ferve 
for  an  Examen,  if  having  deferibed  a  fern i -circle  AGB  upon 
AB  NO,  you  apply  the  given  line  AD,  and  from  B  thro5 
D  draw  indefinitely  BDC  :  Then  at  the  interval  AB  having 
deferibed  the  Arches  AE  and  BF,  add  the  given  line  EC  to 
BE,  for  thus  having  joined  the  points  A  and  C,  FC  ought  to 
be  equal  to  FC  before  given. 

S  C  H  0  L  IV  M 

\  /  E  have  here  omitted  our  Reduction,  becaufe  it  would 

V  ¥  be  too  tedious,  and  would  exprefs  the  quantities  AD 
and  DH  (elpectaily  the  latter)  in  terms  too  prolix.  For  AD 
would  be  ~  b  j  l  hb  j*  \  cc— \bc\\  da  (vzz,.  becaufe  p2  is 

found 


% 


J 


»*•*♦  • •••• » • • * 

*« 

V 

**. 

—Z 

I 


I 


( 


i 
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found  E2  \bb-\  \  hc -\\cc  and  q  taken  in  it  felf  ^  \aa^~\bb 


- - \cc  t  43  cc ;  But  here  [where  by  vertue  of  the  Central 

Rule  it  is  taken  pofitively,  when  it  is  in  it  felf  negative]]  un¬ 
der  contrary  figns  it  is  *=: )  aa  f  l  or  \bb\\  or  |  cc - J  or  r92 

£c)  or  yet  more  contra&edly  fbecaufe  b  is  unity )  AD  ^\b 
f  lb  (i.  e.  i  \\  b)  Ice — '~\c'\\aa^  which  parts  may  be 
exprefled  without  any  great  difficulty  on  the  Diameter  Ay,  by 
its  portions  Ai,t,i;  x,  3  ;  3D*  But  the  other  quantity  DH, 
or  the  definition  of  the  Center  H,  would  alfo  have  fome  tedi- 
oufnefs,  asbecaufe 
p  would  be  S  b  f  c 


4  3 

pi  E3  4f3  1  zbbc  *j*  1 2 bcc  f  4^ 

16  2.7 

pq  E2  6bcc  *|*  6bbc - *-4 aab — 

4  ~T 

or  6^  f  - 1  laab . . •Gbl - 6bl 


•\aac  ——<3* 


ZC? 


If  you  take  away  out  of  the  quantities  ^  and  r  (fince  this 

4  z 

latter  is  to  be  fubftradted,  and  fo  left,  as  it  is,  under  the  fign 
- ;  but  the  other,  alfo  negative  in  it  felf,  but  here  posi¬ 
tively  expreffed  in  the  Central  Rule,  muff  have  all  the  con¬ 
trary  figns)  1  fay,  if  you  take  out  of  thefe  quantities  thofe 
which  deftroy  one  another,  and  add  the  reft  with  the  two  for¬ 
mer  quantities,  they  will  be  b  f  c 


3 

8 aab  f  4^c  ^bbc  *)*  dcc' 


8  bt- 


8  c* 


DH. 


9  . 

or  a  little  more  contracted  (becaufe  b  is  1)  b  f  c 

3 


8 aa  f  4 aac  4c  f  4 cc- — -  8  1 - 8 cl  ~  DH. 


9  .  .  27  . 

But  now  if  any  one  has  a  mind  to  illuftrate  this  by  a  numeral 
Example  and  try  the  truth,  &e  of  the  quantities  found 


they  may  make  e  g.  a  ^  iz}  b 


1 


and  c 


z 


and  the/ 
will 
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will  eafily  find  that  in  the  laft  Equation  the  quantity  p  will  be 

4,  andgr — -190,  r — 388,  S - :  Secondly  in  the 

Central  Rule  of  Baker  they’i  find  L  h  f  m  and 

%  8  2 

95*,  and  fo  the  whole  line  AD  K  97 1  j  and  further  p_  W 

4 

j>3  k  4,  pq  £  1 90,  and  - r  £3  —  194,  and  fo  the  whole 

164  2, 

line  DH  a  jpy— — 194.  %.  e.  Si.’  Thirdly,  likewifo  in 
our  Reduction  (if  we  proceed  by  each  part  correfponding  to 
Bakers)  f  J  bb  4  J  fof  J  be  W  2,  and  £»*  f  jMf  *cc 

—4k  s  9  5.  The  fom  for  AD  97  1  \  but  further  b  f  eg  x* 

3  • 


4^3  4  1 2  Mr  f  ukr  4  4^  53  4  j 


27 


6kc  f  6/»k — -A^aab 


2&  a  190  j 


1  , 


and  ibbc  4  xkr - 4 aab  —ifa - 2 c3  S  194  to  be  fob* 

drafted  ;  and  fo  the  fom  for  DH  a  195'“-“  194  £3  1. 
Which  lame  quantities  will  fourthly  come  out,  if  the  quanti¬ 
ties  AD  and  DH  contracted,  as  they  are  expfefled  in  letters  a- 
bove,  be  refolved  into  numbers. 

•  ,  ■  v  ■  1  -  -  t 

PROBLEM  X. 

YO  U  are  to  build  a  Fort  on  the  given  Polygons  EAF  (fee 
Fig.  58 1 .)  whofe  capital  line  AB  Jhall  equal  the  ag¬ 
gregate  of  the  gorge  and  flank}  and  the  Jquares  ofthefe  added 
together  fall  be  equal  to  the  fquare  of  the  given  line  GH9  and 
the  / olid  made  by  the  multiplication  of  the  fquare  of  the 
flank  by  the  gorge ,  Jhall  be  equal  to  the  cube  of  the  given  line 
IK, . 


$OLV~ 


Specious  dnaljfis. 
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/ 


Make  the  Gorge  AC  H  Z9  whole  Iquare  zz  fubftra£led 
from  bb  the  fquare  of  the  given  line  b ,  will  leave  the  Iquare 

of  the  flank  DC  bb - zz.  Now  this  fquare  being  mul- 

tiplyed  by  the  gorge  AC  or  z  will  give  bbz - z?  K  g\  the 

cube  of  the  given  line  iK  ;  and  adding  to  both  Tides  Z?9  and 
fubftradfing  bbz,  o  H  z*  *- — bbz  f  g*. 

Therefore  if  we  take  g  or  IK  for  i  and  &,  g*  will  be  the 
line  gv  and 

The  Central  Rule  :  L  f  q  ;rj  AD. 

z  z 

and  r  r:  DH. 

i.  e.  according  to  our  Reduction* 

g  f  bb  rj  AD  and  g  DH. 

—  ■  ■  ■  »  — . 

2  Z  Z 

>  1  / 

Geometrical  Confiruffion.  Having  defcribed  a  Parabola  (til 
z.  Fig.  y8j  make  on  its  ax  A  i  £3  \  IK  and  i,  2,  f.  viz.  iD 
mJMN  (from  n.  i .)  and  DH  S  J1K.'  Then  having  de¬ 
fcribed  a  circle  from  H,  and  found  the  true  root  NO  upon  the 
given  angle  EAF  (n  3.)  make  AC  £3  NO,  and  having  e- 
recfed  the  perpendicular  CD  divide  it  by  AD  S  GH  (n.  1.) 
and  make  AB  K  AC  f  CD ;  and  the  Fort  will  be  drawn. 

PROBLEM  XI. 

IN  a  right-angled  Triangle  AEG  (which  we  denote  by  n.  1. 

Fig.  59,  J  having  given  the  greater  fide  ACy  and  made 
the  lejs  fide  AB  E3  to  the  fiegment  CEy  which  ffj all  cut  off  front 
the  bafe  BC  a  perpendicular  let  fall  from  the  right  angle  A  9 
to  find  thefe  lines  AB  or  CE>  and  confequently  the  whole  trian - 
gk. 


M  ra 


S  Q  L  U~ 


to 


S  0  L  V  T  10  N.  ■ 

".-.'false  AC  —  a ,  CE  or  AB  z?  x.  Therefore,  1  ■  you’l 
have  a  a — -xx  s  □  AE.  And  becaufethe  A  A  BE  A  and 
CAE  are  firoilar,  you’l  have 

as  AC  to  CE  fo  BA  to  AE 
a  — —  x - x  — — —  xx 

a 

And  fo, z.  □  AE  S  x*.  Therefore 

x*  a  aa—  xx  •  and  multipl.  by  aa9 

aa 

x*  h  ^4— — aaxx  *7  or,  according  to  the  form  of  Cartes 
and  Baker ,  tranfpofing  all  to  the  left, 

x*  #  f  aaxx  % — R  o  1.  e. 

#  t  aiXX  #“ — G  0* 

Therefore  (taking  ^  for  x  and  L .  the  Central  Rule 

will  be  L— ^  he.  0  R  AD 

x  x 

and  r  i.  e.  0  £2  DH ;  that  H  may  fall  on  the  vertex  A; 

x 

Geometrical  ConflruElion.  Since  a  is  affumed  for  unity 
and  L,  the  quantity  S  alfo  and  Latus  Reel um  i.  e.  AI  and 
AK  and  conlequently  the  mean  proportional  AL  and  the 
radius  HL  will  be  £  £to  the  given  fide  AC,  and  confe- 
quently  at  that  interval  having  deforibed  a  circle,  thro5  the  Pa¬ 
rabola  rightly  delineated,  you!  have  NO  the  value  of  the 
quantity  x9  i.e.  of  the  leffer  fide  AB.  Having  drawn  there¬ 
fore  NA,  which  is  £2  to  AC  by  ConftrudHon,  if  you  draw  to 
it  the  perpendicular  AB  cutting  NO  produc’d  to  B,  you  1  have 
the  Triangle  fought  ABC,  and  AB  ( which  will  be  a  fign  of 
a  true  Solution,)  will  be  found  £2  NO  or  CE. 

Another  Conftruclion.  Since  in  the  Equation  above  found 
there  is  neither  x?>  nor  x9  it  may  be  look’d  upon  as  a  quadra- 
tick,  and  conftrudied  after  the  fame  way,  as  fiveral  otaer  like 
it  among  the  Examples  n.  4.  ‘viz,,  becaufe  a;4  R  -~-~aaxxfa+  j 
according  to  cafe  z  of  aftedled  quadraticks, 


xx 


( 
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xx  SU  — f  T  4  f  a*  i.  e. 

' _  t  vxT _ 

and  a;  tS  T  —  J  ^  j-  T  $  i.  e.  T — —  \a\T\a 
Wherefore  (n.  3.  Fig.  59  J  if  AG  be  made  jzj  ^  and  CD  J  ^ 

the  mean  proportional  CG  will  be  S3  V  4  and  taking  hence 

GF  sjrf,  there  will  remain  FC  H  V  *0 - *  And  now 

between  this  or  CH  equal  to  it,  and  unity  AC,  having  found 
another  mean  proportional  CE  it  will  be  the  value  of  the 
quantity  x  fought  h  NO  (n.  z.) 

PROBLEM  XII. 

#  , 

IN  a  right' angled  Triangle  ABC  (Fig.  60.  n.  1.)  there  it 
given  the  Perpendicular  BA,  a  fegment  of  the  Hypothenu - 
fa  BD ,  and  a  fegment  of  the  Bafe  FC,  from  C  to  the  perpendi¬ 
cular  F)E  let  fall  from  the  end  of  the  fegment  BD ;  to  fnd  AF 
DC,  and  consequently  the  Bafe  AC  and  the  Hypothenufa  BC, 
and  fo  the  whole  Triangle . 

S  0  L  V  T  I  0  N. 

*  1 

Make  AB  S  a,  BD  K  h,  and  EC  s  c,  and  DC  s  x ; 
which  being  given,  the  reft  cannot  be  wanting  :  Therefore 

xx - cc  K  □  DE.  But  the  fame  □  DE  may  be  had,  if 

you  infer 

as  BC  to  BA  fo  DC  to  DE 
Jr \x - a - -x  — —  a  x 

b-fx 

And  then  Iquare  the  quantity  DE,  the  fquare  will  be 
a  a  x  x  H  xx - cc  * 

xx\zbx\bb 

and  multiplying  both  fides  by  xx  -j-  zbx  f  bb, 

aaxx  ~  x*  zbxl  *{*  bbxx*—zbccx' - bbcc  * 

— cc 

and  fubftradfing  alfb  aaxx , 

f  zbx  -f  bbxx  — —  zbccx - ~  bbcc  £  0 . 

j  aa> 

— cc 


M  m  x 


Which 
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Which  Equation  (fince  bb  is  greater  than  aa  and  cc  taken 
together,)  will  give  this  form  according  to  Baker , 
x*  \  pxl  -j*  qxx—r —  S  S  o. 

Wherefore  the  Central  Rule  will  be  (taking  a  for  unity 
and  L .) 


L  t  f- 

—  q  S  AD 

2  8 

z 

and  p  — 

-pq — r  s  DH  j 

4  1 6 

4  x 

or  according 

to  our  Reduction, 

a  *J*  bb  — 

—  bb  t  aa  f  cc  i.  e.  a\  cc\ zj  AD  ; 

z  2 

2  2 

and  b  \V3>— 

-bl  4  aab  *j-  bcc— —bcc  i.  e. 

z  z 

z 

h — — bcc  DH. 

2 


Geometrcal  Ccvfir uEiion,  for  the  foundation  of  which  there 
are  found  (n.  2.)  and  partly  affumed,  LM  MN  and  LO 
K  c,  OP  and  MQ  r?  cc,  JLR  —  \  b,  RS  zzlbcc,  (n  3.) 
%$Q  ~  ^  and  %SS>  ~  b, ,  %f>  -  bb,  ^  cc , 

K  bbcc.  Having  therefore  delineated  the  Parabola,  (n  4  )  and 
having  found  its  diameter,  put  thereon  LM  from  A  to  1,  and 
2 OP  from  1  to  i  or  D;  and  moreover  BD  (n.  1.)  from  D 
to  3,  and  RS  backward  from  3  to  4  or  H,  the  Centre  fought. 
Then  having  made  AK  E2  ?tl&,  and  done  the  reft  as  ulual, 
you’i  find  NO  or  the  quantity  DC  for  the  value  of  x  }  to 
which  if  you  add  BD  and,  having  upon  the  whole  line  BC 
deferibed  a  lemi  circle;  apply  in  it  BA,  and  you’l  have  alfo 
AC  and  the  whole  Triangle  fought,,  and  you’l  find  EC  (let¬ 
ting  fall  a  Perpendicular  from  D)  equal  to  that  quantity 
which  had  the  Lme  name  n.  1.  ■ 

If  any  one  had  rather  immediately  con  ft  ruff  Bakers  form, 
there  will  be  more  to  be  prepar'd  and  aflum’d  j  *viz>.  (n  y  J 
z?.  bb9  ~  a  or  aa,  r:  cc,  or  OP  (n  z.)  that 

you  may  have-  ‘DjD  2:  q  :  Moreover  PQ  ^  a,  PR  tzH p  or 
BD  (n.  1 J  QS  2:  \  p  or  fBD  ,  RT  may  be  pp  and  al- 

8 
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fb  PV  a  to  it,  that  PX  may  b ej>3  •  and  laftly  P that 

1 6 

PZ  may  be  pq.  Thefe  being  thus  prepar’d,  if  (n.  4  )  A b  be 
4 

made  \  AB  (n.  1.)  be  {zj  RT,  and  cd  backwards  £2  \ 
we  fhall  light  on  the  point  D  ;  and,  if  v/e  make  De  {zj  \  BD, 
ef  {ij  PX  (n.  5.  which  interval  was  too  big  to  be  reprelented 
in  the  Paper,)  and  from  f  you  put  backwards  z:  PZ,  and  on 
from  g  beyond  to  the  right  hand  gh  K  2RS  ,  we  fhall  light  on 
the  point  Which  of  thefe  two  methods  is  the  fhorteft  and 
fitted  for  prabtice,  any  one, never  fb  little  experienc’djmay  here 
fee  •  and  fir  ft  Learners  may  take  notice  if  they  would  conftrucl 
by  Bakers  form,  in  the  Diagrams  n.  3  .  n.  y.  and  the  like, 
they  inuft  take  care  to  make  the  angles  SPT  pretty 

large ;  which  we  have  here  reprefented  the  lefs  to  fave  charges 
in  cutting  on  Copper. 

PROBLEM  XIII. 

HAving  given  the  Diameter  of  a  Circle  CD  (w.i.  fig- 61 .) 

and  the  line  EG ,  which  falls  on  it  perpendicularly,  ( which 
we  have  here  only  rudely  delineated )  to  find  the  point  A  .  from 
which  a  right  line  AC  being  drawn  jhall  fo  cut  the  line  BG  in 
F,  that  AF,  FG ,  GD  jhall  be  three  continual  Proportional 


S  0  L  V  T  I  0  N. 


If  CF  be  found,  the  point  A  will  be  alfb  had,  and  the  le¬ 
ction  of  the  line  BG  will  be  made.  Make  therefore  CF  H  x, 
and  (becaufe  the  perpendicular  BG  is  given,  there  will 
alfb  be  given  the  fegments  of  the  diameter  CG  and  GD)  make 

GD  H  by  and  CG  z  c  ;  then  will  BG  z  V  be  and  CD  =3 
b\  c.  Since  therefore  the  A  A  CAD  and  CGF  are  right- 
angled,  and  have  the  angle  at  C  common,  they  will  be  'fimi- 
lar. 

Therefore,  as  CF  to  CG  fo  CD  to  CA 

x  - - r- — —  b\c —  befice 

■’  •  < 

There- 


x 
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Therefore  AF  £2  be  f  cc — -x,  and  FG  T  xx—cc. 

x 

But  by  the  Hypothecs, 

as  AF  to  FG  io  FG  to  GD 

bcfcc-xx  — •  Y  XX-  cc — Y  xx  — —  cc  —  h. 


Therefore  the  rediangle  of  the  extremes  will  be  equal  to  that 

of  the  means, 

bbc  bcc—bxx  ££  XX*— cc  j 
x 

and  multiplying  by  x9 

bbc  f  bcc—bxx  ~  x% - ccx  ; 

and  tranfpofing  all  to  the  left, 

x%  f  bxx—ccx - -bbc—  bcc&  o  ;  i.  e.  by  the  Carte - 

ficm  form, 

x$  “F  pxx — ~qx  - r  £2  0. 

Therefore  (taking  b  for  i  and  Z.)  the  Central  Rule  will  be, 

L  f  f  f  AD 

%  8  2 

and  p  ip3  I  pq—r  £2  DH. 

4  16  4 

or  according  to  our  Redudiion, 
b  f  bb  cc  i.  e.  $b  f  cc  £2  AD 

a  8  x  8  x 

and  b  f  bl  cc  — >  c  ~  cc  i.  e.  $b  — — c£ — -f  £  DH, 

4  16  4  *  16  4  * 

Geometrical  ConfiruBion .  Having  deferibed  upon  the  gi¬ 
ven  line  CD  (»  2  )  a  femi* circle,  and  applyM  in  it  the  gi¬ 
ven  perpendicular  BG,  as  the  figure  fhews,  you’l  have  the  feg- 
ments  ot  the  Diameter  GD  a  b ,  and  to  the  quantity  p  in  Ba¬ 
ker  $  form,  and  CG  z:  c,  which  («.  3  where  LM  z:  b,  LO 
and  MN  z:  c)  will  give  OP  z:  cc  and  to  the  quantity  <3. 
Wherefore  having  deferib’d  a  Parabola  (n.  4.)  and  the  line 
VZ  m  having  cut  off  the  fourth  part  of  XZ*,  and  the 

eighth  of  YZ  (whereof  the  one  will  be  ^  2  \  b,  viz.  5 b,  and 

8  "76 

*thd 
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the  other  to  %b)  if  you  transfer  Ai  S  XZ  upon  the  diame- 

8 

ter  of  the  Parabola  Ay,  and  moreover  i,  2  or  i  D  S  to  half 
OP  (n  .3  )  and  tranfverfly  D*  £*  YZ  and  backwards  3,  4  ^  * 
OP,  asalk>4,  y  SICG  (n.z.)  you!  have  the  center  H, 
and  having  delcrib’d  a  Circle  at  the  interval  HA,  the  root  NO 
niuft  be  transferr’d  from  ( n .  2.)  C  to  F,  and  continued  to  A 
the  point  fought.  In  Bakers  Form  (becaufe  the  quantity  p 
is  £5  £  or  1 )  p2  is  m  b  and  b>  K  by  and  the  quantity  q  or  cc 

8  8  16  16 

£2  OP,  (n.  3.)  make  therefore  in  the  Diameter  of  the  Para¬ 
bola  A b  ~  iGD,  and  be  ~  gGD,  (n  2.)  and  laftly  ed  rs 
l  OP  (n.  3.)  and  you’l  have  the  point  D  the  fame  as  before. 
Make  moreover  De  —  *  GD  and  cf  ~  !6  CG,  and  then  back¬ 
wards  fg  ~  4  OP,  and  laftly  gh  a  l  GD,  and  you’l  have  the 
fame  center  H,  and  the  coincidence  of  the  parts  in  both  forms 
will  be  pleafant  to  obferve  •  which  otherwHe  feldom  happens. 

Other  Solutions  of  the  fame  'Problem. 

Carolus  Renaldinus ,  from  whole  Treadle  de  Refol.  &  Com - 
pof.  Math.  Lib.  2.  we  have  the  prelent  Problem,  proceeds  to 
folve  it  in  another  way,  changing  it  plainly  into  another  Pro¬ 
blem  :  'viz,.  he  obferves,  1 .  That  the  angles  FAD  (fee  n.  1. 
of  our  61.  fig-)  and  FGD,  fince  both  are  right  ones  on  the 
fame  common  bale  FD,  are  in  circle.  Hence  he  infers,  2.  (by 
vertue  of  the  Coroll,  of  the  z6.  Prop.  3.  Eucl.)  that  the  FT] 

□  DCG  and  ACF  are  equal,  and  confequently  CD,  CA,  FC 
and  CG  are  four  continued  proportionals.  Then  he  obferves, 
3.  That  GD  is  the  excels  of  the  firft  of  thefe  proportionals 
above  the  fourth  CG,  and  AF  is  the  excels  of  the  fecond  AG 
above  the  third  CF  ,  and  fo,  fince  4.  the  rectangle  of  AF  and 
GD  is  n:  to  the  lquare  of  the  mean  proportional  FG  (for  AF, 
FG,  GD,  are  fuppofed  to  be  continual  proportionals)  and  this 

□  FG  is  the  excels,  by  which  the  lquare  of  the  third  CF  ex¬ 
ceeds  the  lquare  of  the  fourth  CG ;  now  the  prefent  Problem 
will  be  y.  reduc’d  to  this  other :  Having  two  right  lines  (CD 
and  CG)  given  to  find  two  luch  mean  proportionals  (AC 
and  FC)  that  the  f — ._J  of  the  excels  of  the  firft  dbove  the 
fourth  {■'viz,,  of  FA  into  GD)  (hall  be  equal  to  the  excels. 
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by  which  the  Iquare  of  the  third  (FC )  exceeds  the  Iquare  of 
the  fourth  (CG )  viz,,  by  the  fquare  FG. 

Wherefore  indead  of  the  former  he  lolves  this  latter  Pro¬ 
blem,  putting  for  CG,  b ,  for  GD,  c,  lo  that  the  firft  of  the 
given  lines  CD  fhall  be  ~  b  f  c,  and  the  other  GD  fz!  b  ; 
calling  the  firft  mean  proportional  AC,  -  x  ;  and  thence  deno¬ 
minating  the  latter  bb  f  be  (viz,,  multiplying  the  fourth  by 

the  firft,  and  dividing  the  produff  by  the  lecondj  and  more¬ 
over  he  finds  the  excels  of  the  firft  (T  f  c)  above  the  fourth 
(b)  to  be  c,  and  the  excels  of  the  lecond  (x)  above  the  third 

(bb^be)  to  be  x- — bb\bc  i.  e.  - bb\bc  •  lo  that  the 

- — — .  — — — - ~  — — — - * 

ljLj  of  thele  two  excefles  is  exx — —  bbc  f  bcc ,  and  becaule 


the  □  of  the  third  FC  is  S  M  f  ib^c  -f  bbcc,  having  lubftra- 

xx 

<5lea  bb  JU  _□  GC,  there  is  given  the  □  FG  ~  b*  f  i&c\bb 

v  x 

- — *  bb  ~  CIS  of  the  excefles  we  juft  now  found.  So  that 
now  you’l  have  the  Equation 

h 4  2  b^c  j*  bbc€-~ — hbxx  ^  exx - bbc  bcc,  See, 

V  V* 

vV  t/V*  a/v 

We  alio  endeavour’d  to  find  another  Solution,  by  finding 
an  Equation  from  the  line  BD  ( n .  i.  Fig.  6i.)  as  which  might 
be  twice  obtain’d  by  means  of  the  two  right-angled  Triangles 
FAD  and  FGD,  fince  it  is  the  hypothenula  of  both.  But 
here,  befides  the  former  denominations  of  our  Solution  we  mull: 
firft  give  a  denomination  to  the  line  AD,  by  making 
as  CF  to  FG  fo  CD  to  AD 

x~ — T xx—cc—'b^c  fo  a— a’Yxx— cc9  See. 

x 

But  whofoever  fhall  profecute  this  Solution  of  ours,  or  that 
of  Renaldinus  to  the  end,  will  find  much  more  labour  and  dif¬ 
ficulty  in  either,  than  in  the  firft  wc  have  given. 

A  P  P  E  N- 


\ 


/ 


• - y 


t 


? 


■  • 
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TH  E  Invention  of  the  fpecial  Central  Rule  for  the  cafe 
of  Problem  i .  Of  Cubick  Equations ,  &c.  which  may 
ferve  for  an  Example  for  all  the  other  fpecial  ones  which  be¬ 
long  to  our  SynopTs,  p.  35*4.  (and  from  thefe  fpecial  ones )  to 
^nd  a  general  one. 

\ 

In  Fig.  47,  n .  4.  make  AD  DH  K  and  fo  we  (hall 
have  the  □  of  the  radius  HA  bb  f  dd,  But  this  Q  HA  or 
HN,  may  be  alfo  had  otherwife,  by  putting, 

z.  For  the  quantity  MO,  as  fought,  the  letter  xy  and  by 
inferring  from  the  known  Property  of  the  Parabola, 
as  L  to  NO  fo  NO  to  AO 

——X- - *  x - XX 

-  If 

and  fubftradhng  AD  £3  b  from  AO,  you’l  have  DO  or  PM 
K  xx - b  i  whole  □  is  x^-~~zbxx  f  bb. 

lT  '  If  L 

But  you  alfo  have  PH  DH— -DP  or  NO,  i.  e.  d—x  ; 

whole  □  is  therefore  H  dd - — -zdx\  xx. 

Wherefore  adding  the  □  □  PN  and  PH,  you’l  have  tlfe 
□  HN  x4  —  zbxx  f  xx  - —  a dx  bb  f  dd. 

L2  ~L~  N  ■  t 

Wherefore  the  Equation  will  now  be  readily  had: 

(□  HN) - - -fC3  HA) 

x4 - zbxx  f  xx  ~~  zdx  f  bb  t  dd  K  ££  t  dd ; 

L2  L 

and  taking  from  both  Tides  bb  f 

— ■—  f  xx- — -  idx  P3  o. 

U  If 

and  multiplying  all  by  L3 
and  alfo  dividing  by  x, 

x3  %  —  zb  Lx  —  z  L 2d  £3  o. 

t  E2  ^ 

■  v  ■.  f 

N  n  3-  And 
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/ 


g.  And  now  farther  comparing  this  Equation  with  a  form 
like  ours  in  Probl.  i.  viz,  with  this, 


/  x>>  #  #' 


o 


It  is  maniftft,  fince  in  ours  alio  the  third  term,  viz,,  q  is  want¬ 
ing,  that  the  correfpondent  one  to  it  in  the  former  —— iHL, 
f  L2  is  equivalent  to  o  ;  and  adding  to  both  (ides  ^£L,  L2 
will  be  made  K  •  and  dividing  by  2L,  L2  will  H  b  or 

^L  ^ 

AD.  In  like  manner,  fince  - r  in  our  form  anfwers  to 

the  quantity  zL?d  in  the  former;  iL,2d  will  {zj  and,  divid¬ 
ing  by  zL2}  DH  or  d  will  K  r  :  Which  is  the  other  Mem- 

2L2  -  '  '  • 

her  of  the  Central  Rule  to  be  found. 


NB  The  Analytick  Art  has  this  particularly  to  be  admi-' 
red  in  in,  that  it  finds  Its  own  Rules  by  an  Analyfis :  Where¬ 
of  we  have  here  an  evident  Example,  and  feveral  others  in  the 
Refolution  of  afte&ed  Quadratic^,  p.  345.  and  the  follow¬ 
ing. 


the  Invention  of  the  Central  Rule ,  in  the  Cafe  of 

Fig.  11.  and  the  like . 

1.  □  HA  54  bb  j*  dd  as  above. 

^  Putting  x  for  NO,  as  fought,  we  may  infer  from  a  new 
Property  of  the  Parabola,  which  we  have  demonftratedPn?p.6, 
lik  v  '  \  :  .  .  ;  r 

as  L  to  NO  fo  OR  to  AO,  i:  e.  (putting  a  for  BA  or  FO 
given  ;  that*  NO™— ~OF  i.  e,  NF  or  OR  lhall  be  £3  — • ■<%) 

as  L  to  x  fo  x—a  to  n — ax  £3  AO. 

L 

Th  erefore  having  fubflracted  AD  i.  e.  b  from  AO?  you! 
have  DO  or  HP  S  xx — ax —  b  ;  whole  □  is 

'l7'~  ■ 


95. 


~d7  whofe  □ 
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*4— *  zax^  ft  a xx - a bxx  f  zabx  -f  bb. 

L  ~L  :  _ L 

But  PN  alfo  is  G  NO — -PO  or  HD,  £ 

is  S  a:2 - a dx  f  dd. 

Therefore  having  added  the  □  □  PH  and  PN,  there  will 
come  out  □  HN 

x4——zax'$  ■{*  axx — zbxx  ft  zabx  *j*  xx  — -  zdx  \  bb  \  dd , 

U  L 

ri  □  HA  i.  bb\  dd:  and  taking  away  from  both  Tides 

bb  t  dd, 

x*‘ — zax°>  f  axx - ‘Z bxx  ft  ft  xx — idx  H  p  j 

”  1e2~  ~ 

and  multiplying  every  where  by  L2  and  diving  by  x9 
x 5 — a^#2  ft  aax — zL bx  f  zLab  ft  zldx  —  zUd  K  o. 

.  '  t  -  w'“ 

5.  And  now  comparing  this  Equation  with  another  form, 
which  fhall  be  like  an  Equation  ariling  from  the  Solution  of 
fome  Problem,  e.  g.  with  this  x*—pxx  ft  qx — r  K  o  ^  to  this 
you’l  have  a  this  other, 

*—zaxxt  aa  J  f  lLab 

- - zLb>  x  r  2  ] 

L2  • 

r  / 

4.  Wherefore,  becaule  in  thefe  equal  forms,  fir  ft,  za  is 
will  be  |=J  p  i.  e.  the  line  BA.  Secondly,  Behaufe  aa  (or  f) 

z  4 

t  L2— 2L£  s  ?  ; 

Therelore  2.Li>  tj  p2 ft  U—q->  and  dividing  by  ih, 

4  ' 

L2  (or  L)  4  p2 — ^  K  AD. 


L 


8L  *L 


Thirdly,  Becaufe  zabL — zdL 2  H  r  1.  e. 

zab L — rZlzdL2,  therefore  dividing 
by  2L2j  d  will  be  S  zab  L — r  i.  e. 


£ 


-i  L2  2  L2 


.  Nn 


d 


./ 
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d  a  ah—r  i  e .  refolving  ab  into  equivalent  Terms  ex- 

L  Tl2  L 

prefled  by  p  and  q , 

d  p  p  f  f>  — —  pq  — —  r  ;  which  is  the  other  mem- 

4“  1 6lJ  4L2  %U 
her  of  the  Central  Rule  to  be  f  ound* 
viz.  a  is  P<  p  i  ^  h  Lf  pi—~g 
x  a  8L  xL 
Therefore  ab  will  be  W  Lp  f  pf 

4  I  bi-i.  4L1 
Therefore  ^  — fll 

.  ^  L  4  16L2  4L* 


~« c— — — r 
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